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Local currents are used to describe nonrelativistic many-body quantum mechanics in the thermodynamic
limit. The problem of determining a representation of the local currents corresponding to a given
Hamiltonian is studied. We formulate the dynamics in such a way that one solves simultaneously for the
ground state and the representation of the local currents. This leads to two coupled functional equations
relating the generating functional to a functional which describes the ground state. Together these
functionals determine a representation of the local currents in which the Hamiltonian is a well-defined
operator. The functional equations are equivalent to a set of integro-differential equations for expansion

coefficients of the two functionals.

1. INTRODUCTION

In this paper we employ the number density of parti-
cles, p(x), and the particle flux density J(x) as variables
to describe an interacting system of identical, spinless,
nonrelativistic particles. We concentrate on systems in
the thermodynamic limit, in which the number of par-
ticles N and the volume V approach infinity while the
average density p=N/V approaches a finite constant.
QOur aim is to develop techniques for handling quantum
mechanical systems having an infinite number of de-
grees of freedom. The techniques are developed here
using the local currents p(x) and J(x); however, they
may find application in other contexts as well.

A quantum mechanical system is associated with a
representation of the local currents in a Hilbert space
#/. When the form of the two-body potential® U(Ix|) is
specified, a formal expression can be written for the
Hamiltonian H governing the dynamics of the system.
For systems having a finite number of particles, the
currents can be represented on the fixed Hilbert space
# = L*(IR®"), regardless of the choice of U(!x!). This is
a result®* of a theorem due to von Neumann’:

Theorem: Let {x;,p,:j=1,2,...,N} be a set of self-
adjoint operators with a common dense domain satis-
fying the canonical commutation relations

[x;,%,]=0=1p;,p,] and [x;,p,]=15,,.
Suppose the exponentiated operators
U(a)=exp(ia-x) and V(B)=exp(iB-p)
satisfy the multiplication law of the Weyl group:
U()V(B) =exp(-ia- V(AU (a).

Then every representation of the Weyl group is unitarily
equivalent to a direct sum of Schrédinger representa-
tions. Thus, for systems having a finite number of de-
grees of freedom, there is a unique representation of
the local currents which is determined without solving
the dynamics.

This simplicity does not carry over to systems
having an infinite number of degrees of freedom. First,
the representation of the local currents, like that of the
more familiar canonical fields, is not unique.® Second,
it follows from a nonrelativistic version of Haag’s
theorem” that the Hamiltonian of an interacting system
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will not make sense as an operator in Fock space,
which is used for representing the fields or currents in
a free theory. Consequently, we are faced with the
problem of finding that representation of the local cur-
rents, from among the many unitarily inequivalent non-
Fock representations, in which the formal expression
for the Hamiltonian associated with a particular inter-
acting system can be interpreted as a self-adjoint
operator bounded from below. For this to be possible,
the currents must be represented on a Hilbert space
which contains the ground state vector of the interacting
system,. In this way the problem of representing the
local currents and the dynamical problem of finding the
ground state become interlocked: To find the ground
state, one must have a representation of the currents
in which the Hamiltonian is a well-defined operator, but
to find this representation, one must know the ground
state.®

In the following paragraphs we will briefly outline our
approach to this problem, which is to formulate the
dynamics in such a way that one solves simultaneously
for the ground state and the representation of the local
currents.

Our starting point is the algebra formed by the com-
mutation relations of the local currents p(x) and J(x).
Attention is restricted to representations of the current
algebra in which the ground state is cyclic for the
smeared field p(f) = [ p(x) f(X) d°x, since these cor-
respond to systems of physical interest.® Then a rep-
resentation of the p(f)’s is determined by the generating
functional L(f), the ground state expectation value of
exp[ip( ], while the action of J(g)= [ J(x) - g(x) &®x can
be specified by a multiplicative functional of p(x),
A(x,p), defined by®

K(x)Q = A(x,p)%2, (1.1)
where
K(x) = Vp(x) + 2:J (x) (1.2)

and Q is the ground state.

The functionals L(f) and A(x,p) are determined by
two functional differential equations. One equation fol-
lows from Eq. (1.1) combined with time reversal in-
variance and reads®

. 13L(H 156
[, - 9]} s _A(x,i Gf)L(f). (1.3)
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The form of this equation depends only on algebraic
properties of the theory. It can be thought of as deter-
mining L{f) if A(x,p) is known. For example, it turns
out that A(x,p)=0 for a free Bose gas in the thermo-
dynamic limit, In this case it can be shown!® that L(f)
is determined uniquely by the functional equation

(v —zVﬂ ]: %ﬁ(g)

together with suitable boundary conditions.

=0, (1.4)

In general, however, a second equation is needed
which determines A(x,p) when an interaction potential
U(lx|) is specified, and thereby relates the representa-
tion to the dynamics. This equation is arrived at as
follows. The Hamiltonian of the system can be written
formally as'!s*?

=4 [ & K(%) —r K, (%)

ol
+éffdaxday:p(x>p(y):u(|x—y|)-

Eof p(x) dx,

(1.5)

where E, is the ground state energy per particle. Thus
we have chosen the zero of energy so that H2 =0, In
nonrelativistic quantum mechanics we expect both the
(kinetic energy/particle) and the (potential energy/parti-
cle) to be finite. We believe that subtracting out the
ground state energy is the only modification necessary
in order for the formal Hamiltonian to be well defined

in some representation. A functional equation for A(x,p)
is obtained by using Eq. (1.1) to eliminate K(x) from

the equation

(2, explip( HIHQ)=0.

The resulting equation [Eq. (3.15) in the text] can be
thought of as determining A(x, p) if the potential U(1x]|)
and L{f) are known. Since this equation for A(x,p) in-
volves L(f), it is a representation-dependent formula-
tion of the operator equation HQ=0. Thus it must be
solved together with Eq. (1.3) for L(/).

(1.86)

Assuming current conservation and time reversal in-
variance, one can show that the Hamiltonian for a non-
relativistic system of spinless interacting particles can
be written in the general form®

H=} f K (%) = (x) K,(x), (1.7)
where K(x)=K(x) - A(x,p) and A(x,p) is the same quan-
tity introduced in Eq. (1.1). Once a functional A(x, p)
satisfying (1.3) and (1. 6) has been determined, Eq.
(1.7) provides a well-defined expression for the
Hamiltonian as a Hermitian form in the representation
defined by L(f). It is an important characteristic of this
approach that the coupled functional equations for L(j)
and A(x, p) must be solved simultaneously. We believe
(but have not proved) that these equations, when sup-
plemented by appropriate boundary conditions, deter-
mine completely a representation of the local currents
in which there exists a cyclic vector Q satisfying the
condition HQ =0,

Techniques for studying functional differential equa-
tions directly are not available except in very special
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cases. However, by expanding L(f) in a functional
power series, whose coefficients are correlation func-
tions, and by expanding A(x,p) in powers of p(x), the
functional equations can be replaced by two sets of
coupled integro—differential equations for the correla-
tion functions and the coefficients in the expansion of
A(x,p). The set of equations obtained from the first
functional equation, Eq. (1.3), can be looked at as a
generalization of the BBGKY hierarchy of equations,
familiar from classical statistical mechanics, to the
case of many-body potentials. The second set of equa-
tions is similar to one derived recently by starting with
an extended Jastrow wavefunction for N particles and
minimizing the ground state energy.'® Equations of this
kind have found application, for example, in the study
of liquid helium.!* Whether the functional equations are
studied directly, or by using correlation function ex-
pansions, they will no doubt have to be applied to physi-
cal problems in conjunction with a suitable approxima-
tion scheme. One such approximation method is dis-
cussed in the following paper.®

The local p, J current algebra is the same for bosons
and fermions. Bosons can nevertheless be distinguished
from fermions in that they belong to unitarily inequiva-
lent representations of the current algebra. We believe
the equations we have derived for L(f) and A(x,p) to be
valid for both Bose and Fermi systems. For example,
in one space dimension one can calculate L(f) and A(x, p)
explicitly for free bosons and fermions. We have
checked in both cases that these quantities satisfy the
coupled functional differential equations with U(Ix|)=
Thus, for a given potential, the functional equations may
have more than one solution. This implies that in using
the equations, one will have to add constraints that dis-
tinguish a Bose solution from a Fermi solution. We
believe it is sufficient to impose a constraint on A(x, p)
alone. We shall discuss this point briefly in a later
section.

The paper is organized as follows. In Secs. 2A and
2B we review the N-particle representations of the cur-
rent algebra and some previously established properties
of the generating functional L(f). Normal ordering for
products of p(f)’s is introduced in Sec. 2C. The prop-
erties of the functional A(x,p) are discussed in Sec. 2D
and in Appendix A. Section 3 contains the derivation of
a functional differential equation for A(x,p). The
integro—differential equations relating the correlation
functions and the expansion coefficients of A{x,p) are
derived in Secs. 4A and 4B. In Sec. 4C we verify that
these equations are satisfied for a simple case: that of
the N/ V limit of a free Fermi gas in one space dimen-
sion. In Sec. 4D we discuss the problem of imposing
constraints which select Bose from Fermi solutions of
the functional equations. Appendix B contains a proof
that the N-particle Fermi ground state is cyclic for the
p(f)’s, a result that is used in the discussion. Finally,
Sec. 5 discusses an analogy between our formulation of
the dynamics of a quantum mechanical many-body sys-
tem and classical statistical mechanics.

2. PRELIMINARIES

Our starting point is the local current algebra formed
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by the commutation relations between p(x) and J(y). In
terms of the smeared currents

o(N= [ p(x)fx)d’x 2.1)
and

J@)= f I(x)-g(x)dx, (2.2)
the commutation relations are given by'!

[e(£),p(f)]=0, (2.3)

(p(N, J(@)]=ip(g* VA, (2.4)
and

[7(g,),J(@,) =T (g, * V&, — &, * V&e). (2.5)

We are mainly interested in representations of the cur-
rents corresponding to the thermodynamic limit of in-
finite Bose and Fermi systems., As an aid to understand-
ing these, we first review N-particle representations of
the current algebra.

A. N-Particle representations of a local current algebra

Quantum mechanical systems of N identical spinless
particles (either bosons or fermions) are described by
“N-particle representations” of the current algebra.®*
In these representations, the current operators are
represented on the fixed Hilbert space:

symmetric L? functions of N

2(TINY _
LR )_vector variables for bosons

H = (2.6)

antisymmetric L? functions of N

(RN —
Li(® )—vector variables for fermions.

For both bosons and fermions, the action of p(x) and
J(x) on ¥(x,, . . .,x,) e is given by

N
[ ]x,, . . .,x,)= ,?1 5(x-x )¥(x,, ...,x,) (2.7

and

N
@Y, . . .,x)=(~i/2) Z)l [26(x - %,)V,

- (VO)(x - x, ) (x,, «. ,%,). (2.8)

Let Q denote the ground state of the system, f Q is a
well-behaved N-particle wavefunction (i.e., if © is not
singular and if the set of points on which Q vanishes is
of measure zero), then the ground state is cyclic
for the smeared field p(f}. We assume that the ground
state is also cyclic for p(f) in representations cor-
responding to the thermodynamic limit of physical sys-
tems.'® As a result the Hilbert space used for represent-
ing the currents is determined by the ground state ex-
pectation value of exp[ip(/)].? This quantity is called the
generating functional for the representation. We denote
it by L(f) and write

L(N=(Q, explip(N]2).

In the next subsection we mention some previously
established properties of L(f).

(2.9)

B. The generating functional L(f)°
The generating functional for an N-particle repre-

sentation, which we denote by L (/) is given by
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LyN=[ @x o [ Ery*(xy, . .

.y Xy)

LK) (2.10)

xexp(éiﬂx,)) Q(x,, . .

For purposes of considering the thermodynamic limit
it is useful to write L () in'the form

N 1 n
LN(ﬂ="=Z‘;n—!fdﬂxl . [ Py L FR)RO(R,, - . x,),

(2.11)
where
F(x)=exp[ifix)] -1
and the correlation functions R!"’ are defined by
RM(x,, .. .,xn)=-(%!n)-!-
X [dPxy 000 dxy|Qx,, ... ,xy) |2 (2.12)

The physical interpretation of the correlation functions
is that

1
n—!R"(xl, ce e sX)

the probability in the ground state of finding
n particles at the positions x,, . . .,X,
regardless of the positions of the remaining
particles

(2.13)
In the thermodynamic limit, we expect L,(f) to con-
verge to L(f) and R'» to converge to R, in such a way
that
= 1
L(H=2—~
(ﬂ n=0 n!

n
d3x1°°-[ £x, TFE)R (X, . . .,X).
3=
‘ (2.14)
Such convergence has been demonstrated in a few sim-
ple cases.®

In order to completely determine a representation of
the currents, one needs to know how the J(g)’s act. To
discuss this, it is useful first to define normal ordering
for the p(N’s.

C. Normal ordering products of the field o(/)

In an N-particle representation, an expression for
the product of » fields p(f) can be obtained from Eq.
(2.7). One finds

N N
p(&) <o p(R) =27 ++ 25 6(k, —X, )+ +5(x,-X, ). (2.15)
de=1 171 1 n n

We define the normal ordered product of # fields p(f}

in the same manner except that we require the points
X, . . ., X, to be distinct. Thus we write

) cpx )= 2 6(x, ~x%, ) 8(x,-%; ), (2.16)
{51°004p n
where } is the sum over the set { s - -
Jp*d, if p#qt.
The normal ordered product (2.16) can be expressed
as the sum of products of p(f)’s and 6 functions as
follows:

<1dus 1<4,< N,

n =1
s +plx):= I (p(x,> - 2iolx, _x,,)). (2.17)
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By expanding the product, (2.17) can be written as
00x) +p(x,):= (= "2 (= D 11 (#j - D1 G,(p),
j=1

(2.18)
where G is a partition of (1,2, . . .,#) into distinct sub-
sets (G,,G,, . . .,G,). Also, if G,={1,2, . . .k}, then

#j=Fk, and G,(p)=p(x,) 1%, 6(x, - x,). For example,
p(X)p(y): = pX)[p(y) - 6(x~y)]
and
:p(X)p(¥)o(2): = p(x)p(¥)p(2) - p(X)p(y)5(x - 2)
- p(X)p(2)5(y —2) — p(¥)p(2)6(x - y)

+ 2p(x)5(x ~ y)5(y - 2). (2.19)
Equation (2.17) can be inverted. One finds
p(x) oo p(x)=27 I1: G, (p):. (2.20)
G j=1

Remarks: (1) When p(X) can be written in terms of
canonical field operators, obeying either canonical com-
mutation relations or canonical anticommutation
relations, as

p(x) =gt (x)y(x),
then

p(x) s p(x,): =) == 9T (x) w(x )=+ p(x,). (2.21)

(2) Since the arguments x,, . . .,X, of the currents in
a normal ordered product must be distinct, the product
:p(x;) ° = ° p(x,): vanishes when applied to an N-particle
state, if > N. That is,

(X)) e p(x):Q2,=0 if n>N. (2.22)

This equation was named an “z-particle identity” in
Ref. 4, where it was used to select irreducible repre-
sentations of the current algebra (2.3)—(2.5) cor-
responding to systems of n-particles. Normal ordering
can be defined for products of the fields p(f) and J(g)
in a manner similar to that used above. We will not
need the resulting formulas, which have been derived
by Grodnik,'” in this paper.

(3) Equations (2. 18) and (2.20) resemble cluster
expansions, but they are in fact different and should not
be confused with them. Cluster functions are defined so
that when a pair of points get far apart they vanish. The
normal ordered product is defined so that it vanishes
when two points coincide.

(4) Equation (2. 17) provides a definition of normal
ordering which has all the desired properties in each
N-particle representation. We take (2.17) as the defini-
tion of normal ordering in the thermodynamic limit as
well.

The matrix element of a normal ordered product of
densities p(f) can easily be expressed in terms of cor-
relation functions if one remembers that the points are
distinct. For example, using Eq. (2.15), one obtains

(2, explip(A: p(x,) * o - p(x,):52)

6 ®
6Ax,)

6 .
fx,)

_.A ol
T i

L(f
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=m:' o in), ill eXp[zﬁ(xk)y- Ayt ] d*x,,
X;=1;I# F(x,)R,(x,, X)) (2.23)
In particular,
(2,:p()*+p(x): Q) =R, (X;, . . .,X). (2.24)

Finally, an important property of the normal ordered
product which follows directly from Eq. (2.17) is that
:p(X) + < - p(z): is proportional to p(x).

We now return to explaining how the current J(g) acts
in a representation.

D. J{g) and the functional A(x,p)

The action of J(g) can be determined by a multiplica-
tive functional A(x,p) defined by the equation

Kx)Q = A(x, p)®, (2. 25)

where K(x)= Vp(x) + 2;J(x) and @ is the ground state. For
example, to compute the ground state expectation value
of a product of currents which includes a factor J(g),
one uses the commutation relations to commute J(g)
through the factors of p(f) until J(g) acts on the ground
state. One then uses Eq. (2.25) to eliminate J(g) from
the expectation value. The process is repeated until all
factors J(g) have been eliminated. One is left with a
matrix element containing only the fields p(f). A matrix
element of this kind can be calculated from L(f) by
taking functional derivatives.

From this point on, we explicitly assume the system
is time reversal invariant so that Q= Q*, Using Eqs.
(2.17) and (2. 8) to compute the action of p(x) and J(x) on
the ground state in an N-particle representation and
using the fact that A(x,p) is a multiplicative operator,
one finds

N
A(x,p)= 2 8(x - x,)(V, In@I)(x,, . . .,X). (2.26)
k=1

Introducing the normal ordered products defined in Eq.
(2.16), one can write Eq. (2.26) as

A, p)= [ dx,+ > [dxy:p(X)p(;) o+ = p(x,): ¥, InQ2.
(2.27

This expression for A(x,p) is inconvenient for discussing
the thermodynamic limit since the number of variables
increases with N. We would like to decompose (2.27)
into a sum of terms such that the number of variables in
each term remains fixed as N increases. That is, we
would like to express A(x,p) as a polynomial in p(f):

N-1
Ax,p)= g% k—,l fd3y1 e f &y pXply,) e nly,):

X ALK, ¥y, ... ,¥,). (2.28)
To be useful in considering the thermodynamic limit,
one would like the series (2.28) to converge term by
term. For this to happen, the expansion coefficients
A,,, must fall off sufficiently fast for large argument.
We believe, but have not proved, that this behavior is
a consequence of the cluster decomposition property.
In Appendix A we derive Eq. (2.28) and show how a
suitable set of expansion coefficients A,,, can be unique-
1y defined.
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Finally, we note that the expansion (2.28) for A(x,p)
is equivalent to writing the N particle ground state as
an extended Jastrow wavefunction®®

N
= c. .29
2=2 {,l>,2>...>,n¢ (x, ,x,")}, (2.29)
in which case A,,, is given by
Akol(x,yl.Q e ’yk)=vxln¢:+1(x’Y1, ¢ o ,yk)' (2°30)

Thus, for N particles, Eqgs. (2.28)—(2.30) provide a
correspondence between £ and A(X,p). In the thermo-
dynamic limit, the ground state may not be expressible
as a wavefunction. Nevertheless, A(X,p) exists and has
the general properties suggested by Eqs. (2.28)—(2.30).
Namely, A, can be written as the gradient of a scalar
function (thus VXA, =0) and each coefficient
A,..(xy,, ...,y is symmetric in all variables but x.

Remarks: (1) Since the normal ordered product :p(x)
+++p(z): is proportional to p(x), it follows from (2. 28)
that A(x, p) is proportional to p(x). Hence we can in-
troduce a functional A(x, p) defined by

A(x,p)=p(x)A(x,p). (2.31)

This fact will be of importance in Sec. 3, where we
compute matrix elements of the Hamiltonian.

(2) We wish to emphasize that the existence of the
multiplicative operator A(X,p) depends mainly on the
property that the ground state is cyclic for p(f). This
property has been established for both bosons and
fermions, and so we expect a functional A(X,p) can be
introduced for systems obeying either form of statistics.

(3) In Appendix A, the coefficients A, are expressed
as gradients of integrals over Inf2®, As a result, the
A,’s are independent of the normalization of @. Further-
more, Q may vanish at some points {as it indeed does
for fermions) since logarithmic singularities are
integrable.

In the next section we derive an equation which de-
termines the functional A(x,p) associated with a given
physical system.

3. AN EQUATION FOR THE FUNCTIONAL A(x, p)

To obtain a functional equation for A(x,p), we start
with an expression for the Hamiltonian describing a non-
relativistic system of spinless particles. If the particles
interact through a central two-body potential U(Ix|), the
Hamiltonian can be written formally as!!s!?

H=3 I &% KL(®)— (x) K (%)

o1 [ [ eeayomptyruz-y)-(E) [ #5000

(3.1)

The first term in the above expression has been shown
to be the Hamiltonian for a free Bose gas, and thus we
interpret it as the kinetic energy. The second term is
the potential energy. Normal ordering has been intro-
duced to account only for the potential between distinct
pairs of particles. The quantity (E/N) is the average
ground state energy per particle. The last term in (3.1)
subtracts out the ground state energy, thus defining the
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origin of energy so that the Hamiltonian vanishes on the
ground state :

HQ =0, 3.2)

For systems in the thermodynamic limit, the ground
state expectation value of each term in the Hamiltonian
(3.1) is typically infinite (it may be zero in special
cases). However, in an appropriate representation, the
three terms add together to form a well-defined
operator.

The representation dependence of the Hamiltonian can
be illustrated by the following important example, It
has been shown that the Hamiltonian for a free Bose gas
islz

H =%J PK (X) (x) K,), (3.3)
while that for a free Fermi gas is
1 J’ Y I ) ﬁsxp(X) (3.4)

Since the ground state energy is infinite, the free Fermi
Hamiltonian is not well defined in the representation
which makes the free Bose Hamiltonian well defined,
and vice versa. As a result, the Bose and Fermi
Hamiltonians are associated with unitarity inequivalent
representations of the local current algebra.'®

The desired equation for A(X,p) is obtained by using
the formal Hamiltonian (3. 1) to write the equation

(@, explip(N]HR) =0
in terms of Alx,p), L(f), and U(Ix]).

(3.5)

First we evaluate the kinetic energy term. Using Eq.
(2.25), we find

(22, explip(Nl(kinetic energy)f)

=% j dx (Q, exp[ip(f)]K}(x)B—:;) K,(x)n)

Il

%Id3x (Q, exp[ip(f)]K‘;(x)p(—lx)Ai(x,p)ﬂ>

=% j dax 2, explip(f) {2v1p(x)%5 A,(x,p)

- [Ki(x) o0 — A,(x, p)] A,(x,p) (x)A (x,p)} )
(3.6)
Next, using the commutation relations (2. 3) and (2.4),
one can show that

[exp[ip(N], K}(x)]=2ip(x)V, Ax) explip( A].

With the help of Eq. (3.7) we can write the kinetic
energy term in the alternative form:

3.7

(2, explip(N](kinetic energy)Q)
=4 [ (2, explin(7lA,x,0)

1
X =y A5, )+ 209 f(x)} )
Combining Eqs. (3.6) and (3.8), we obtain

(3.8)

(2, explip(N)(kinetic energy)S)
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=~ [ 5d%(Q, explip(N]{- iVfx) - A%, p)
+p(X)V A(x, p) + 3K, (x), A, (x,0)]}), (3.9)

where

A(x, p) = p(x)A (x, p). (3.10)
The fact that A(x, p) is proportional to p(x) was dis-
cussed in Sec. 2D. [see Eq. (2.31)].

By using Eq. (1.3), the term in Eq. (3.9) containing
VA(X) can be written

J @x v, fx)(Q, explip( A4, (x, p))
=[x VAR) - (V = VAR, explip( Alp(X)0).

Again using the commutation relations (2. 3) and (2.4),
one can show that

[K,(x),A,(x,p)]=2px)[V5/5p(x)] A (x,p). (3.12)

Remark: Care must be taken in evaluating the expres-
sion p(x)[V5/5p(x)] A (x,p), since A(x,p) depends on the
parameter X. In particular, [V5/6p(x)] should be
treated as one operator, and the expression [V6/6p(x)]
A (X, p) does not have the same meaning as V -{[5/6p(x)]
xA(x,p)}. For example, let A(x,p)=[ d% p(y) AX,¥).
Then

[V6/8p(x)] A(x,p)= [d®[V 5(x-¥)]AX,¥)
= vy.f(x’ y) I y=x?

(3.11)

while
v{{6/8p(x)AX, )} =V,[ [dy 6(x - ¥) fix,¥)]
= VAxX,X). (3.13)
Now, letting
B(x,p)=p(X)V *A(x,p) + p(X)[V6/5p(x)]* Ax,p),  (3.14)

and using Eqs. (3.9)—(3.12), we can write Eq. (3.5) as
a functional differential equation:

(-t [ax[a(s 12) -imre - mpm! 5]
+%Jd3xjdayU(Ix—Y{):%aﬁéﬁ%gj%:}L(ﬂ
(3.15)

where by L(f)|{ we mean that, after the functional de-
rivatives have been taken, one takes the difference of
the resulting expression evaluated at f and at f=0. This
has the effect of subtracting out the ground state energy.

f
=0,

We have previously shown® that L(f) and A(x, p) also
satisfy the equation

(3.186)

[v- wﬂx)]ll %?((,{)) = A(x, 11-6%) L(p.
Equations (3.15) and (3. 16) form a system of coupled
functional differential equations which we believe can be
solved simultaneously for L(f) and A(x,p). However, to
determine these quantities uniquely, it is to be expected
that these equations will have to be supplemented by ap-
propriate boundary conditions. For a free Bose gas
A(x,p)=0, Eq. (3.15) is trivially satisfied and Eq.
(3.16) reduces to the simple form

(3.17

o~ w40 o
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In Ref. 10 boundary conditions were identified which de-
termined a unique solution to Eq. (3.17). Corresponding
results for the more complicated system (3.15) and
(3.16) have not been established.

Since we have defined the Hamiltonian so that HQ =0,
the question arises as to how the ground state, as op-
posed to an excited energy eigenstate, is selected. This
can be done in the following way. In the thermodynamic
limit, it is physically reasonable to require our system
to display translation invariance and to satisfy the clus-
ter decomposition property (particles become uncor-
related as their separation becomes large). These re-
quirements can be imposed directly on L(f). Thus we
require:

(i) Translation invariance: L(f,)=L(/, (3.18)
where f,(X)=f({x - a);
(ii) Cluster decomposition: lim [L(f+ k,,)
= L(NL()]=0, T (3.19)

where £, ,(X) =h(x - 2a).

It can be shown®? that a system with these properties
has a unique translational invariant state, which is the
ground state. Thus by imposing conditions (3.18) and
(3.19) on L(f), one selects out the solutions of Egs.
(3.15) and (3. 16) for which £ may be identified as the
ground state.

In the next section we will use functional power series
expansions of L{f) and A(x, p) to study Egs. (3.15) and
(3.16) further.

4. EQUATIONS RESULTING FROM FUNCTIONAL
POWER SERIES EXPANSIONS OF L{f) AND A(x,p)

So far we have found two coupled functional equations
which, when supplemented by appropriate boundary con-
ditions, we believe will determine a representation of
the local currents associated with a given interacting
system of particles. General techniques for solving such
functional equations are not available. However, a num-
ber of important properties of these equations can be
established by studying solutions which can be expanded
in functional power series. Thus in this section we ex-
pand the generating functional L{f) in a series whose co-
efficients are the correlation functions R , and we ex-
pand A(x, p) in powers of p(x) with coefficients A,. Each
functional equation can then be replaced by a set of
coupled integro—differential equations relating R and
A . This procedure is analogous to solving a differential
equation by means of a power series. Substituting the
power series into the differential equation results in a
recursion relation for the coefficients. The coupled
equations relating R, and A, can be thought of as playing
the role of such a recursion relation.

A. Equations for the expansion coefficients A, and
A, : Expansion of Eq. {3.16)

We first consider Eq. (3.16). Substituting into this
equation the functional power series expansion for L(f),
Eq. (2.14), and that for A(x,p), Eq. (2.28), one obtains
5 e(xp[if()x ) J’ P, - f Fx Fx,)
n=l (17 — 1 ' n
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Xoe FX )V, R (X, . . .,X,)
s 1 v 1 e I
—E(m_n:,,%m-mn fdxz fdx"

m n
x Hlexp[if(xj)]Am(xl, co%,) I Fx)
j= q=m*.

X R (%,, ...,X), (4.1)
where

F(x) = exp[ifix)] -

In order to compare coefficients, the right-hand side
must be expressed as a power series in F(x). One can
show that

m=1

explifix,)] - - -explifix, )] = 24 ?{ I F(x, )} (4.2)
r= r
where G, is a subset of {2,3, . . . ,m} containing 7 ele-
ments. Substituting Eq. (4.2) into Eq. (4.1) and rear-
ranging terms, one finds that

[right hand side of Eq. (4.1)]

i) zﬂxl)l

m=1 ( "'1)‘

o2

daxz"-fdsx I F(x,)

x5 B !

m=0 pz=max(0,m+l-n) »! (m - 7")Y

n
J1tige e Fipmay=2 "

xAm,l(xl,le, ceXy Rt

)R,., (4.3)
Equation (4.1) is valid for all x, and all test functions
f(X). Since F(x) can be made arbitrarily small by choos-
ing f(x) sufficiently small, and the integrands are sym-
metric functions of the variables x,, . . .,X,, the coeffi-
cients of powers of F(xX) in Eq. (4.1) can be equated with
those of like powers of F(X) in Eq. (4.3). This proce-
dure yields a coupled set of equations relating R, and
A .

e

= 1
v e E)= T
‘1R"(x1’ %) =0 rmué;,mu-,,) ri{m —r)!

X i) J x| Bx
n+l n+r
Fptfgee oty =2

>~<Am‘1(x1,xj1 BRI YL X, )R

Im
n=1,2,

n*r

ntry
(4.4)

The structure of this system of equations is similar to
that of the BBGKY hierarchy familiar from classical
statistical mechanics. This analogy is discussed further
in Sec. 5.

B. Equations for the expansion coefficients A, and
A,,: Expansion of Eq. (3.15)

Next we consider the functional equation derived from
the Hamiltonian, Eq. (3.15). We begin by substituting
the expansion for A(X,p), Eq. (2.28), into the expression
for B(x,p), defined by Eq. (3.14). One finds

B(X,p)—mZJl(’n—lT)"— fd3xz vee f d3xm:p(xl) .o .p(xm):
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a0 X))
+L

e

x{[vxl+ (v*xép—é(xﬁ)] Pk p(x,) o2 p(x,,): }

XA (%, . . (4.5)

The second term in the above equation vanishes. To see
this, we use the expression for a normal ordered pro-
duct of p(x)’s, Eq. (2.17), to write

[Vxl + (le 59%}@)] g(—xll—) pX,) oo plx, )
A | LA ()

i=1 me=1
X <p(xj) - El} o(x, - xk))} cos (p(xm) - g 6(x,, - xk)> .
(4.6)

X)),

This vanishes since

We can now write Eq. (3.15) in the form
Q, exp[ip(f)]< f Pt iVf+ (V - iVAEX)p(x)
Sl L E R

X F %fcf

x f dyU([x-y|):p@®)p(y):
. f A E/Mptx)) @)=

(4.7

XV, A (x, ..

(4.8)

It proves convenient to use the relation

(2, explip(A] [ @x(= iVf) + (V = iVHX)p(x)$2)
= (R, explip(N] [ @x(V - iVH2(X)p(x)2).

This equation is valid if

(V = ivHNQ, explip(H]px)0)

goes to zero faster than 1/1X]? as x| . This condi-
tion can be related to one on the correlation functions;
VR, must go to zero faster than 1/1x|? as |x| —~ =,
Combined with the cluster decomposition property, this
implies that

(4.9)

|R, (%, . . ., %) = PR, 4 (X, .. .,x)| =0 (4.10)

faster than 1/1x,! as |X,| —~. Physically, the rate at
which the cluster limit is approached should be related
to the range of the potential. For quantum systems with
short range forces, we expect Eq. (4.9) to be valid.

The procedure of the preceding subsection, applied to
Eq. (4.8), now leads to the following set of equations
relating R, and A

n

LYW R(x,...,x)=14 f X V2
i=1 i "
X[R"_,l(xl, P ,xnﬂ) —Rl(xml)Rn(xu LI ’xn)]
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+Z>[ 2 ( ' 1 |J’d3xnﬂ“'
=1 L yemax(men, 00 V¥ (m-7)

n

3
J d xn*r
X eseX. ces
jlaéjz..{?jm_'sl Um(le me_,.’xn"l xn*r)

X )) f Ay et J &,

s Fum) R (X 0y, .

¥R (%, .

><(’/m(xn*l’ * ° n*m) R (xls et ,Xn)],

where (4.11)

Unx,3) =~ 5[(V - A)(x,y) + (V- A,)(y,x)] + U(|x-y|),

(4.12)
and, for n+2,

U xy, .., x)=- Z(V ANE, .. LX)

(4.13)

Equation (4.11) is an identity for =0, since in defin-
ing the Hamiltonian we subtracted out the ground state
energy. This means that the ground state energy per
unit volume, {((E/V)(x)), is given by the expression:

“( -1)'

(E/ V) =~ 4VR,@)+ 2 (1/ml)

de3x2'°'fd3xUR(x,x2, ..

nonn

LX) (4.14)
Remarks: (1) To ensure that these equations describe
the ground state, we impose translation invariance.
This condition implies that R (x,, . . .,X,) and A (x,,
. ,x") are translationally invariant. In particular,
R,(x)=p, the average density, and A,(x)=0

(2) The first term on the right-hand side of Eq. (4.11)
vanishes upon integrating by parts. In addition, if the
system is translationally invariant, VZR,(x)=0, We have
included this term because sometimes one wants to
consider the possibility that translational invariance is
broken, for example, by an external potential. In such
cases the V2R, (x) term in Eq. (4.14) affects the energy
density, but not the total energy, since [d*xV?R,(x)=0.
When translation invariance is broken the ground state
must be selected by minimizing the energy/particle,
which is

lim (1/V) fv Ex(E/V)(X)).

(3) The coefficients A, appear in Eq. (4.11) only in the
the form V<A . Therefore, even if the R were known,
one could not solve (4.11) for A,. However, for an N-
particle representation, Eq. (2.30) implies that VXA,
=0. Thus it is reasonable to impose the condition VXA,
=0 when considering representations in the thermo-
dynamic limit.

(4) One can generalize the foregoing results so as to
include many-body potentials V,. To do this one adds
the term

ni!Id3x1°°°fdsx":p(xl)“"p(x,,):V"(xl°°°xn) (4.15)
to the Hamiltonian. Equation (4.11) remains the same

except that {/, is replaced by {/,+ V,.

(5) For an N-particle representation, Eq. (4.11) can
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be interpreted in terms of wavefunctions. It is equivalent
to the equation

ER,=(N/(N=n)!) [dx_,,°°° [ @, QHQ,  (4.16)
where
L5
H:— 2 -_—
24:1 1 Zj;ékU(‘x xl)

and E; is the ground state energy. Here the ground state
2 has been written as an extended Jastrow wavefunction,
(2.29) and the coefficients A, are defined by Eq. (2.30).

(6) Campbell'® has studied the ground state of an N-
particle system using an extended Jastrow wavefunction.
By varying the function ¢, [introduced in Eq. (2.29)] to
minimize the energy, he derived the equation

(2, (H-E )[:plk,) » - p(k,): + :p(~K,) ° - p(-k ):]Q) =0,
(4.17)

where p(k) is the Fourier transform of p(x). This is

similar to Eq. (4.11), which can be written as
(@, (H - Ep):plx,) « - p(x,):2)=0. (4.18)

The Hamiltonian is parity (X — - X) invariant. We expect
the ground state to be even under parity. Under this
assumption

(Q,(H - E):pk,) ++ plk,): — :p(~K,) - - B~k ):]2) =0
by symmetry. Equation (4. 17) then implies
(Qy (H - Eo):b(kl) ere ﬁ(kn)'ﬂ):

This is just the Fourier transform of Eq.
hence is equivalent to it.

(4.18) and

(7) If we had not subtracted the ground state energy
from the Hamiltonian, then by translation invariance
Eq. (4.11) would contain infinite terms of the form

J @y [l Xy =X )RRy o 2 K s). (4.19)
When the ground state energy is subtracted out, (4.19)
becomes
fdsx,,,,l [ @x,nll (X, =X
X[R oKy, . o X)) = Ro(X o =X IR (X, . .., X )],
(4.20)

By the cluster decomposition property,
S ) e

«, This allows the integral to converge.

[Rmz(xl, P ,xn¢2)_R2(xn+1 _xmz)R" (xl’ .

as xn*‘l ’ xn+2 -

C. Example: The free Fermi gas in one dimension

As an aid to understanding Eqgs. (4.4) and (4.11), we
discuss the example of a free Fermi gas in one dimen-
sion in this section. For this example it has been
shown!® that

Alx,p)=2 [ dy:p(x)p(y):(x — y)™, (4.21)
and
R, (xy, . . .yx, )—det Glx, - x,), (4.22)
where
G(x)=sin(mpx)/7x (4.23)
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and p is the average density. Thus, in this case
U(|x]|)=0, A,lx,y)=2(x-y)"

and
An= 0, n>2.

(4.24)

(4.25)
With these simplifications, Eq. (4.4) takes the form

(8/3%,)R,(xy, . . .,xn):jé 2(x, = %,)'R,(xy, . . . ) X,)

+ fdx",,IZ(x1 - %)

X R, (xy, . . (4.26)

‘s Kper)e
This equation has been explicitly verified in Ref. 18.

Introducing (4.24) and (4.25) into Eq. (4.11), one
obtains

n
éj%)_lé/z(xj,xk)Rn(xl, ceox ) [dxg,

n
><IZ=>1 Us%y s % )R (24, « o . ,x")+—‘gfdx"'lfdx",2

xuz(xmnxmz)[Rmz(xu cee ’xmz)
= Ry(X 15 Xpe2) Ry (%15« « <520, (4.27)
where
Usx,9)=3(x - y)=2. (4.28)

In particular, for n=1, Eq. (4.27) becomes
0=13 [ dx, Ry, — %)/ (2, — x,)°

+i fdxz fdx:;[Ra(xnxz: %3) = PRy(%5, %)}/ (x5 - %5),

(4.29)
while for =2 we obtain

3(0F + 07 )R,(x;, ;)
=%Ra(x1,x2)/(x1 - X2)2+ % fdxaRs(xu x29x3)

X[ (= 25)2+ (x, = %)) + § [ do, [ d,

X [Ry(xy, - o« y%a) — Rylag, xRy, %))/ (5 — %)%,

(4.30)

A laborious calculation shows explicitly that Eqs. (4.29)
and (4. 30) are satisfied when R (x,, . . .,x,) is given by
Eq. (4.22), and we expect that (4.27) is valid for all #.

Equations (4.4) and (4.11) have another solution for
the potential U(| x| )=0, namely

Alx,0)=0, R,=p". (4.31)

This solution describes a free Bose gas. Thus, for a
given potential, we expect Eqs. (4.4) and (4.11) to have
two distinct solutions, describing Bose and Fermi sys-
tems. This point is discussed further in Sec. 4D.

The example we have considered in this section can be
generalized. In Ref. 18, it was indicated that

Alx,p)=2x [ dy:p(x)p(y):(x — y) (4.32)

for a one-dimensional system interacting via the poten-
tial U(x)=r(x - 1)/x%, with A> 1, We expect this system
to be described by Eqs. (4.26)—(4.27), if the right-hand
side of each equation is multiplied by a factor of .
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D. Selecting solutions having definite statistics

The example in the previous subsection suggests that
Eqgs. (4.4) and (4.11) are valid for spinless fermions as
well as bosons. In this section we discuss the Fermi
case in more detail. First we consider a representation
for N particles in a volume V and use the correspondence
with wave mechanics. This representation can be
defined on the Hilbert space // =L2(V¥), the square in-
tegrable antisymmetric functions of N vector variables.
Let Q.= the free Fermi ground state wavefunction. We
stress that Q is cyclic for p(f). (This is proved in Ap-
pendix B). As a result, A(X,p) can be defined for free
fermions. Furthermore, the expansion coefficients A,
defined in Appendix A involve only integrals over
Inl 2,12, Thus, even though Q, vanishes at some points,
the functions A, exist since logarithmic singularities are
integrable. We expect the A computed from Q, and the
free Fermi correlation functions to satisfy Eqs. (4.4)
and (4.11) with U(I1x])=0. (This was established in one
space dimension in the preceding subsection. In three
space dimensions, the R, are known,'® but the coeffi-
cients A have not been evaluated explicitly.)

An interacting system of N fermions in a volume V
can be represented on the same Hilbert space. There-
fore, the ground state for a system interacting through
the potential U(|x|) can be written as

Q=9,9;, (4.33)

where 2, is a symmetric function and the free Fermi
ground state carries the antisymmetry. It is easy to
show that

K(x)Q = [Kx)Q,]0, + Q,[KE)Q.]. (4.34)
Therefore, one can write
A(x,p)=A,x,p) + Agx, ), (4.35)

where Ay(x,p) and Ay(x,p) are both multiplicative opera-
tors. One can then expand this A(x,p) in powers of p(f)
with coefficients

A =(Ay),+(Ap),
These A, and the corresponding correlation functions R,

satisfy (4.4) and (4.11). Thus these equations can de-
scribe an interacting system of N bosons or fermions.

(4.36)

We expect Eqs. (4.4) and (4.11) to remain true in the
thermodynamic limit. Furthermore, we conjecture that
they are sufficient to determine a representation of the
currents. If they are, then statistics can be selected in
the following way. We expect both (Ap), and (A,), to con-
verge in the thermodynamic limit. The coefficients
(A;), describe the Fermi statistics and the (Ap), arise
from the interaction. We define Ay as the class of A(x,p)
corresponding to Bose systems (or to the thermodynamic
limit of symmetric wavefunction). At present we do
not know how to characterize this class mathematically.
The class of functionals A(X,p) corresponding to Fermi
systems can then be written in the form

AF:AF(X,P) + 743’

where A.{(x,p) is the functional computed for free
fermions. By seeking solutions to Eqs. (4.4) and (4.11)
for which A(X,p) is restricted to either the class A, or

(4.37)
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the class Ag, a representation of the currents having
either Bose or Fermi statistics can be determined.

5. THE ANALOGY WITH CLASSICAL STATISTICAL
MECHANICS

There is an interesting analogy between our presenta-
tion of a quantum many-body system in terms of cur-
rents and classical statistical mechanics. This analogy
is briefly sketched below.

Using the canonical ensemble for a classical statisti-
cal system of N particles, correlation functions are
defined by

- 1
R;N)(xl’ SR ’xN):ZNlm J dsxnﬂ :

xj dPxyexp(- 8V,),

(5.1)
where Z, is the partition function,
Zy=Q1/N!) [ &, -+ [ dPxyexp(-BV,), (5.2)
B=(1/kT),
and V,(x,, . . .,X,) is the potential for the interaction.

A generating functional can be defined by substituting
these correlation functions into Eq. (2.11). For a two-
body potential,

VX, . . .,xN):%éé V(x, -x,), (5.3)
and the correlation functions satisfy the equations
—kTVle"(xl, .. .,xn):é VV(x, -X)R, (X, . . .,X,)

+ [ @x YV E, =X R Ky, - oK)

(5.4)

These are known as the BBGKY (Bogoliubov—Born—
Green—Kirkwood—Yvon) equations. Observe that the
ground state correlation functions for a quantum sys-
tem, Eg. (2.12), and the correlation functions for a
classical statistical mechanics system, Eq. (5.1),
would be the same if the ground state wavefunction and
the classical potential were related by

|2|2=exp(~8V,). (5.5)

Thus, using an extended Jastrow wavefunction for the
ground state, Eq. (2.29), and assuming a classical
multibody potential of the form

Lx)=D D

AR Palic

Ve, . . VoX .. 0% ), (5.6)

L B
we find that the BBGKY equations generalize to Eq.
(4.4) if we make the identification

A ——gVV,. 5.7

We also remark that the BBGKY hierarchy can be sum-
marized in a functional equation for the generating func-
tion,?%?' as in the quantum mechanical case.

To summarize, in order to determine a representation
of the current algebra associated with a quantum sys-
tem, two sets of equations must be solved simultaneous-
ly: Eq. (4.11), which determines the coefficients A,
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and Eq. (4.4), which determines the correlation func-
tions R,. For a classical statistical mechanical system,
the coefficients A, can be related directly to the poten-
tial. Therefore, only Eq. (4. 4) need be solved.

The example of Sec. 4C can be used to illustrate this
analogy. For a one-dimensional quantum system inter-
acting via the two-body potential

Ulx)=xr-1)/x%, a=1, (5.8)
it has been shown that!®
Alx,p) =2 [ dy:p(x)p(y):(x - )2, (5.9)

By using Eq. (5.7), a classical system with the two-
body potential

Vix)=-1n|x|, (5.10)
at a temperature
BT =(2))1, (5.11)

would have the same correlation functions, %

Such a classical system can be given a simple physi-
cal interpretation. It corresponds to a system of identi-
cal parallel line charges constrained to lie in a plane,
with the total charge balanced to zero by a uniform
charge background of opposite polarity. This system is
the thermodynamic limit of the Coulomb gas studied by
Dyson. ®

APPENDIX A

For an N-particle representation, A(x,p) is given by
[Eq. (2.27)]

A(x,p)zfdaxz-“fdst:p(xl)-~-p(xN):v‘lln|Q|2, (A1)

where £ is the ground state wavefunction. In considering
the thermodynamic limit, it is convenient to express
A(x,p) in the form

S 1
A(x,p)= 2 fdsxz"-

a1 (m—1)t

x f P pE) - p(E)A(K, .. ,X).  (A2)
In this section we show how the coefficients A, can be

defined uniquely in terms of In|Q|2.

From the definition of normal ordering, Eqs. (Al) and
and (A2) amount to expanding In| {2 as follows:

v, n|2|*x,, . . LX) =D Al(xj)+i§A2(xi,x,)

+ 20 A%, X, K)o (A3)
<G

To evaluate the functions A (x,, . . .,X,), we will need to

use the following lemma (stated by Campbell'® and dis-

cussed in more detail by Feenberg'):

Lemma: Let F(x,, . . .,X,) be a symmetric function
of N vector variables. Then

= : . Ad
F(x,, . . .,X,) n% s syecs F %, ..., ;) (A4)
where
n
F Xy, ..., X)=(=1)"2 (-1)" 2 e X, LX)
m=0 F1<daceencyy, m
(A5)
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and

dsxmq dst
cm(xy"‘,xm):f ”.f F(x"--’x)-
1 v v 1 N (AG)

Proof: We introduce Fourier transforms as follows:

F&Xy, ..., X)=(U/ V2D Fky, ...,k
Xy kN
ij'll exp(ik, + X,) (AT
and
Fly, .. oky)= [ &y [ &9y FO, o070
lefil exp(- ik, *¥,). (A8)

We can rearrange the summations in Eq. (A7) in such a
way that

$.en.y o (Z) "'2>’x].=o

k1 ky n=0 1<j1<jz<...<jns1v kjl#o kj"#)
Hj#515 .« osdn (A9)
Thus,
X
Fx,, ...,x)=2 2 F (% ,...,%),
=0 155, <4, <eve<g <N n
(A10)
where
F(x,,...,x)
=(/VW2D o0 2 Fk,,...,k,0,...,0)
k,#0 k #0
% T"I | exp(ik, °X;)
§ E
fdy "'dey P! ( explik, - (x, y,)])
4 4
XJ‘—_:{/";L.-.[__‘/M'F(Yl""7YN)' (A11)

Since (1/ V)3, explik-(x-y)]=8(x-y) - (1/V), F (x,,

.. .,X,) can be written in the form shown in Egs. (A5)
and (A6).

Finally, applying this lemma to the function
InlQI%x,, .. .,X,) and using Eq. (A3), we obtain
A(x,...,x)

n
=9, <(— D2 (~1)m 2 [oe SRR )),
m=0 f<igonati, "
(A12)
with
B xme &
c, (%, .. .,xm)=J' "C/ 1 J ’{,Lln|9|2(x1, RS R

(A13)
As an aid to understanding this procedure we consi-
der the example of a system of N particles on a ring of
length L interacting via the two body potential

U(x) = a(x = D)(L/ m) sin(mx/ L)]2. (A14)
Sutherland has shown that the exact ground state for

this system is given by?®?
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Q¥ (x,, .. .,x,)=(const) T |sin[n(x, -x,)/L]|*.
Nzj>r>1
(A15)
In accord with Eq. (A13), let
L/2 Lj2
e = I dxm., f L m)a)2, (A16)
-L/2 L/
It is not difficult to show that
¥ —n(const) + sN(N - 1)c,
M =iN(N-1)c, (A17)

and, for n= 2,

=9\ In|sin[n(x, - x,)/L]| +

i<k

z(N—n)(N+n_ 1)0,

where
7% dx
c:ZA_/I ~ In|sin(mx/L)|. (A18)
L/2 L
Furthermore, using Eq. (A12), one finds that
A= axl[ln(const) +3N(N ~1)c]=0,
A= axl[ZMn |sin[m(x, - x,)/L]}| - ¢]
=2Mu/ L) cot{n{x, - x,)/ L}, {A19)

and, for n#0 or 2,
A,=23,{0}=0.

In the thermodynamic limit, the potential (A14) ap-
proaches the limit

Ulx) = M1~ 1)/42, (A20)
while
Ay(x,,%,) =2 (x, —x,) as N,V—~w and N/V—~p, (A21)

and, for n#2, 4 =0, Thus, A(x,p) exists in the thermo-
dynamic limit, even though we do not have a wave-
function in this limit.

APPENDIX B

A gsystem of N fermions in a box of volume V is de-
scribed in the Hilbert space of square integrable anti-
symmetric functions of N vector variables, # =L%(V¥).
The free Fermi groundstate is an element of //, and it
can be verified directly that it vanishes only on a set of
measure zero in this space. In this appendix we show th
that any wavefunction Q € / which vanishes only on a
set of measure zero is cyclic for the fields p(f).

Let pc/. Formally,

[ @y o0 [ d@yy@/Qyy, . .

is the operator of multiplication by (y/QXx,, . .
and

=[ &y on [ Py @/, .

. ,YN)ip(Yl) °e °P(YN) (Bl)

* )xN),

< ¥a)ip(yy) oo p(yy): Q.
(B2)
Equation (B2) holds if (/) is a valid test function.
However, this may not be the case. As a result, we
need to show that (/) can be expressed as a limit of

test functions and that Eq. (B.2) holds in the limit that
the test functions converge to (/).
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Let
¥ if |p®)| <N
Iy(x) = {o if [p(x)] > N.
By Lebesque’s dominated convergence theorem, i, — .
Let V,={x;|2(x)! <€} and let u(V) be the Lebesque mea-

sure of the set V. Then u(V,)—0 as ¢ ~ 0 since we have
assumed that © vanishes only on a set of measure zero.

Let 0,/ for x& V,
Xe ,N(x) = 0

The function X, , is bounded and measurable. As a re-
sult it is a valid test function. Choose ¢(N) such that

(B3)

for xc V,. (B4)

NV, 4y)) ™0 as N—w, (B5)
We can now show that

Xy=J &, S PV Xein W s ST

X:p(yy) o p(Yy): = § as N=wo

as follows. Note that

Xy = 9l < Hlxy = ull + 119y = il (B6)
Since
Ixy - z/)NII"‘:fVE x| Py [2< N2u(V,) =0, as N—~= (B7)
and

oy — Il =0, as N—~eo, (B8)
it follows that

Xy =9l =0, as N—w, (B9)

Hence, any §c// can be expressed as the limit of a
polynomial in the p(f)’s acting on €, and thus Q is cyclic
for the field p(f).
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An approximate method for dealing with nonrelativistic many-body quantum systems having short range
interactions is developed using local currents. The scheme is based on determining approximate
representations of subalgebras of the local currents. This mathematical framework is used to discuss several

approximation schemes.

1. INTRODUCTION

In a previous paper! we used local currents as vari-
ables to describe nonrelativistic quantum systems in the
thermodynamic limit. We derived two coupled functional
equations which determine simultaneously the repre-
sentation of the local currents and the ground state as-
sociated with a given Hamiltonian. Each functional equa-
tion is equivalent to an infinite set of coupled integro—
differential equations which form a hierarchy of a type
frequently occurring in the study of systems having an
infinite number of degrees of freedom. An approxima-
tion method is needed which somehow replaces this in-
finite set of equations by a finite set, which can then be
solved. In this paper we outline one method for doing
this, which can be interpreted as a scheme for con-
structing approximate representations of a local current
algebra, in a sense to be defined later.

The approximation method to be discussed here is
aimed at describing systems with a large number of
particles interacting through a potential having a short
range and a repulsive core. The first step in the ap-
proximation is to restrict the representation of the cur-
rent algebra to a finite volume V. This results in a Fock
representation for the local currents. The number of
particles in the volume is not fixed but the average num-
ber is determined by the average density. We may then
restrict the number of degrees of freedom since physi-
cally we expect the probable number of particles in V
to be peaked about the average. The second step is to
cut off the interaction, which is done by including only
the interactions of particles within the volume V. This
is motivated by the short range of the potential which,
physically, we expect to result in short range correla-
tions and limited clustering of particles. By restricting
our attention to a finite volume we are in effect con-
sidering a subalgebra of the local currents. Our scheme
determines an approximate representation of the sub-
algebra. By considering larger and larger volumes we
can obtain a representation of the current algebra as an
“inductive limit” of the approximate representations of
the subalgebras.

The approximations we develop are similar to those
used by other physicists? in studying quantum liquids
and gases in which the ground state is expressed as an
extended Jastrow wavefunction. The local currents and
their representations form a mathematical framework
for discussing such approximation schemes, and we
also believe that they aid in justifying and understanding
the physical nature of these approximations. The setup
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is also suggestive of other more general approximations.
In addition, it may be possible to carry this approach
over to relativistic field theory in which similar prob-
lems arise as a result of the infinite number of degrees
of freedom. It may then be possible to adapt the approxi-
mations developed here for many-body systems to
particle physics.

2. CURRENT ALGEBRA FRAMEWORK

The appropriate currents for describing nonrelativis-
tic quantum systems are the number density of particles
p(x) and the particle flux density J(X). The smeared
currents p(f)= [ p(x) fx) d*x and J(g) = [F(X) - g(X) d°%
form a local current algebra. Representations of this
algebra are discussed in detail in Refs. 3—7. The re-
sults of our previous paper® concerning the Hamiltonian
and the dynamical determination of current algebra rep-
resentations are summarized below.

A. The Hamiltonian and generating functional
The Hamiltonian for a system of identical spinless

particles interacting via a two-body potential U(Ix|) is
formally given by®

. 1
H=1% fdsxK;(x)p(T)K,(x)
+%fdsxfdsy:p(X)p(Y):U(|x-y]), (2.1)
where
K(x) = Vp(x) + 2iJ (x). (2.2)

In order for the formal expression for H to exist, an
appropriate representation for the currents must be
found. In such a representation, the Hamiltonian can be
written in a well-defined manner as®

1

Het fdaxkg(x)mk,(x), (2.3)
where
ﬁ(x) =K(x) - Ax, p)

and A(x,p) is a multiplicative functional defined by its
action on the ground state 2, given by

K(x)Q = A(x, p)S. (2.4)
For later reference, we note that A(x,p) can be ex-
panded as follows:
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,p):"‘i}o m~1 J’ cee fdaym:p(x)p(yl) oo p(y,):

XA (X, ¥y, .. ,Y,) (2.5)
We also remark that the coefficients A, can be written
in the form
A Xy, .. .,y)=VIn¢Z (x,y,,...,y,), (2.6)
where each ¢, is symmetric in its arguments, so that
v XAn: 0.

A representation of the current algebra can be de-
fined by the functional A(x, p) and the generating
functional

L(N= (@, explip(N]Q).

It will also prove useful to have a series expansion for
L(f). In terms of ground state correlation functions
R (x,,...,X,), such an expansion is given by

2.7

n

1
L(f):g ~ d3x1--°[d3an(x1)=°°F(x")R"(x1, e ,X)

(2.8)
where
F(x) = exp[ifx)] -
and R, (X,, . ..,X,) is the nth ground state correlation
function.

The representation of the local currents associated
with a given Hamiltonian is determined by two coupled
functional equations relating A(X,p) and L(f). When the
expansions (2.5) and (2. 8) are substituted into these
equations, the following set of equations relating the
expansion coefficients A, and R, result’:

- ,,, 1
V.R(X,...,K)=2J 2 —_—
x, n( 12 ’ n) =0 ymax(0ym+Lam) 7! (m_y)l
n
X 2 &x oo | &x
IH g ™

(2.9)

and

Ev2 R (X, ...,X)

J“l
1
==-3 [d3xm1Viml{le(xl, Ce ,x,ﬁ,)
-R(x )R (X, ...,X)}
ELE G fose fo
+ e | x| X
m=1 [r=max(m-n.0) 7! (m - 1’)! m "
n
x 27 U (%, “oxm_',x",l“oxm)
J 1 gteost]p oyl
1 3 : 3
XR, (X, ..., %) piennll [CE SRR Brpm
XU Ky o o oy B R Kary o 25X )
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XR (X, . . .,x,,)] (2.10)
where
Ug(x,y): _%[(v 'Az)(x,y) + (V 'Az)(y,x)] + U( |x—yl),

(2.11)

and, for n#2,

U (x,, .. .,xn):—1 ; 27 (VoA , .. .,%,).

1
8 (n-1)! ? 0
(2.12)

A quantity of particular physical interest is the ground
state energy per unit volume, ((E/V)(x)). This is given
by

(B/ V@) = - 1V°R (1) + 2 (1/n!)

n=1

X [ @y [Pl R (X, Xy, . . . X))

nn'n

(2.13)

We remark that in the thermodynamic limit one can en-
sure that Eqs. (2.9) and (2.10) describe the ground state
by imposing translation invariance and the cluster de-
composition property.

The main difficulty in solving these equations is that
they form an infinite hierarchy in which an equation for
one correlation function involves higher correlation
functions. In the following, we shall consider how this
hierarchy might be truncated in a physically reasonable
manner.

B. Restricting the representation to a finite volume

We restrict the representation of the local currents to
a volume V by considering the subalgebra of smeared
currents with test functions having support in V. If supp
fC V, the expansion for the generating functional, Eq.
(2. 8), can be written as®

©

L(fH= ﬁ—lt—fdxl'“l:(ﬁxn

x n exp[lf(x )] V 2 STII ,X"), (2 14)
where
(—1¥
JZ=;0 71 d3xn,1 000 Vd3x",jRn,j(Xl, .. ,x’ﬁj),
(2.15)

The coefficients P, have the interpretation that
(/)P (VX . ..

the probability in the ground state for finding
=| » particles at the points x;, . . . ,X_ in the
volume V with the remaining particles outside V,

X)

*n

By comparison, the interpretation of the coefficients

R is that:

(1/731 )Rn(XIQ . s
the probability in the ground state for finding n

=| particles at the points X,, . . .,X, regardless of
the positions of the remaining particles

X))
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For X, . . .,X,€V, the R’s can be expressed in terms
of the P,’s as follows:

R(x,,...,X)

1
=2 = | &, /d“x,,,,,P,,,,j(xl, ..

= (2.16)
i=J: Jy v

S SN

The restricted representation is the direct sum of N
particle representations (Fock space). The number of
particles in the volume V is not fixed. The average num-
ber of particles is

N“=;J-V,

where p is the average density. For systems having
short range forces with a repulsive core we expect short
correlation lengths and little clustering together of
particles. Consequently, only the coefficients P, with n
near N_, should be important. This suggests that we can
approximate Eqs. (2.9) and (2. 10) taking into account
only these P ’s.

(2.17)

C. Truncating the interaction

The R,’s can be written in terms of P, only if the
arguments X, . . .,X, are inside the volume V, Eq.
(2.16). As a result, it is necessary to truncate the in-
teraction if one is going to approximate Egs. (2.9)—
(2.10) using the P ’s.

Inside V, the particles interact through the two-body
potential U(1xl|). In addition, the potential results in in-
teractions between particles inside V and those outside,
Since we are assuming the potential has a short range,
these are limited to particles near the boundary. Let us
estimate the number of interactions within V, N;, com-
pared to the number between particles inside V with
those outside, Nj. Let »= the range of the interaction
and S = the surface area of V. The number of particles
within the interaction range of a given particle is n~p#®.
Thus the number of interactions within V is N,~npV,
while the number of interactions between particles in-
side V and those outside V is N}~ np»S. Hence the ratio
(N7 /Np) ~(¥S/V) goes to zero as the volume gets large,
provided the volume is not too pathological in shape. As
a result, it is a reasonable approximation to ignore the
interaction between particles inside and outside of V,
provided V is sufficiently large. We can incorporate this
approximation into our system of equations by limiting
all integrals to the volume V in Eqgs. (2.9)—(2.13).
Substituting Eq. (2.16) into Eq. (2.9), we then obtain

0,P (xl, ..
-1 Iy ﬁfx J.d Zoo i o Py By oo 3 %o,),
(2.18)
where
0%y, . . .,X%)
=V, mEl o 1) b’ZJ)r” Ax, . ..x; ) (2.19)

and Z’;i;11=1) is the sum over the set of indices

{1<j1,j2, cee ’jmén;jp¢jq if p+q and jl“—‘l}"
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Using Eq. (2.16) together with Eq. (2.10), we also
obtain

{Q,-E}P(x,, . . .,X)

= "i" dax,“ . f dsxn'r{Qn*r ~Ey}
v v

r=1 7"
X Pm(xl, e ,xn,,r), (2.20)
where
n
Qn(xu . %jEHV2 mZDI ml ?}U !xjm) ’
(2.21)

and E, is the total energy in the volume V, given by

E":f?;;}‘_ Vdsxl.,.Ldsan"pn(xl, Coox). (2.22)
These equations have a simple structure. Each P
is coupled to the higher P,’s by multiplying by an opera-
tor () . OF @, and then integrating out (or averaging over)
the extra variables. This suggests that we can interpret
the surroundings outside the volume V as a resevoir of
particles which provides the source of the coupling
among the P ’s. Thus, even though we have truncated
the interaction, there remains an influence of the outside
surroundings through the particles supplied to the
volume V by the reservoir,

D. Analysis of Eq. {(2.18)

We can find a simple solution to Eq.
following way. Suppose

(2.18) in the

2, 1
(Vn“mzi m-100 ?_”A ,-m>)
X P (x,...,x)=0. (2.23)

A set of P ’s satisfying Eq. (2.23) will also satisfy Eq.
(2.18). Furthermore, the different P’s in such a set
are not independent because they are related to each
other through their dependence on the A ’s. Now, to
solve Eq. (2.23), we let!

Alx, .. 2V, Ing,(x,, . . .,X,)

'

.,xn):.- (2.24)

and

n
DoRyy oo X)) =c, T o (X, ,...,% ), (2.25)
where c, is a constant. Then Eq. (2.23) and hence Eq.

(2.18) is satisfied if
P(Xy, .. .,X)=|(x,...,x)|% (2.26)

We can justify this form for the P,’s and determine
the constants c, by reference to the thermodynamic
limit. Consider a large volume w containing N particles.
We express the ground state of the system as an
extended Jastrow wavefunction,

Q,=,/w") Y2l Hq;“"’(x (2.27)

m=1 {j} o ,ij)’
where 7, is a normalization constant. The functions ¢{«
are symmetric and can be uniquely defined by imposing

the conditions®:?

R. Menikoff and D.H. Sharp 2355



J &%, In|¢x,, . . (2.28)

Here we only consider systems having interactions of
short range, ». The condition (2. 28) then implies that
¢! (x,, . . .,X,)=1 when I, —x,| > 7.

We next determine the form of the P.’s for a sub-
volume V small compared to the volume w but large
compared to the interaction volume »°. The P,’s are
defined by

Pf,"’)(V;xl, ..

LX) =0,

X )= [N/ (N =) m, /0¥
><fw_yd3xﬂ,1 °°°j(;_vd3x1v|ﬂm(xu ce X2 (2.29)

We can split @ into three factors

— % (w)
d)n(xlr A ’x")_nI.L (I;[] (:bm (le, . )xjm)
’ Py ~ (w)
Vil X= I I 0000, x,), (2,30
and
N N
XXy, .. XY= 11 I Lt S N
1 m

m=l {j35,=<n,j,e>n}

If the variables {x ;j < n} lie within the subvolume V and
are a distance » or greater away from its boundary,
then x=~1 when the variables {x;;j >} lie outside of V.
The function i, can be considered an “approximate”
wavefunction for » particles in the subvolume V. This
is a result of the cluster decomposition property: as
particles get far apart, their interaction diminishes and
they become independent. Consequently, when the »
particles in the subvolume V are far from the boundary,
the effect of the particles outside can be neglected, and
the wavefunction should factorize. Therefore,

PLViXy, ... ,X)

=(NV/(N=m)(1/ w")(1 = V/ )| (x,, . .. ,xn)lz
xf(u_v Ay * 'fa,_vdava[”w/(w - V)¥-n]
SRE/ O SRR SIL (@.31)

In the thermodynamic limit (N =, @ == such that N/
w ™ p, the average density) we expect

¢:,w)(x17 v ,x,.)_.qbn(xly L. ,X") (232)
and

n, ~ (). (2.33)
As a result,
PRy, .. . X))~ P (X, .. .,X)

~prexp(-pV) H1 & }¢~ C I T (2.34)
for x,, . . .,X, contained in V and farther from the

boundary than a distance ». As V gets larger, we expect
the boundary effects to be less important and Eq. (2. 34)
to become a better approximation for P,. This should

result in the proper normalization for the P ’s, namely,

fd3 ..-/fx,,P,, Vg, .. .,x) "1,
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as V—~=, However, for finite V we must normalize the
P,’s. The normalized P,’s are given by

P&, ... x)=]c, P11 1 g2(x s %)

b
m=1 {5} !

(2.35)

where

lc,|® =p"exp(- pV)/( —p exp(~pV)

xfd3xlo..
-

This is the form for the P,
that we obtained from Eq.

Jaxﬂﬂcf)(

m=1 {j}

, ,.m)). (2.36)

’s [Eqs. (2.25) and (2.26)]
(2.23).

E. Analysis of Eq. (2,20}

We have related the functions P, and A to a set of
functions ¢,. These are determined by substituting Eqs.

(2.24)—(2.26) into Eq. (2.20). This results in the set
of equations
lpn(Hn - EV)d)n

:°§1 71 fdsxml Idsxrr*r Z!)”.,. vy T V) n*r’

(2.37)

where H, is the Hamiltonian for » particles interacting
via the potential U(|x|),

H":—%Z?V +3 EU‘X —X’)

i=l itk

(2.38)

and E, is the ground state energy associated with the
volume V,

1
2;1_[ 1u°°ﬁd3xnd)anlpn'

The set of equations (2. 37) is equivalent to the varia-
tional equations

SE,/0¢, =0,

Thus Egs. (2.37) and (2. 39) determine a local extremum
of the energy and play the same role as Schrédinger’s
equation. In the thermodynamic limit the ground state
can be selected by imposing translation invariance and
the cluster decomposition property on the functions R,.
For finite volumes, these conditions are replaced by
selecting the P ’s which minimize the energy E,.

(2.39)

(2. 40)

In order to obtain Eq. (2.37) from the variational
equations (2.40), we need to impose a boundary condi-
tion on the functions ¢,. The most reasonable condition
to impose is that the normal derivative of ¢, vanishes
on the boundary of V:

neV, P & x )| =0, (2.41)
xIEBV
This is consistent with the condition
DKy . . . ,X) "1 as |x; -%,| ~w, (2.42)

which we expect to hold for systems with a short range
interaction.

For the thermodynamic limit to exist we need to im-
pose the constraints given by Eq. (2.28). We can in-
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corporate these constraints into the variational equations
using Lagrange multipliers. Thus, instead of E,, we
minimize

Ey=E,- 2 x, '°-Ifx
n=l
X A%y, ... X o (R, LX) R (2.43)

Then, from

6E,/6¢,=0, (2. 44)

we obtain

20 A&y, .. X )

perm

1
:rg vt Ivaﬂx I,,da"n*rﬁbw(f’m -E)y,, (2.45)
so that Egs. (2.45) and (2.28) replace Eq. (2.37),

F. Discussion

Since we have cut off the interaction in order to ob-
tain equations to determine the P ’s, we can expect rea-
sonable results only away from the boundary of the
volume V. There are several quantities that can be
examined to estimate the accuracy of the approximation.
The P,’s can be used to calculate R,(x), for xe V. By
translation invariance, the exact value of R,(x) is p.
Thus we can use the quantity | R,(x) - pl /p as a measure
of the degree of accuracy of the approximation. Similar-
ly translation invariance requires A,(x)=0 and the
energy density (2.13) to be constant. These quantities
can also be used to test the accuracy of the
approximation.

If a knowledge of the representation of the currents
over a larger region of space is desired, or if one needs
greater accuracy over a given region of space, then a
larger volume V can be considered, We expect that, as
V=, the equations discussed in this section deter-
mine the representation of the currents exactly, at least
for systems having short correlation lengths.

3. TRUNCATING THE NUMBER OF DEGREES
OF FREEDOM

So far, by truncating the interaction to the volume vV
we have obtained a set of equations for the ground state
probability distributions P, and the functions A, charac-
terizing the ground state. Both sets of funct1ons {P,} and
{A"} can be expressed in terms of a set of functions {(j)n}
by means of Egs. (2.24) and (2.35). These functions are
to be determined by minimizing the energy in the volume
V, Eq. (2.39), subject to the conditions (2.28) and
(2.41). We still have an infinite set of functions to solve
for, since there may be an arbitrarily large number of
particles in the volume V. However, we expect the
probability for finding a large number of particles to be
small, and the degrees of freedom they represent to be
insignificant. Therefore, as a further approximation
we will truncate the P,’s by setting P =0 for |n ~ NI
large, where N is the average number of particles, pV.
Since, according to Egs. (2.25)—(2.26), the P ’s can
be expressed in terms of ¢, ’s having m < n, when we
truncate the P,’s we are in effect also truncating the
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¢, ’s and the A,’s. This is physically reasonable since
the ¢.’s (or A,’s) describe correlations in the ground
state. If we limit the number of particles in V to N,
then there can be at most N-body correlations.

As a result of these approximations the system, re-
stricted to a volume V, is describéd by a finite set of
functions ¢,. Variations of this general scheme are con-
sidered in the next subsections.

A. Recovering the N/V limit

The probability of finding » particles in the volume
V is given by

1
Py==f ﬁd%l-nﬁcﬁxn&(xl, LX) (3.1)
Using Eq. (2.35), we find that
1 - -
/Onocn—! p"exp(—pV) jvdaxl Vdax "121 (H) e SN )
(3.2)

Since ¢ (%,, . . .,X,)~1 when |X, —%,| >, we expect
the most 1mportant P s to be those for which z is
peaked about the average number of particles N=pV,
owing to the multiplicative factor (1/x!)p”exp(~pV).

We now consider the approximation which results
from keeping only pN. The energy of the volume V, Eq.

(2.39), then reduces to
@y [y By Hy
E, = NIN-NIN (3.3)
VT kg [y Bxg Oyl
where
N N
MG S ,xN):”lE I’T¢ x ,.. xjm). (3.4)

Varying the functions ¢, so as to minimize E, subject
to the constraint (2.28) leads to the equations

S gy fydstz/)N(HN -E)$, =0,

for n=0,1, .. .,N. This can be written in terms of
correlation functions and is equivalent to Eqs. (2.10)—
(2.12) when the integrals extend over the volume V, with

(3.5)

R(Xy, .. .,Xy)

(N!/(N_n)!)J.Vdsxmf”fydsxxi DylX,, . . LX)
fvdaxl'”fvdsx;v“pu(xl, v ,x,\,)l2

’

for 0sn<N,

0, for n>N. (3.6)

and

A =29¢/¢. (3.7

These R, also satisfy Eq. (2.9) under the same restric-
tions. By the Rayleigh—Ritz principle, these equations

are equivalent to Schrédinger’s equation for N particles
in a2 volume V,

Hypy=Eyy. (3.8)

Similar equations have been derived previously by
Campbell.®

To determine a representation of the currents in all
space, we would have to consider larger and larger
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volumes V. Thus this approximation just recovers the
thermodynamic limit, in which N =< and V —~« in such
a way that N/V —p. In the next section we consider ad-
ditional approximations which simplify this scheme.

B. Approximations fo the Jastrow wavefunction
type

Since we are considering potentials with a short range
¥, for a given average density p every particle interacts
on the average with N,~ps® other particles. Thus we
expect the correlations to be described fairly well by
the ¢ ’s with »<N,. This amounts to approximating Pys
Eq. (3.4) in the previous section, by

Nt N
LX) =1 11 ¢m(xj

m=1 {j}

X, ). (3.9)

Im

Z»L'N(x:l’" IR
We again determine the ¢, by varying them so as to
minimize the energy (3.3). This leads to the set of
equations (3.5) with N< N,.

In the case when N, =2, ¢, is known as a Jastrow
wavefunction. These have been used by many physicists
in the study of the ground state of liquid helium and
other problems.? They start with Eq. (2.9) (in all space)
which can be written

vlez(xl ’ xz) = Az(xl » x2)R2(x1 ’ X2)

+ 7 A, )RR, Ky, K dPy (3.10)
and
E=3 [ dx,[- 3V A%, %)+ U(|x, - %, IR, (x,, X,),
(3.11)
where
Ay(x,,%,) =2V, Ing,(x,,x,). (3.12)

The system of equations is closed by relating R, to R,,
for example, by means of the Kirkwood superposition
approximation:

Ry(X,, X5, %) = pT R, (X, X, )Ry (%;, X )R,(X, X,). (3.13)

By substituting Eq. (3.12) into Eq. (3.10) one can solve
numerically for R, given A,, and then compute E as a
functional of A,. Then A, is varied to minimize E. Re-
cently several physicists®!! have considered going be-
yond this approximation. They use a wavefunction of
the form (3.9) with N, > 2. The resulting scheme is
known as an extended Jastrow approximation.

The point of view adopted in this paper is quite dif-
ferent. We limit ourselves to a finite volume and trun-
cate the equations by using the P ’s instead of the R ’s,
as opposed to working in an infinite volume, keeping
only R, and relating R, to R, by the Kirkwood superposi-
tion approximation.

C. An approximation scheme allowing for particle
fluctuations

For a given volume V we expect to obtain a better
approximation by allowing the number of particles to
fluctuate about the average value. Since the probability
of finding » particles in a volume V is peaked about N
:EV, we consider those P, with n centered about N,
i.e., with N- A<y < N+ A for some integer A, All the
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other P ’s are approximated by zero. We also take into
account only those ¢, with n< N, =p»°,

Let
NI n
bolXy, - .o X )= [plexp(-pV)]VETL T g (x,, . . .,X, ).
m=1 {j} n
(3.14)
Then P, is given by
n=N+A
Py, .. .,%x)=|u,(x, .. .,x,,)|2/ 27 (1/n!)
n=N-4
vadsxl"""fvdsx"ll,b"(xl, AN 1L
(3.15)

In this approximation, the energy in the volume V is

E.— N:p?_A (1/n!) .rvdsxl o fvdsxn bnHniy

12 r):‘,-—-'NA-A (l/n!)fyd3x1°°°fvd3x,,lzpn|2 .
Varying ¢, constrained by Eq. (2.28), to minimize E,
now leads to the equations

(3.186)

Ml -+ %)
N+Aen 1
—_ — 3 eoo 3 -

(3.17)

for n< N; and where A is a Lagrange multiplier. This
equation, together with Eq. (2.28), can then be used to
solve for A and ¢, .

D. Discussion

The main point is that approximate information about
a small part of an infinite system can be obtained by
considering a relatively small number of degrees of
freedom. The degree of translational invariance can be
used as an indication of the accuracy of the approxima-
tion. If more accurate results are required, then either
more P,’s and ¢, ’s can be taken into account or a larger
volume V may be considered. By allowing the number of
particles to fluctuate we expect to get reasonable results
with a smaller volume (and hence a fewer number of
variables) than would be needed for the Jastrow wave
function type approximation discussed in Sec. 3B.

4. APPROXIMATING REPRESENTATIONS OF A
LOCAL CURRENT ALGEBRA

The representations of the local p, J current algebra
provide a mathematical framework for describing non-
relativistic many body systems. For systems having an
infinite number of degrees of freedom, the problem of
finding a representation of the local currents appropriate
to a given interaction is interlocked with that of solving
the dynamics, In this section we discuss how the ap-
proximation schemes presented in Sec. 3 are related
to approximating representations of the local currents.
The definition of an approximating representation com-
bines two mathematical concepts: “inductive limit” and
“approximating Hilbert spaces.”

A. The inductive limit

For nonrelativistic systems of spinless particles, the
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representations of the local currents of physical interest
are cyclic for the p’s. Consequently, the Hilbert space
for these representations is determined by a
representation of p(x).

Let ¥ be the algebra formed by the smeared currents
p(f). Let {V } be a sequence of larger and larger volu
volumes, V, DV, if n>m, tending to infinity, U V, =R°.
Let % , be the subalgebra formed by the smeared cur-
rents p(f) with the test functions restricted to have sup-
port in ¥,. Clearly,¥ , C ¥, if m <n. The sequence of
subalgebras {ﬂﬂ} converges to an algebra, called the
inductive limit of the sequence. We now describe the
sense in which the inductive limit is just the algebra ¥.

Suppose II is a representation of the algebra %. It is
defined by the generating functional L(f}, Eqs. (2.7)
and (2.8), which in turn is determined by a set of cor-
relation functions {R }. Subrepresentations II, can be
constructed by restricting II to the subalgebra ¥%,. The
generating functionals for these L (), Eq. (2.14), are
determined by a set of probability distribution functions

{P.(V )}

Conversely, suppose we are given a consistent set of
representations, one II, for each . By consistent we
mean that L (f)=L_(/) if »>m and suppfC V,,. From the
probability distributions for the volume V, we can com-
pute the correlation functions R (x,, . . .,X, ) for x,e V,,
Eq. (2.16). The consistency condition insures that the
same R, is obtained from the probability distributions
for overlapping volumes. Since the volumes V, form an
increasing sequence tending towards infinity, we can
compute the correlation functions in all space. These
determine a generating functional L(f) and hence a rep-
resentation II of the algebra ¥,

Remark: The inductive limit we have defined is simi-
lar to one used in classical statistical mechanics,*?
There, a state on a C*-algebra is considered, rather
than a representation of a local current algebra. The
inductive limit is then expressed as a weak-* conver-
gent sequence of states on increasing subalgebras. A
representation of the local currents can be used to de-
fine a C*-algebra formed by the exponentiated currents®;
norm closure of ¥ = span{exp|ip( /)], exp[iJ(g)]; for all
test functions f and g}, where the norm on ¥ is defined
by the representation. The C* -algebra defined from dif-
ferent representations is not necessarily the same since
the norm, and hence the closure may be different. Since
systems with different interactions are described by
different representations, the C*-algebra for a given
system is not known a priori.*?

B. Generalized inductive limit

In order to obtain a set of equations for the distribu-
tion functions P (V_), we had to truncate the interaction
to the volume V. Therefore, the equations only deter-
mine the function P, approximately. Consequently, in
order to determine a representation of the local currents
we need to generalize the concept of an inductive limit.
Let 11, be the approximate subrepresentation of the cur-
rents for the volume V, determined by the approxima-
tion scheme of Sec. 3. Let Il be the subrepresenta-
tion formed by restricting I, to the subalgebra %,
(where n>m). We expect the approximate subrepresen-
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tations to converge in some sense as n ™" ®,

M, M, 4.1
since physically the surface effects we neglect become
negligible as the volume increases if the correlations
are short range. Furthermore, we expectIl, to form a
consistent set of subrepresentations and their inductive
limit to determine a representation of the current

algebra.

The convergence of the subrepresentations II,  can
be defined using their generating functionals L, m( .
Each generating functional defines a set of probability
distribution functions {P, (V,), k=1,2, ++}. We ex-
pect these functions to converge

P, (V)= DPV,) as n—w. (4.2)

The set of functions {P,(V,)} then defines a generating
functional and hence a representation II .

Combining these ideas with the inductive limit, we
see that the representation of the current algebra can be
determined from the approximate subrepresentations
I, as follows. The probability distributions associated
with the subrepresentation II, determine an approximate
set of correlation functions R{™(x,, . . .,X,) for x, €V,
Eq. (2.16). The same correlation functions are not ob-
tained for overlapping volumes as would be the case for
a consistent set of subrepresentations. However, we
can form a generalized inductive limit since for a given
volume the correlation functions converge; Rz"’ (x,,

.o X)) "R(x,, ...,x)for x,eV, as n . By con-
sidering larger and larger volumes V, we can obtain

the correlation functions in all space. These can be used
to define a generating functional and hence a represen-
tation of the currents.

C. Approximating Hilbert spaces

It is instructive to consider the convergence of the
subrepresentations I, —1II_ in terms of approximating
Hilbert spaces.* These are defined as follows. Let 4
be a Hilbert space with inner product (-, *) and let //, be
a sequence of Hilbert spaces with inner product (-, *)
together with the linear maps T, from / to /. The
spaces #/, approximate / if

n

(i) JIT,]l < const
and

(i) Ym (T, T,9),= (¥,¥), for all yeH.

neeo
We say a sequence of vectors {y,e#,} converges to

et if
tim [l9, - 7,91,=0, 4.3)

and we say a sequence of self-adjoint operators p, on
H, converges to a self-adjoint operator p on #, if for
all seR and yeH

’13151 Il explisp,) T, ~ T, explisp)yll =0, (4.4)

The cyclic representations [I,  of the subalgebra ¥,
are defined on the vector spaces #/,, ,={span p(f,)
* - p(£)D,, ; Supp f,€ V, with _ 'a cyclic vector
(ground state)} together with an inner product which is
defined by the generating functional L, (/).'

Let us define the linear mapping T,: #,, ,~#,, by

myn
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Tp(fy) > p(f )%, .= p(fi) > e p(£)R2,,. (4.5)

Under these mappings the spaces f/m'" approximate Hm.
This concept can be used as the definition of convergence
of the subrepresentations I,  —1II .

D. Summary

We believe the concept of approximating representa-
tions may be useful in other contexts. We conclude by
stating an abstract definition of this concept. By a
sequence of approximating representations of the al-
gebra Awe mean the sequence consisting of a represen-
tation II for each subalgebra$  such that

Hu =va
i)y Do,

(ii)um, , — ﬁm as n— in the sense of approximating
Hilbert spaces,

(iv) the ﬁm are a consistent set of subrepresentations,

(v) the inductive limit of flm is a representation II of ¥.

*Work supported by the Energy Research and Development
Administration.
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It is proved that a necessary and sufficient condition for a shear-free perfect fluid to be irrotational is that
the Weyl tensor be pure electric type. For shear-free isentropic flow with unit tangent  °, we find the
conservation law v/(n'*i®w u®) =0, where i is the relativistic specific enthalpy, n is the conserved particle

number density, and o is the vorticity scalar.
—————————————

1. INTRODUCTION

Shear-free perfect fluids are studied as models for
astrophysical systems when differential rotation can be
neglected. They appear in equilibrium models for
stellar interiors when the flow vector is chosen as a
constant sum of Killing vectors (stationary and axially
symmetric for instance), in spherically symmetric
collapse models, and in many cosmological models.

In this paper we prove the theorem that a shear-free
perfect fluid is irrotational if and only if the Weyl ten-
sor is pure electric type. The idea for the theorem
proved here came from earlier work! in which it was
shown that a necessary and sufficient condition for a
stationary vacuum space—time to be static is that the
Weyl tensor be pure electric type. The timelike Killing
congruence is a shear-free, expansion-free vector
field, and the theorem was essentially due to the shear-
free property (a similar theorem holds for conformal
timelike Killing vectors).

In addition, for shear-free isentropic flow, we show
that the scalar »%/%w is constant along the streamlines,
and derive the conservation law ¥V, (n!/®iwu®) =0 for
angular momentum density.

All necessary kinematic relations are collected in
appendix.
2. PERFECT FLUID

A perfect fluid is described by the energy —momentum
tensor

Tuu:wuuuv—p?’uw (1)
where #*x, =1, and »*, is the projection operator onto
the 3-space quotient to the streamlines:

Yu,u:zgu,v-uuuv' (2)
Projection will be abreviated by 1 which projects all
free indices, i.e.,?

J‘AaB;B i :YauYAUA B,

uB;

The kinematic quantities which characterize the stream-
lines are the acceleration

au

PR § p——1
=t Vout =dt,
the expansion®
P u
0=V, u",
the shear

Ouv = J‘[u(u,;u) —%Q‘YU,U]’
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and the vorticity (or rotation) bivector
Wy = LUy 0.
It follows from these definitions that
Uy =aut, +w,, +0,, +30y,,. (3)
The vorticity (twist, rotation) vector
uvaB,

w,__ L1
w i=3N UUy ;8

where n°'% := - (~g)"1/2, has a dual relation with the
vorticity bivector

*

Wy =2w ().
The shear and vorticity scalars are

20%:1=0,,0%20,

207 1= wow*t = = 2w, w* = 0.

It will also be useful to define the alternating tensor in
the quotient space

.nuua : =nuvaBuB.
The equations of motion 7**,,=0 have components

W +(w +p)6=0, (4)

(w+pla, =p ,¥*,. (5)

The Einstein field equations G,,= - «T,, determine the
Ricci tensor:

R,,=-(«/2)[(w +3pu,u, +(p —wy,,]. (6)

To conclude this section, we note that the condition for
a fluid to be shear-free is 0,,=0, which is equivalent
to

Ly, =36y, 1

3. WEYL TENSOR

The electric and magnetic parts of the Weyl tensor
are defined by

E o :=C,pqsu’t’, (8a)

*
By :=C,aatt’u’. (8b)

Both tensors are symmetric, trace-free, and orthogo-
nal to «*.

Theorem: A necessary and sufficient condition for a
shear-free perfect fluid to be irrotational is that the
Weyl tensor be pure electric type.

Proof: The “necessary” part of the theorem follows
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when the vorticity and shear are set eqgual to zero in
Eq. (A4). To prove sufficiency, consider Eq. (A8):

VB, z==k(w +p)wz —a*B,; ~ 3w*E,, (9)

where the shear-free condition has been imposed and
the field equations (6) have been used to evaluate the
Ricci tensor term. Setting B, ; equal to zero yields

W [E 5+ (/30w +p)y,5]=0. (10)

When the Weyl tensor is either pure electric or pure
magnetic, it must be* Petrov type I, D, or 0. w*=0
follows immediately for type 0. For types I and D

det[E; +(k/3)(w +p)yys]# 0, (11)

since if the determinant were zero, then E_ ; would have
three equal eigenvalues, which is not possible. Thus
w*=0.®

One might also expect that a shear-free perfect fluid
with vanishing electric type Weyl tensor must be con-
formally flat (particularly since such a theorem holds
for a shear-free timelike congruence in vacuum), but
it is simply not true. Equation (A7) yields

3w¥By s+ (k/3)w' ¥y, =0 (12)

for a perfect fluid with E_;=0. The proof of flatness
for the vacuum case follows directly, but neither Eq.
(12) nor any of the other Ricci or Bianchi identity equa-
tions require that w® and B,; vanish when a shear-free
perfect fluid is present.

Equation (A3) does show that geodesic flow with
E,,=0,,=0 must be irrotational and hence conformally
flat. This agrees with a result for which Ellis® credits
the “if” part to Trimper: A perfect fluid space—time
with an equation of state has a flow with ¢* =" =0¢*"
=0, and a Robertson-Walker metric, iff it is confor-
mally flat.

4. CONSERVED QUANTITY
The relativistic specific enthalpy is
i:=1+e+p/p,
where € is the specific internal energy of the fluid and
p the proper density with
w=p(1 +e).

The tensor iw,, is constant along the streamlines of an
isentropic perfect fluid, and it is known® that this con-
stancy represents the relativistic form of the Newtonian
vorticity conservation law. We will derive this conser-
vation law here and then use it in the shear-free case
to construct another conserved quantity.

Isentropic flow implies

di=dp/p, (13)
from which it follows that
dp di
————— = — . 14
(w+p) i ar (14)
The equation of motion (5) can now be written
a,= f’a'yau, (15)

Direct computation yields
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lag, == fa ¥ w,.. (16)

The kinematic equation (A6) combined with Eq. (16)
results in

L(ew,,) =0, (1"

and from the definition of fin Eq. (14), we have the
result

L(iw,,) =0, (18)
which holds for all isentropic flow.

It is possible to find a scalar which is constant along
shear-free streamlines and which is a generalization
of Rayner’s result’® £ w=0 for rigid motions.

First note that shear-free motion is conformally
rigid, and with the definition

{l_logn::—-e, (19)

the rigid spatial metric is #*/%,,, since Eq. (7)
becomes

L(n®%y,,)=0. (20)

The equation of motion (4) determines logz when an
equation of state p =p(w) exists,

logn:/wdf)p ’ (21)

and Eq. (4) can then be replaced by Eq. (19} in its
standard form:

(nu*),, =0.

»n can be interpreted as the conserved particle number
density.

The scalar which is constant along the streamlines
is constructed by writing

(7222 ) (23 ) L (Pw,p w,,,) =0, (22)
which follows from Eq. (18). Note that
é (n‘z/ay"‘“) — =272/ 3glayn )’

so that Eq. (22) reduces to
é(vz"”3 Fw?) =0,
or finally
é(n'zmiw):O. (23)

To interpret the conserved scalar, we will proceed to
reformulate Eq. (23) in the standard form of a con-
servation law.

The rule for the Lie derivative of a scalar density
P of weight W is

Ly=yqu +Whu,,.
Thus Eq. (19) has the equivalent form

é[(—g)”zn]:o. (24)
Equation (23) can now be written as

LU= 20 Piw]=0
or equivalently

(% iwu®),,=0. (25)
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Equation (25) can be interpreted as conservation of
angular momentum density for shear-free isentropic
flow.

5. SUMMARY AND COMMENTS

A theorem has been proved which states that a nec-
essary and sufficient condition for a shear-free perfect
fluid to be irrotational is that the Weyl tensor be pure
electric type. The magnetic part of the Weyl tensor
has no Newtonian analog, and there are shear-free,
rigidly rotating, fluid solutions (such as Maclaurin
spheroids) in Newtonian hydrodynamics. It is now clear
that any relativistic counterpart of such Newtonian con-
figurations must have a nonzero magnetic Weyl tensor.

It is interesting to note that when a perfect fluid is
shear-free and irrotational, there are only three possi-
bilities: the fluid is either static, type D, or conformal-
ly flat.®

The possibility was left open that perfect fluid metrics
exist with 0,,=E,, =0, where B,,#0 and w* # 0 when-
ever a* is nonzero. Such solutions would be rather un-
physical stellar models since they would not possess a
Newtonian limit.

For shear-free isentropic flow, it was shown that the
scalar n%/%w is constant along the streamlines. The
conservation law V,(n'/%iwu*) =0 was constructed from
the scalar and interpreted as conservation of angular

momentum density.
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APPENDIX: KINEMATIC RELATIONS

With field equations unspecified, the Ricci identities
provide kinematic propagation equations for the vortici-
ty, shear, and expansion of a fluid congruence. The
Bianchi identities provide the kinematic equations for
the electric and magnetic parts of the Weyl tensor.

Sign conventions are fixed by Ricci’s identity

=g
2uu; tag1 = U R,y

and R, :=R® ;. The Riemann and Weyl tensors are
related by

Rwas = Cwas - 26'“(0;3”31 +%6uhx6"ﬁlR'
Ricci’s identity yields the following kinematic relations:

Raﬂu“uazé+§82+202—2w2—a“;a, (A1)
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luBRaB = l(waB;B - amB;‘9 + %e,a) _aB(oaB *wys )! (A2)
Euu::%(lRuu '%yuvRaBYaB) +‘La(u;v) -a,a,

—16,,-3600,,-0,,0,% +w,,w,*

+37,,(20% =20% -a*,,), (A3)

A
Buu=—'fl“<u7u> [wxa;s""’m;s]‘za(uwun (A4)
w“;a +2aq,0* =0, (A5)
Llag,,, =10, +30w,, -2w,(,0,,*
_—:éww. (AG)

The Bianchi identities
V“Cu va 8 :Ru[a;B] - %gu[ch,B],

and the Weyl tensor expressed in terms of its electric
and magnetic parts (guvaﬁ . =&ualvs -guﬁgua)7

— A 8y
Cuupu =\Luvas&oorr — nuunﬂnpolr)uau E
A pBY
"(gu va8Moory +77uuasgaukr)uau B*,

yield the kinematic relations for E*” and B®” by straight-
forward calculation. In this paper we will only need the
following divergence relations:

_ v 8 8 8
VEE, o =Rypq;p 0"+ '112_)’01 R,B-a Eqs

+3w’B,s—u,0*"E,,,, (A7)

1
V4B, , :gna””uBRBu = aBBaB - 3wBEaB —u,0*"B, .

(A8)
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Space-times with asymptotically flat nonsimply connected spacelike slices are shown to possess enough
intrinsic geometric structure to guarantee the existence of singularities under conditions usually considered
insufficient. In particular, it is shown that if the normal geodesics to the spacelike slice are converging on a
suitable compact set, and the space-time satisfies a standard energy condition, then it is timelike
geodesically incomplete. A similar result holds if the space-time satisfies the chronology and generic

conditions.

INTRODUCTION

Scattered throughout the literature on general rela-
tivity one finds frequent reference to space—times that
admit a spacelike hypersurface that is asymptotically
flat but that might also have a tubular bridge or “worm-~
hole” connecting separate regions of that hypersurface.
Wheeler* frequently discusses such a possibility in con~
nection with his imaginative approach to the electric
dipole as line of force trapped in a multiply-connected
topology. Still other workers encounter similar possi-
bilities when considering the spacelike slices through
models of black holes.?? (In each of the Reissner—
Nordstrom, Schwarzschild, and Kerr families of solu-
tions there are hypersurfaces that possess nontrivial
topological structures.)

Brill and Deser* also consider spaces of non-
Euclidean topology when speaking of the extremal gravi-
tation energy problem. As much of their very important
analysis depends on the existence of nonsingular solu-
tions, the question of incompleteness in such cases is
certainly significant.

In an earlier work, this author® considers the case of
a bridge connecting two asymptotically flat spaces and
shows that when the hypersurface is Cauchy, the space—
time is singular if the energy condition holds. This con-
dition, known more commonly as the weak-energy con-
dition, is the statement that the energy density is non-
negative. More formally, T, W*W’=> 0 for any timelike
vector W.

In the case where the bridge is connected to one
asymptotically flat space, the surface is no longer sim-
ply connected. Because of its rich geometric structure,
the nonsimply connected, asymptotically-flat 3-geom-
etry is an ideal gituation in which to look for singulari-
ties in the developing space—time, with a minimum
amount of sturcture on the initial Cauchy data.

The goal of this paper will be to show that for most
of the standard singularity theorems that require a
compact partial Cauchy surface or a closed trapped sur-
face, one may arrive at the same conclusions by assum-
ing the existence of an asymptotically flat, nonsimply
connected hypersurface.

To be more specific, we shall say that a spacelike
hypersurface S is regular near infinity if it satisfies the
following three conditions:

(1) S=uW,;, W, W,,, where W, is a compact 3-
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manifold whose boundary oW, is homeomorphic to a
sphere.

(2) S-interior W, is homeomorphic to 9W,;XR*, where
R* denctes the nonnegative real line.

(3) The inward directed null geodesics orthogonal to
dW; are converging everywhere on ¢W;., Here inward
means those geodesics which locally project orthogonal-
ly into W,.

The last condition is meant to reflect the fact that in
an asymptotically flat hypersurface in an asymptotically
flat space—time, one should be able to find sphere S of
sufficiently large radius to put them in the nearly flat
region so that the ingoing null geodesics are converging.
To say that S is nonsimply connected shall mean the
fundamental group m,(S) is nontrivial. (This is loosely
interpreted as saying that there is a loop in S that can-
not be shrunk to a point in S.) Figure 1 illustrates a two-
dimensional cross section of such a surface.

S spacelike hypersurface without edge is said to be
a partial Cauchy surface. If, in addition, S has the prop-
erty that every nonspacelike curve in the space—time
(M, g) meets S, then S is said to be a Cauchy surface.
The first result of this article will be to show that if
(M, g) satisfies the energy condition and M admits a
Cauchy surface that is nonsimply connected and regular
near infinity, then (M, g) is not complete.

This result is analogous to the theorem of Penrose®
that states any space—time satisfying the energy condi-
tion with a Cauchy surface and a closed trapped surface
is singular.

Without the global assumption that § is a Cauchy sur-
face, one must specify more of the initial data on Sin
order to arrive at any definitive result. Hawking’*® ac-
complishes this by showing that if S is a compact partial
Cauchy surface in a space—time satisfying the energy

FIG. 1.
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condition, and if the timelike normals are converging
everywhere on S, then (M, g) is incomplete. In the case
where S is not compact, an important result is given by
Hawking and Penrose. '’ They show that if (M, g) satis-
fies (a) the energy condition (b) the chronology condition
(no timelike loops), (c) a technical but reasonable gen-
eric condition guaranteeing the existence of conjugate
points, and (d) some form of future or past trapped set,
then (M, g) is incomplete.

Briefly then, the results herein will be to show that
if (M, g) admits a partial Cauchy surface nonsimply con-
nected and regular near infinity, then in the above re-
sults one need not assume anything about compactness
or the existence of trapped sets.

1. PRELIMINARIES

Much of the notation here that is more or less stan-
dard will be according to the definitions given in the
book by Hawking and Ellis!! (see also the monograph by
Penrose'?). Important among these will be: J'(X), the
causal future of X; I'(X), the chronological future of
X; E*(X), which is J*(X) - I'(X). The future domain of
dependence of a set X, D*(X) is defined to be the set of
points p in M such that every past directed nonspacelike
through p meets X.13

From geometric topology we shall need the concept
of the universal covering space X of a space X. First,
a covering is a space Y together with a surjective map
7: ¥ X that is locally a homeomorphism. Then Y is
said to be a covering space for X. A covering space X
is said to be universal if p : X ~X is a covering with the
property that if 7: ¥ —X is any other covering then there
is a map f: X -~ Y such that 7 o f=p. A fundamental fact
about such objects is that a universal covering space
exists for every space X, and it is unique and simply
connected. '*

In proving singularity theorems, a standard useful
tool is to consider congruences of null geodesics. Let
£! be the tangent vector field to such a congruence, and
e, a=1,2, be a basis for a spacelike cross section V
of this congruence. The convergence ¢ of the congru-
ence is defined to be ~ V,£°. The importance of positive
convergence lies in the following fact.

Focusing Lemma: Let (M, g) satisfy the energy condi-
tion and let c=c,>0 at x in V. Then, within an affine
distance of 2/c; there is a point conjugate to V along the
geodesic through x.

Proof: See the excellent survey by Geroch. !’

By variational methods it is not hard to show that a
point beyond such a conjugate lies in I'(V).

Before proceeding to the proof of the first main re-
sult, one more technical fact must be considered. Let
S be a simply connected partial Cauchy surface for a
space—time (M, g), Let V be a 2-surface in S. Then
the boundary of the causal future of V, 3J*(V), is an
acronal 3-manifold in M. Furthermore, adD*(S) is
causally simple, 9J°(V) N D*(S) is generated by null geo-
desics with past endpoints on V. There are two such
families orthogonal to V.

Lemma 1.1: With the notation as above, a null gen~
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erator of one family cannot meet a null generator of the
other family in 3J*(V) n D*(S).

Sketch of Proofi®: By assuming the existence of such
an occurrence, one can construct a loop in 3J°(V) n D*(S)
that meets V only once. D*(S) admits a timelike vector
field which can be used to project this loop into S. But
as S is assumed to be simply connected, this projected
loop is contractable in S. From geometric intersection
theory, it follows that this projected loop must meet V
in at least one other point. Following the integral curves
of the vector field from this point back to the original
loop yields a timelike curve from V to 9J°(V) N D*(S)

C E*(V). But this is impossible because E*(V)=3J"(V)
-Ir'(m).

The following proposition will serve as the primary
tool in proving the singularity results that follow.

Proposition 1.2: Let (M, g) be a space—time satisfy-
ing the energy condition and have a partial Cauchy sur-
face nonsimply connected and regular near infinity. Then
D(S) is incomplete.

Pyoof: By a theorem of Geroch,!” D(S) is homeomor-
phic to SXR. This means in particular D(S) may be re-
tracted onto S, and hence

7, (S) = 1y (D(S)).

Let D(S), S be the universal covering spaces for D(S)
and S respectively. The metric g on D(S) lifts to a met-
ric g for _15(—8) It is easily seen that S is a Cauchy sur-
face for D(S). Furthermore, any local notations satis-
fied by g at a point in D(S) will be satisfied by gat a
point in 771(p) in D(S), where 7 :D(S) — D(S) is the cover-
ing map. This follows because 7 is a local diffeomor-
phism and g is chosen to be locally isometric to g via
7. It will be shown that D(S) contains a null geodesic
which cannot be extended beyond a certain value of its
affine parameter. Then projecting this curve into D(S)
results in the same situation, and the proof is complete.

Let B=3W, W being a compact nonsimply connected
submanifold of S whose existence is guaranteed by the
assumption that S is regular and nonsimply connected.
Furthermore, we have that B is a sphere whose ingoing
null geodesics are everywhere converging. The pro-
jection map 7, restricted to 7-'(B), yields a covering
fibration for B. We must observe that 7-*(B) is a dis-
joint union of connected components each homeomorphic
to B. To see this, let A be one component of 7(B).
Considered by itself, A is a covering space for B. But,
as B is a sphere, it is simply connected so serves as
its own universal covering space. Therefore, by the
universality property of covering spaces there is a map
f:B~A such that 7 o f=1identity. This implies 7 is a
one-to-one homeomorphism when restricted to A. For
any x in S, 7(x) contains as many elements as there
are elements in the group m(S). Hence, if m(S)#0,
there is more than one component to n"(B).

As B=23w, n}(B)=2r"(W). But, as W is a retract of
S, (W) is a retract of S and n"'(W) is the universal
covering space W for W. It follows that if A is a com-
ponent of 77}(B), then A is not the boundary of a_com-
pact 3-manifold in S. But as S is a retract of D(S), A
does not bound a 3-manifold in D(S) = D(S) either.
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To complete the proof, focus attention on 2J%(4) in
D(S). This is an acronal 3-manifold in D(S) generated
by null geodesics with past end points on A. By Lemma
1.1, the ingoing null geodesics do not meet the outgoing
null geodesics off A, and hence both families form prop-
er submanifolds of D(S). Furthermore, the ingoing null
curves for A must be converging because they must pro-
ject to the converging ingoing null curves for B. By the
Focusing LLemma, these geodesics must leave 3J%(A)
within a finite affine distance. This implies that if these
geodesics leave 3J°(A4), the submanifold determined by
them would be compact with boundary A. But by the
above observations, this is impossible. Hence, there
exists some geodesic from A that cannot be extended to
every value of its affine parameter. QED

In what follows it shall be important to observe the
geodesic that is inextendable in D(S) projects to an in-
extendable geodesic in 3J°(B) N D(S). Or, in particular,
when D(S) M, then there is a null geodesic in 3J*(B)
that either meets H'(S), the future Cauchy horizon of
S or is inextendable and M is incomplete.

This last aspect can be summarized in the following.

Corollary 1.2, Let (M, g) satisfy the energy condition
and have a Cauchy surface S that is nonsimply connected
and regular near infinity. Then (M, g) is null geodesical-
ly incomplete.

Proof. If S is a Cauchy surface for M, then D(S)=M.
QED

2. THE SINGULARITY THEOREMS

We now consider the case when S is not a Cauchy sur-
face for M. The first theorem will consider the case
when the timelike normal vector to S are converging
everywhere on S. Convergence ¢ is defined in much the
same way here as was the case for null geodesics. Let
£% be the unit normal field to S; then ¢ =~ V,£°, where
a=1,2,3. The version of the Focusing Theorem that
applies here is much the same as the previous case. If
the energy condition holds, there is a conjugate point
to S along any geodesic with positive convergence ¢, at
S. And this conjugate point occurs within an affine dis-
tance of ¢/3. Furthermore, for any point x in D*(S)
there is a geodesic orthogonal to S of maximal length
from S to x with no conjugate in A between x and S.1®

Theorem 2.1: Let (M, g) satisfy the energy condition
and have a partial Cauchy surface S nonsimply connected
and regular near infinity. Then if ¢ >0 everywhere on
S, (M, g is not timelike geodesically complete.

Proof: Let W be a compact manifold such that oW is
a sphere whose inward null generators are converging.
By Proposition 1, 2, there is a null generator ¥ for
3J°(9W) that must intersect H'(S) or else it cannot be
extended beyond some value of its affine parameter in
M. Furthermore, this geodesic is inward directed and
hence forms a generator of the boundary of D*(W). As
W is compact, the convergence ¢ takes some minimum
value ¢,> 0 on W. As stated previously, every timelike
geodesic orthogonal to S must encounter a focal point
within an affine distance 3/c, from S, and every point
p in D*(W) must lie on a geodesic orthogonal to S with
no focal point in the interior.
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Construct V to be the set of points on geodesics or-
thogonal to W and within a distance 3/c, from W. Then
(M, g) is timelike complete, V is compact, and D*(W)

C V. Therefore, D'(W) is compact and is contained in V.

Now consider the curve Y. Assume ¥ never meets
H'(S). Then yC interior of D*(S) which is globuly hyper-
bolic and satisfies the strong causality condition. This
means every nonspacelike curve in D*(S) must leave
every compact set it meets in D*(S).'® In particular, »
must leave D*(W). But this is impossible because every
point on ¥ lies in 9J°(3W) along an interior directed null
generator and is therefore not accessible from S-W
from a nonspacelike curve. Hence ¥ meets H'(S).

Let o be the past directed null generator of H*(S) that
meets y. Let g be a point on 0 and 7 be a nonspacelike
path from S to g. The combined path 7o is then a non-
spacelike path from S to v, which by the above observa-
tions can only occur if ¢ is in W, It follows then that ¢
is a null generator for H*(W). The proof now proceeds
along the lines of Hawking’s theorem quoted in the
Introduction. Let d(S, p) be the least upper bound of the
lengths of nonspacelike curves from p to S, if it exists.
Let d(S, p) be infinity if there is no least upper bound
and zero if there is no timelike separation. It is not
hard to show d(S, p) is lower semicontinuous on M. Let
D be a point in o, p; in J(p), with p; converging to p.
Then each p; € V so by compactness p ¢ V, and further-
more there is a curve 7 from W to p of maximal length.
Let ¢ be any point to the past of p along . d(S, ¢) must
be less than d(S, p), for otherwise the maximal path
from S to g together with the part of o between g and p
could be deformed to a longer path from S to p than 7.
But this implies that d(S, ¢) must be decreasing on g,
and the compactness of W and the lower semicontinuity
of d(S, p) implies there is a minimum somewhere on o,
This could only occur at a past endpoint for o which does
not exist because o is a generator for H*(S). This con~
tradiction implies our assumption that (M, g) was time-
like complete was incorrect. QED

In Theorem 2.1, it should be observed that ¢ > 0 could
be replaced by the condition ¢ <0 as the proof could have
been carried out in D7(S) just as easily. Furthermore,
it is only necessary to have ¢ #0 on the compact set W.

In the following we replace the convergence condition
by a condition known as the generic condition for non-
spacelike geodesics. This condition, described exten-
sively by Hawking and Ellis, 2° can be seen to imply that
every nonspacelike geodesic contains a pair of conju-
gate points. Analytically, if K is the direction of the
geodesic, the condition reads

KK KRy yoaioKs1 7 0

at some point along the geodesic. Furthermore, we shall
require that the chronology condition shall hold. That

is, there are no closed timelike loops in M. Then the
following result can be seen as an extension of the theo-
rem of Hawking and Penrose.

Theorem 2.2. Let (M, g) satisfy the energy, generic,
and chronology conditions. Then, if S is a partial Cauchy
surface nonsimply connected and regular near infinity,
M cannot be geodesically complete.
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Proof. Consider 3J*(dW) N H*(S). If this is empty, we
are done, by the corollary to Proposition 1. X it is non-
empty, then, as in Theorem 2.1, H*(S) N D*(W)C H*(W).
Therefore, H'(W) is not compact, because if it were a
generator for H*(S) would have an accumulation point.
Using the generic condition, one could then find a time-
like variation of this generator which would be closed.

Put a timelike vector field on the closure of D*(W).
The integral curves of this field must meet W. If every
integral curve also met H*(W), then this would define a
map from W onto H'(W). This is impossible as W is
compact. Therefore, it follows that there is some future
inextendable timelike curve ¥ in D*(W) that never meets
H'(W). Furthermore, J°() N ST W; hence J°(¥) NS is
compact.

But, as v is future inextendable, the null generators
for 9J°(y) have no future end points. By employing the
generic condition, they must then have past end points.
Therefore, each generator for E-J"(y) N S] must termi-
nate within a finite affine distance. Hence, E*(B) is a
past trapped set. But this is exactly the condition needed
to satisfy the theorem of Hawking and Penrose mentioned
previously. QED

3. REMARKS AND COMMENTS

1. Another approach to the question of singularities
in nonsimply connected asymptotically flat space—times
would be to look for a minimal 2-surface in the space-
like slice. This surface could be homologically nontri-
vial in M, and under the right extrinsic conditions could
be shown to be a trapped surface. The now classical
techniques of Penrose® might be employed to prove the
existence of a singularity. Furthermore, this might
lead to a more geometric picture of the singularity as
the “point” where the “wormhole” collapses as the sur-
face evolves in the space—time M, The main problem
with this method lies in the existence problem for the
minimal surface. To the best of this author’s knowledge
this is unsolved.

2. Concerning Theorem 2.1, one should consider the
possibility that the convergence condition cannot be
attained on a nonsimply connected regular surface. To
answer this, one must know a good deal more about the
solution space of the initial value equations governing
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the relation of the curvature of S to the extrinsic curva-
ture of S in M,

In fact, by considering SXR with a trivial product
metric, one can conclude from Proposition 1.1 that S
cannot be Ricci flat. This is, of course, a well-known
consequence of the relation of the curvature forms on
S to the nontrivial homology of S, but it is pleasing to
see this come out of our more geometric considerations.

3. It should also be noted that the condition of regu-
larity cannot be weakened very much without Proposi-
tion 1,1 failing to be valid. In particular, Minkowski
space admits orbit spaces with spacelike slices that
can be compact and nonsimply connected, S!xS! XS‘, or
nonsimply connected and infinite, S'XS'XR. (In the lat-
ter case S'XS'XR does not have imbedded spheres near
infinity.)
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The ergodicity of pure quantum states is maintained in the space of orthonormal quantum states which
diagonalizes an observable. The ergodicity of mixed quantum states, which is met in quantum statistical
mechanics admitting an ensemble of many similar systems, is identical to the principle of equal a priori

probabilities.

1. INTRODUCTION

The quasi-ergodic theorem of von Neumann is applied
to an arbitrary Hamiltonian system in quantum mechan-
ics under two constraints.'? One is that the Hamiltonian
system may admit an introduction of a set of coarse-
grained quantum states in terms of which both the
Hamiltonian and a macro-observable are diagonalized,
in which resonances are prohibited. The other constraint
is that a priori probability of each microscopic state
belonging to a coarse-grained state may be equal. Al-
though the first constraint might seem acceptable from
a physical point of view, the second one needs verifica-
tion, since the logical foundation of equal a pviori pro-
babilities is not found in the proposition itself. Hence-
forth, such an attempt seems to be desirable that the
ergodicity of pure quantum states in quantum mechanics
may be proved on a more sound basis with less arbi-
trariness, if possible.

In the present paper, we prove the ergodicity of pure
quantum states such that in any Hamiltonian system in
quantum mechanics the time average of an arbitrary
observable, which can be measured and identified at
an arbitrary time, equals its average over all the avail-
able quantum states which diagonalize the observable.
The Hamiltonian is not diagonalized in this representa-
tion. The ergodicity is shown to be a natural consequence
of the proved equal a prioyi probability of expectation,
which says that an observer, who is not informed of any
past history of events preceding the expectation, ex-
pects equally any quantum state, which is an eigenstate
of the observable, at an arbitrary time.

In order to complete the proof of the ergodicity of
pure quantum states, we first discuss the role of ob-
servation in quantum mechanics in Sec. 2. The proof
is found in Sec. 3. In addition to the ergodicity of pure
quantum states, one can sometimes think of the ergo-
dicity of mixed quantum states if quantum statistical
mechanics is concerned. A comparison of the two ergo-
dicities which are independent of each other is given in
Sec. 4.

2. OBSERVATION IN QUANTUM MECHANICS

The Schrodinger equation
.0
i 3 ¥=HV (2.1)
determines a probabilistic evolution of pure quantum
states in terms of the wavefunction ¥ and the Hamil-
tonian H of a given quantum mechanical system, where
t is time and % is Planck’s constant divided by 27. If
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one concentrates only on identifying an arbitrary
observable

A, (2.2)
which is, of course, an Hermitian operator, in the
course of quantum mechanical evolution subjected to the
equation of motion
.. 0
i A= {A, H, (2.3)
the associated observation will take place in the space

of orthonormal quantum states {¢} (n=1,2,...,N),
which diagonalizes the observable A as follows:

n=1,2,...,N, (2.4)

where a, is the eigenvalue of A corresponding to the
eigenfunction ¢, and the total number of the states N
does not necessarily remain finite. The observer who
has made a measurement of A in the space of ortho-
normal set {(0,,} at an arbitrary time identifies only one
particular state of A and its associated eigenvalue. It
never occurs that the observer would identify more than
two states belonging to {(p,,} at each measurement, since
the observable A is diagonalized. Otherwise, the obser-
vable would no longer remain to be observable. This is
because any one of the observables is so defined that
each quantitative measurement of them does not admit
any of indefiniteness. One readily notes that such an
observable, which could be identified at each instan-
taneous time, and the Hamiltonian H in (2. 1) do not
commute with each other.

Ag,=a,@,,

The equation of motion (2. 3) predicts the probability
of finding the observable A in an arbitrary state among
{@,} of (2.4) at an arbitrary time, with the use of the
knowledge of the state identified at a previous time. The
expected value of the observable A at time 7 can be ex-
pressed as

(AB)Y=(F@®) |A| ¥ @),

where ¥(¢) is the solution of the Schrodinger equation
(2.1). This reduces to

(2.5)

AWy =3 ctea, 2.6)

n=1
with

N

V() =2, ¢,y 2.7
n=1

N

Z|Cn|2:1’ (208)

n=1

where the wavefunction ¥(#) is decomposed in terms of
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the orthonormal set {@,}. The quantity (A(t)), however,
is an expected value of A at time ¢ and is by no means

the value of A which is really identified at time £. The
value of the observable A identified at time £ is always
one out of {a,} of (2.4).

The Hamiltonian H in (2. 1) is also diagonalized as
H¢,=E.$,, n=1,2,..., (2.9)

in terms of an orthonormal set {¢n} However, the ob-
server concerns himself only with identifying the obser-
vable A at an arbitrary time and not with the Hamiltonian,
The identification of the Hamiltonian is impossible to
such an observer since it would take an infinite time in-
terval. This yields the statement that the Hamiltonian is
not diagonalized in the space of the orthonormal set

{04

Suppose that an observer measures and identifies a
state out of N states {«} at each interval of 7 starting
from ¢ =¢,. If the state identified at ¢t =#;++7 (»
=0,1,2,---) is #, the contracted wavefunction at ¢=¢,
+»7 will turn out to be

N
Yty +rT) =2 ¢ty +1M ey (2.10)
11
with
| o+ )|z {1, l=n,
c ¥7)|2=
1o 0, 1#n. (2.11)
The quantum mechanical evolution
2 o= L HY e, (1) 2.12)
o m l=1ih— m “1
with
HY =0, |H|g;) (2.13)

subjected to the initial condition (2. 11) determines the
probability of expectation P(m, to+ (v +1)Tin, t,+77)
that the state identified with n at {=¢,+ 77 is followed
by the state m at £=#,+ (» +1)7. The result is

Plm, t,+(r+17|n, t,+r7)= [enlto+ (r + DT ]2,
(2. 149)
which follows from (2. 12) under the constraint (2.11).

Since the state is identified at each interval of T and
the Hamiltonian is a constant of motion, the translational
invariance

P(m, ty+(r+1)7|n, ty+97)=P(m, ty+ @ +1)7|n,
ty+7'T) (2.15)

with 7,7'=0,1,2, -+«

is always kept, where m and n represent arbitrary
states in{n} of (2.4). The transition probability de-
fined in (2. 14) also gives the transitivity

P(m, to+(qg+r+s)T|n, t,+s7)
N
=22 Plm, ty+(g+7+s)T|l, t,+(r+s)7)
1=1
XP(l, ty+(r+s)T|n, t,+sT) (2.16)
withgq,7,5=0,1,2,...,
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since the present stochastic process with discrete time
is Markovian as shown in (2. 15). Here, it should be
stressed that even if the transition probability

P(m, ty+(g+7r+s)T|n, ty+sT)

with (g +7) = 2 is referred to, the obgerver is supposed
to measure and identify a state out of {#} of (2.4) at each
interval of 7.

The stochasticity presented in the Markov process
(2. 16) is of purely quantum-mechanical nature. Each
state appearing in the expressions {2.14)~(2.16) is a
pure quantum state.

3. ERGODICITY OF PURE QUANTUM STATES

The Hamiltonian H in (2.1) and the observable 4 in
(2. 2) must not commute,

(4, H]#0, 3.1
in order that the observable A may be measured and
identified at each instantaneous time. In addition to it,
we shall suppose that the matrix

a2l 3.2

is irreducible, since if the Hamiltonian is further re-
ducible, the kinetics would simply be a superposition of
that of each sub-Hamiltonian which is irreducible. As
a result, the Markov process (2. 18) turns out to be
irreducible.

To begin with, it is noted that the Markov process
(2. 16) can fix the a priori probability of expectation that
an observer, who is not informed of any past history of
events preceding the measurement, identifies an arbi-
trary quantum state out of N states given in {2.4) at an
arbitrary time. One can thus prove the following
Theorem?:

Theorem: Suppose an irreducible Markov process
with N states {n} (n=1,2,...,N). Then, an observer
who is not informed of any past history of events expects
an arbitrary Markovian state z at an arbitrary time with
the a priovi probability*

a,=1/N, n=1,2,...,N, (3.3

The present theorem determines the time average of
the observable A of the form

_ 1 to#T
A=1lim —f A ) dt (3.4)
TJ:,

T
with

A4(t) =a, if the quantum state identified by the ob-
server at time £ is n.

Here, one should distinguish the expression in (3. 4)
from another time average
1 to+T
(4)=lim~ () | A (D) at (3.5
Towf gy

in which the wavefunction ¥(f) evolves through (2.1)
without undergoing any sort of contraction such as
caused by real measurements. The distinction comes

from the observation that {(4) in (3.5) is the expected
time average of A which is not accompanied with identi-
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fying quantum states at each instantaneous time in the
interval T and that real measurements never enter in
(3.5). On the other hand, the time average A in (3. 4)

is the average of a series of collected data in which the
observer really identifies quantum states at each instan-
taneous time in the course of quantum-mechanical
evolution.

Suppose that an observer makes an identification of
quantum states belonging to {} of (2.4) at each interval
of small 7 starting from {=£;. Thus, a set of identified
quantum states is prepared. The probability of expec-
tation that an arbitrary state belonging to the set is »n
turns out to be a, (=1/N) because of the definition of the
a priovi probability of expectation. An examination of

the case with a strong inequality
T/7>»N (T~ and 7—~+0) (3.6)

gives the fact that the integral of the measured quanti-
ties in (3. 4) reduces to

N
A=33 a,a, (3.7
n=1
N
:FI'E ity (3.8)

since if the integral in the sense of Lebesgue con-
verges, ? its asymptotic value cannot differ from the
expected value (3.7).

The expression in (3. 8) shows that the time average
A in (3.4) is identical to the observable A averaged over
all the available quantum states {n} of (2.4). This gives
the ergodicity of pure quantum states, in the sense that
when the time average is taken the observable is really
measured and identified at each instantaneous time. The
wavefunction in (2. 1) contracts at each identification of
quantum state on the part of the observer. However,
the expression given in the time average (3.5) does not
exhibit such a contraction since real measurements are
never employed. If one thinks of a time average of a
real observable, it is understood that the procedure of
measurement also goes along with it. Consequently, the
time average of measured observables should be em-
phasized over the expected average, which does not col-
laborate with real measurements.

4, ERGODICITY OF MIXED QUANTUM STATES
Although the stochastic property presented in (2. 16)
is of truly quantum-mechanical nature, the equation of
transitivity must be generalized into the equation of mo-
tion of the density matrix and interpreted in the context
of quantum statistical mechanics instead of pure quantum
mechanics if only limited measurements providing in-
sufficient information are available in comparison with
the former quantum mechanical case. The statistical
mechanical description necessarily introduces the con-
cept of ensemble in terms of which the degree of in-
sufficient information is expressed. The probability of
expectation as a diagonal element of the density matrix
p (=P, t|1,t) (4.1)
is now understood as the probability of event that a re-
presentative system out of many similar systems, each
of which follows the stochastic evolution presented in
(2.16), finds itself in the state »n of (2.4). Therefore,
the quantum state n presented in the probability of ex-
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pectation (4. 1) is not purely quantum-mechanical. The
state should be a mixed quantum state, characteristic
of a representative system belonging to an ensemble in
statistical mechanics. *'®

The ensemble average, which has nothing common
with the average of an observable over all the available
pure quantum states, will be expressed in terms of the
asymptotic probability of ensemble

P = lim Pln,t|l,t,) (4.2)

(t-tg)~
if the right-hand side of (4. 2) certainly converges for an
arbitrary state » and if random a p#»iovi phases are em-
ployed for the ensemble, The average of the observable
A over the aged ensemble satisfying (4.2) leads to
N
(A ns :Zi pi®q . 4.3)
n=
On the other hand, the time average of the cbservable
A with respect to a single quantum-mechanical system
has already been given in (3. 8). The ergodicity of mixed
quantum states, which says that the time average A in
(3. 8) should be equal to the ensemble average (4),,, of
a quantum statistical ensemble, gives

p'f”Y)zl/N. (4. 4)

The condition that the ergodicity of mixed quantum
states, by means of which quantum statistical mechan-
ics could be justified, may hold is that each quantum
state in a given aged ensemble has equal a priori proba-
bility, One must, however, be careful to the point that
the principle of equal a priori probabilities presented

in (4.4) is a consequence of the ergodicity of mixed
quantum states. Furthermore, the ergodicity of mixed
quantum states would be satisfied if and only if all of
the asymptotic values of the probabilities of ensemble in
(4. 2) exist and are equal to each other.

5. CONCLUDING REMARKS

Given an arbitrary Hamiltonian system in quantum
mechanics, the ergodicity of pure quantum states is
maintained in the space of orthonormal quantum states
which diagonalizes an observable. The corresponding
Hamiltonian and the observable must not commute, since
the observable is supposed to be measured and identified
at each instantaneous time in the interval of taking its
time average.

The present ergodicity in quantum mechanics should
be compared with the similar one proved in metric-
transitive dynamical systems. 2 However, the ergodicity
of pure quantum states does not give a direct justifica-
tion of quantum statistical mechanics, since only mixed
quantum states are concerned in the latter. The ergo-
dicity of mixed quantum states, which necessarily intro-
duces an ensemble of many similar systems, will be
justified only if the principle of equal a priovi probabili-
ties is maintained with respect to the ensemble. The
principle is just an identical expression to the ergodicity
of mixed quantum states. If this ergodicity does not hold,
one must leave quantum statistical mechanics admitting
both mixed quantum states and the associated ensemble
for pure quantum mechanics in which, however, the
ergodicity of pure quantum states persists.
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Note on the computation formula of the boost matrices of
SO(n1,1) and continuation to the d matrices of SO(n)

Takayoshi Maekawa

Department of Physics, Kumamoto University, Kumamoto, Japan
(Received 5 May 1975)

The general formula of computing the boost matrices of SO(n— 1,1), which is valid for the single- and
double-valued representations and is similar to that of Vilenkin and Wolf, is given. It is noted that a phase
factor of a unit magnitude in the boost matrices must be taken into account in analytic continuation to the
d matrices of SO(n), and then the formula of computing the d matrices of SO(n) is given. It is remarked
that the d matrices of SO(n) are expressed in terms of those of SO(n— 1).

In previous papers,!'* the d matrices of SO{(x) and the
boost matrices of SO(x - 1,1) are studied and recursion
relations among the matrix elements are obtained. From
the relations for SO(#x), it is shown that the D matrices
can be determined completely and be expressed in terms
of the lowering operators which consist of the differen-
tial operators with respect to the Euler angles. For
SO(n-1,1), however, the boost matrices cannot be
computed in a general form.

The formula for computing these matrices is given
by Vilenkin® and Wolf* as an integral of the d matrices
of SO(n - 1). Vilenkin’s formula is given independent of
the single~ and double-valued representations but does
not contain a summation over some numbers, contrary
to Wolf’s formula, which is derived for a single-valued
representation. Both of them do not take into account
continuation of a factor which may be equated to 1 in the
boost matrices but plays an important role in the 4
matrices of SO(xn), and the d matrices without the factor
do not satisfy the unitarity condition as easily seen in
special cases. The purpose of this note is to give the
general formulas for computing the unitary irreducible
representation matrices of SO(x -1,1) (principal series)
and SO(n).

Let us introduce the Gel’fand and Tsetlin bases® of
the unitary irreducible representation of 50(x) which
are characterized by the canonical chain of subgroups
S0(n) D SO(r - 1) D » - =2 80(2),

Im]k>-— l)\n’ n=12 * * * 7\2>7 (1)

where ), stands for the row (m”,m N T
A, are wrltten in a row, and [j/2] is the largest integer
smaller than or equal to j/2. The numbers m,, take
integers or half-integers simultaneously with
restrictions

“33);s
. ,j" 1);

Mosar ¢ = Moy 1 = Mapsy ga1 (i=1,2,
* j’ j T

(i=1,2, .. (2)

Moy 4% Major 42 Maj a1

Myjars > | oy -
The dimension of the unitary irreducible representa-
tion of SO(z) is determined by the numbers m,, (j=1,2,
.,[n/2]) subjected to the restrictions (2}, and given
as follows? for » odd,

{n-1)/2
(n=5) /2 -1 11 21 . +1
N(A"):((n—Z)!(n~4)!! Hl (n-3—2]')!) 421 (@l + 1)
j=
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(n=3)/2 (n-1)/2

x I 0 {10, +1-

e L

Ll + 1}, (3)

and for » even,
{n-4)/2

N(x)) =2/5 ((n -2 m-ayt 1

(n-3 —Zj)!) -

(n=2)/2 n/2

x I T (1

j=l R=jrl

2 - 12), @

where
+[n/2]-j (j=1,2,...,[n/2].

The representation matrix of SO(x) may be para-
metrized in terms of the Euler angles as follows"»**:

D™ ({6 =D<"-“<{e,.-1}>{ 11 R,y (6, u)}

X Ral( em,-z )Rlz( 9,,,,-1) ?

Ly=m,

(5)
where
{9,.}5 (B v oy Opr)y

0s0,sm, k=1,2,

0s 9”_1<27T, j:1,2, IR (N

-yj_zy

D11 of SO(n ~1,1) is obtained from (5) by substituting
R,,.(8,) into R "_l(z) (0 < £ <), where R? ,(£) is the
boost in the (n - 1)th direction through ¢.

The invariant measure of SO(n) is given as follows:

dV,=dS,dv,,, dV,=db,,
ne1 _ (6)
ds,= ,Hl {(sing, )"-'a6,, 1,

where dS, is the surface element of a sphere in a n-
dimensional space. The volume of SO(x), V,, is given
by V,=V,, 27"/%/T(n/2) and V,=27.

The representation D matrices of SO(n) are calculated
through

(7\ )y
x 11'

{9 }) - <An}:n-l ‘D(")({Gn}) | )\nx,n-1>’ (7)

where the notations such as &__,=(\_;, .. .,,) are in-
troduced. The d matrices of SO(x) and the boost
matrices of SO(n —1,1) are defined as follows:

<)\n n=1 n-2 ann-l(e) I An}\,n-lxn-2> ’ (8)

d{:’_’;(xn_zn;,_ (0)
bd;:f;_(hn_z)x’ (g) - <7\n)\n-1xn-2 | R n-l(C) \ )t N n-l)\n-?> (9)

Here, the same notations for the bases are used in both
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the d and boost matrices, since the Gel’fand and Tsetlin
bases for SO(n - 1,1) are classified by the canonical
chain SO(nz~1,1)D80(n% — 1) D <+ + D S0O(2) and can be
written in the form (1) in which all numbers except m,,
(=p,) are subject to the restrictions (2).° The p, takes
the value (2 —»)/2 +iv, v real, for the principal series
of the unitary irreducible representation of SO(n -1,1).”

The orthogonality and completeness relations for the
D matrices of SO(r) are given as follows?*®:

an
fSO( @Y. DX 15' -1 ({0n})D§%1xﬁ({9n})
- éin-1m15x§.-x)-'" A V./ N, (10)
2 N(,) ) DO‘" o ({9 })DQ 5 ({eh)
*n L W -1in-1
= 6(")({9"},{9:’})’ (11)

where §,,, * * - stand for a product of Kronecker 6’s in

the individual indices. The expression for 6.,(-, *) is

given as follows:

6<n,({9n},{9;}):{ I (sing,, ) "™15(6,, - 6, )}}
xé(u-l)({en-l}s {9;-1})’ (12)

6.5 ({6}, 16:) = 6(6,, - 6,).

From (10) and (11), we obtain the following relations
for the d matrices®:

g_)z NQX_,) f desin**9ddn, .. (6) dif.’i‘k,..zn;,-l(")
VT 1)/2)N(x,. -
=6y ((nn/2/ ,.( N , (13)
A.E ( )d)‘n-l()‘"-z)x 1( )dk "10.,,-2)).,,-1(9,)
_ 6(6 = )VaT((n~1)/2)N(Ape)IN(\se1)
=6y, 2, . (19)

(sin)"*T'(n/2)N(X, _,)

The relations (13) and (14) hold for the d matrices of the
single- and double-valued representations.

The d matrices of SO(n) and the boost matrices of
SO(r - 1,1) can be determined by the d matrices of SO(x
-1).%* We can give the expression for the boost
matrices of the principal series in the form®*

P([n 1]/2 w/N(A_l)N(x

A

n=13 ‘p=1

bd n-l(x,,_z)x _1(§)

wl(

XXE N(A"_3)f d6sin"6 dn-p ng.o(O)(coshg - cosdsinhg)en
n=3 -

1S (9/)’

SR (15)

( L]
xaep)

where A, =(p,,A,_,) and

cosbcosh¢ — sinhg
coshf - cosésinh¢’

cost =

wl(xn-l s 7‘,’,-1)

_ (”"‘r‘{z” T{pp+ My + 2~ = D (mneyy = py—j+ 1)
T(m,; ~p,—j+ D p,+m) ;+n—-j-1)

) 1/2
i=1 n=1j
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w,(A,_1, M._y) is a phase factor which may be equated to 1
for p,=(2 - n)/2 + iv, but becomes an important factor
in the d matrices of SO(n).

In fact, it is easy to show that (15) satisfies the group
properties and the unitarity condition, i.e.,

O

2 Dd "u 2N (fx)d,,l(u"z».' (&)= d; " Ope2)¥ (&1 + &),
M-l
K i:'_’;(x"_z)x'n_l(o):é). My’ (16)
bdi l(x' 21 (&)= d(“ z”‘n-l(-g)'

(13) and (14) are used to derive the first and second
relations, and the third is derived under the condition
p,t Pt +n—-2=0, which is satisfied by p,=(2 - n)/2 +iv,
v real. Therefore, it follows that the expression (15)
provides the boost matrices for the principal series of
the unitary irreducible representation of SO(n -1, 1),
and we may conclude that formula (15) holds for both the
single- and the double-valued representations, for the
relations (13) and (14) are used in the proof of (16).

The d matrices of SO(x) will be obtained from (15)
by analytic continuation, i.e., ¢~ -i6,, and p, ~m,,
integer or half-integer. We must, however, take into
account the continuation of the phase factor w,(A,;, ;)
which does not change (16), but may give rise to the re-
sult different from 1 for the d matrices. Actually, we
obtain the following expression for the d matrices:

~i6,, p,~ m,, in (15)),

(17)

) _ — —
dx"’_'l(x;l_z)k;,_l(el)-(wx Wy, &

where
A= (mnI’ 7‘,,-2);
cosfcosé, +3sin,

cos b =
cosb, +i cos@sm@ ’

l(n-l)/zl( T
wa(Ap 1, ,,-1)—1 Mu-ljTmL

5 [(n[:[l)/ZlI‘(ml-f-m"_lj-Pn j- l)l"(m,,l—m,,.y+j))1/2
j=1 I"(m"1+m"_“+n F=-1T0m -—m:,_lj-f-j)

It is easy to see that w, and w, are connected with each
other by the continuation. The expressions for w, and
w, are obtained by considering the infinitesimal trans-
formation and the explicit forms of D, _,.55*

Formulas (15) and (17) will be useful for the computa-
tion of the boost and the d matrices of SO(x —1,1) and
SO(n). For SO(3), it is necessary, in order to make the
result coincide with the usual one, that we divide the
right-hand side of (17) by 2, take the integral from 0 to
27, and change a factor 7 in w,(),,A}) into — i, because
of the usual definition of the d matrices with R, (6) in-
stead of R;,(6). For SO(n), it is sufficient for us to com-
pute the d matrices at 6, =n/2, for we have the relation®

R,.(O)=UR_, (80U,
s Ty 2 m (18)
U= RZI(E) RSI(E)]'E];{ Rj i=1 (E) .
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The d matrices of SO(xn) can, therefore, be expressed
in terms of the finite sums of those of SO(n - 1), i.e.,

(O,
d)u,,_l(x,,_g)).;,_l(e)

= Z a(M_ AT N N ) d2 ), 19
1;.1)&,':.27&;.-?)&'"-3 n=1 n 2 pa2 ).,,-z(xn-s)x,,-Z( ( )
where
aM AN )= D AR Y AT )
xé...x"
XO\H n=1 ,,-2 3' V- ‘)‘n n=1 n-2>'

Note added in proof: Finally, it is noted that the ‘d
matrices for the ISO(x - 1) group (inhomogenous orthog-
onal group), which denote the matrices corresponding to
a translation along the (n — 2)th direction, can be ob-
tained from (15) by contraction, i.e., p, i~ with ip ¢
=7vE, v real and 0 < £ <, It is seen that the expression
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for the ’d matrices 1s given by replacing w,(A _,, ;)

~ exp(Emiy(m, ;- m’,4,)), 8 ~6and (coshf ~ cos

X sinh{)’n — exp(iv€ cosf) in (15), and the result obtained
by this procedure agrees with that in Ref. 4 except for
a phase factor.
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Retarded multipole fields and the inhomogeneous wave

equation*
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The inhomogeneous wave equation for a class of driving terms that arise in certain physical problems is
analyzed by introducing a kind of “inner product” g with respect to which the 2'-pole solutions, y;, of the
homogeneous wave equation are an orthogonal basis. This allows the condition that §, the Lth multipole
part of the driving term, will give rise to a nonspreading solution to be expressed as g({;,7?8) = 0. The
complete solution is found in terms of its spreading and nonspreading parts, and the backscattered

radiation is calculated from the spreading part.

1. INTRODUCTION

In a recent paper?! the authors considered the axially
symmetric inhomogeneous scalar wave equation

0d=2a (1.1)

for a particular class of physically interesting driving
terms. Spherical coordinates (7, 8, ¢) were used along
with the expansions

L] =2 53 YLO;
L=0

A= 2 8. Yoo
L=0

in spherical harmonics Y;,. In what follows we will fix
L and omit the subscript on 6, and ¢,. We restricted
ourselves to driving terms which are of the form

T+1

0= Z)

where T is a positive integer and #=¢ -7 is retarded
time, and which satisfy certain other requirements,?
which will be discussed later. For this class of driving
terms, a condition on 6 necessary and sufficient for the
corresponding ¢ to be nonspreading® was derived. A
solution was found to be nonspreading if and only if it is
a finite series of the form

=53

and the condition on 6 equivalent to this was shown to be

e L)
al(a +2L +1)! du®

(1.2)

“(ul) ,

(1.3)

T-L-2

dy,p.lu)=0. (1.4)

a =0

In this paper we introduce a method of treating Eq.
{1.1) which uses the retarded 2’-pole solutions, #,, of
the homogeneous wave equation as a basis in which
functions of # and 7 that are finite series in 1/» may be
expanded. In particular, the quantities 26 and ¢ of the
type given by Egs. (1.2) and (1.3), respectively, can
always be written as a unique finite linear combination
of multipole fields, ¢,, with appropriately chosen mo-
ment functions. An “inner product”, g, is introduced
on the relevant space of functions of two variables in
such a way that, for example, the coefficients of expan-
sion for ¢ are obtained in the usual way, that is, from
g, ). This inner product is given by a sum, rather
than being given by an integral over the functions
involved.
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We use the inner product structure to accomplish
several things. We give a suggestive derivation of the
condition for nonspreading; in fact, it will be easy to
see that in terms of g the condition for nonspreading is
that g(y,,7?8) =0, i.e., that the =L term in the ex-
pansion of 0 in terms of the y,’s be absent. Thus our
method and the resulting condition are analogous to well-
known theorems concerning the existence of solutions
to an inhomogeneous Sturm—Liouville problem in the
case of ordinary differential equations.? In addition we
give the solution, ¢, in the form of a nonspreading part
plus a spreading part and use g to obtain a simple form
for the former.

The spreading part of ¢ also has a simple form, and
we use it to calculate the backscattered radiation. The
form of the spreading part of ¢ also enables us to give
a simple statement of the requirements which along
with Eq. (1.2) define the class of driving terms that we
consider.

2. THE BASIS OF MULTIPOLE FIELDS

Let i be the scalar field in Minkowski space, and
expand ¥ in spherical harmonics. The coefficients,
Plu, 7), will satisfy

9%, 2%y 2 0y, a9y, W1y
281481’ PP EE Pl
=0,y,=0, 120, (2.1)

where u=1¢~v. If we introduce the infinite lower tri-
angular matrix

Clu:{(l+a)!/2“a!(l,—a)!, a<li, 2.2)
0 s a>l,
and the related matrix of differential operators
Cr=C dd’l"; ’ (2.3)
then Eq. (2 1) is satisfied by the finite series
=g ladd, (2.4)

where a,(x), the Ith multipole moment of the retarded
field, is any sufficiently differentiable function of .

Let & be the space of functions of two variables of the
form
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SR
(piazz() ,ru+] b

where f,(x) are bounded and sufficiently smooth func-
tions. We introduce a kind of “basis” in & with elements
defined by

R,=1/v*"", a=0. (2.5)

Obviously any member of & can be expanded in this
basis; however, the expansion coefficients will be func-
tion of u. We now introduce a second basis in ¢. If we
define the operators

)
‘IIIEZ_GCIC‘RG’

then the set of ¥, can also serve as a basis in &. In
particular ¢, =¥, q,(x), where, since the ¥, are opera-
tors on their coefficients, we shall always write their
coefficients on their right. Then Eq. (2. 6) is the trans-
formation between bases.

(2.6)

We next introduce an “inner product” g on & by defin-
ing a bilinear map from & X& to the set of functions of
u:

g¥,a,(), ¥ a. (W) =gy, =0,.a,(u)a;. (w). 2.7

If we have ¢, x € ® with g(¢,x)=0, we shall say that ¢
and x are orthogonal, so we have made the ¥,’s into an
orthogonal basis. If we transform back to the R, basis,
we find that

SR Tult), Ro ) =8as =3 (C TICs 1), (2.8)

where

11 el tdabl 9
ctt=cty, T’ (2.9)
with
(-1 '2%01(20+1)
ct oY la-Dila+i+D)1 * T ®
. (2.10)
0 , I>a.

The matrix C™',' is lower triangular and is the inverse
of C,*. This follows indirectly from Ref. 1. Likewise
the matrix of differential operators, (™!, *, is inverse to

Cza-

3. SOLUTION OF THE INHOMOGENEOUS EQUATION

Consider the equation

U,p=06 (3.1)

with 6 € ® and given by Eq. (1.2). We now derive an
expression for ¢ which (1) is a simple form for the
solution, (2) clearly reveals requirements on & that are
sufficient for the solution to exist, (3) provides an ex-
pression for the backscattered radiation when the field
is spreading, and (4) shows that when 6 meets the re-
quirements of (2) the condition given by Eq. (1.4) is
equivalent to ¢ being nonspreading.

The driving term naturally occurs in the R basis as
in Eq. (1.2), and we will ultimately express ¢ and the
nonspreading condition in terms of the d,{(«). The nec-
essary calculations are most efficiently done in the ¥,
basis using the inner. product g.
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The expansion for #?6 in the ¥, basis is

705 ¥,4,0), (3.2)

where the expansion coefficients A («) are found from
gy, 7%6). We have

2 . S '°. .Q- -1 nfT & -1 n¢,.28\8
g 70 =33 52 5 CL @ CH ),
where (§,)* denotes the a-component of , in the R,
basis, and similarly for (#?6)°. These components are

given by (¥,)* =C,* a,(u) and (#?6)® =d,.5(), and when
they are used in Eq. (3.3) we obtain

(3.3)

#01,770) =3, 05 7 ). (3.4)

Hence it is seen from Eq. (2.7) that Eq. (3.2) is the
expansion of 725 if the A,(u) are given by

Afw = ;ZCB dg o). (3.5)
Since
Oy =[L(L +1) =10 +1)[r 2y, (3.6)

we see that every term in 7?6 except the one for which

I =L can be generated by O (L(L +1) -1( +1)]7 ¥, A ;
hence ¢ may be taken to be a series in ¥, 4 ,(u), l#L,
which solves Eq. (3.1) for all except the I =L part of
r*5, plus a term A, which solves the I =L part. That is,
we have

T-2
¢=2, [LIL+1) =1 +1)]" ¥, A,(u) +A, (3.7)
I
where A must satisfy
L ¥ AL L (Al
O A= —F==2," 53 (3.8)
or, for L=1,
LICL"A, CLtA
DLA:;% ;a*3L+ f,L.sLEéA: (3.9)

with A, given by Eq. {3.5) with I=L. The case T'~2 <L
is trivially nonspreading with ¢ given by Eq. (3.7) and
A=A =0, and in what follows we assume T-22 L.

The driving term 6, is a member of ®, and only the
last term in 7?5, has an /=L part in its expansion in the
¥, basis. We find A by applying to Eq. (3.9) the process
which led to Eq. (3.7). The expansion coefficients of

,},2];\.1 CLaAL

&= 7’0“3

are, by Eq. (3.5), seen to be

L-1

L-1 _ _ d
é;;C WS AL =8A-C ILICLLE;L?AL(")’

1=0,1,...,(L=1). (3.10)
Hence we have
T=-2
o= [L(L +1) =10 + )] ¥, 4 (u)
&
L-1
—,ZO, [L(L +1) =10 +1)]*
dL—l
XC"lLlCLL‘I/,a-u—LTAL(u)-FS, (3.11)
where S must satisfy
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0,S=CLrA ()/r*?, L=0. (3.12)

For L =0, ¢ is given by Eq. (3.11) with the second
series omitted.

By direct substitution into Eq. (3.12) it can be seen
that a solution for S is

(=1)En L_ai( 1 f" AL(x)dx)
SEEL D 7 S\ (3.13)

w U2V ~x

We eliminate the freedom of adding to S a term

. 2% (ble)
where b(v) is an arbitrary function of v=u +27 by the
physical requirement that radiation coming in from in-
finity is not present.

Equation (3.11) is our desired expression for ¢ with

S given by Eq. (3.13). The moment functions A ,(u) are
given by Eq. (3.5) for all /; in particular, for A (u) we
have, after shifting the sum by f=a +L,
TER (-2)*(a+L)! a®

_ 9oL
Afu)=2@L +1) 2, alle +2L +1)! du®

da *L+3(u) .

(3.14)
It is now seen from Eq. (3.13) that a requirement on
6 sufficient to insure that the solution ¢ be given by
Eq. (3.11) is that the integral

“ AL(x)dx
U +27 ~x)

and a sufficient number of its derivatives exist. We
assume that the original driving term 6 given by Eq.
(1.2) satisfies this requirement.

In order to obtain a simple form for the backscattered
radiation, consider the special case that all the d,(u)
have compact support in some interval [u,,%.]). Then all
the A,(u) have this same support and ¢ vanishes for
u <u, and in the region u >u, ¢ is given by

3t (B
¢:7L57z(7(11‘3‘)’

(=1)%" “2 A(x)dx
22(2L +1) " (u+27—x)

(3.15a)

B(v)= (3.15b)
This is, in the region u >u,, a purely advanced radia-
tion field with advanced moment function B(v); this gives
the backscattered radiation.

It is seen from Egs. (3.11) and (3.13) that S is the
only part of ¢ that has a nonlocal dependence on §;
hence ¢ is nonspreading if and only if S=0. But $=0
if and only if A; =0. Hence the condition on 0 such that
¢ will be a nonspreading field is g(¢,7?6)=0, and we
see from Eq. (3.14) that this is the same as Eq. (1.4),
the original condition derived in Ref. 1.

4. CONCLUSION

A proper vector space structure could have been in-
troduced on & in Sec. 2 by introducing such a structure
onto the set of coefficients f,(«); then a proper inner
product could have been defined by
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g(\Il,a,(u),‘I’,'a;'(u)) :5“' f_: a](u)a;'(u)du- (4~1)

This more conventional and complicated approach was
unnecessary in the context of this paper, but a more
elaborate approach may be justified by other applica-
tions which we are considering, for example, a deriva-
tion of the formula for the Clebsch—Gordan coefficients
of the Lorentz group.

The presence of functional coefficients in ¢ is a
direct result of our refusal to do a harmonic analysis
with respect to #. Since the problem can be done with-
out it, such an analysis seems to obscure the physical
problem without a compensating benefit. It is of interest
that a harmonic analysis with respect to # would leave
us with finite (Bessel) series in 1/7, while one with
respect to / would yield infinite series (Bessel func-
tions). This simple distinction has been utilized by
other authors, *® but without the explicit comment it
deserves,

A related fact is the nature of the inner product de-
fined here. Orthogonality of Bessel functions of differ-
ent order can be defined with respect to an inner pro-
duct defined by an integral.” By working with » instead
of ¢, the orthogonality defined in this paper is between
Bessel series of different order, and as demonstrated
here, is with respect to an inner product defined by a
sum.
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The series expansion for the prolate spheroidal radial function of the second kind (or its derivative) is
found to be slowly convergent when the eccentricity of the spheroid is large (a thin spheroid). To overcome
this difficulty, a method is presented in which a small finite number of terms are summed in the
conventional manner, and then the infinite remainder series is approximated by an integral of a continuous
function. The validity of the method is confirmed by comparing the computed Wronskian with the
theoretical. Satisfactory agreement (three to five significant figures) and a very substantial reduction in

computation time are achieved.

I. INTRODUCTION

The differential equation’~® for the prolate spheroidal
radial function is given by

d m

d (. 2
22((& _l)dERmn(h’g))—(Emn—h £2+£2_1

)Rm,,(hy E): 0’
(1)

where £ is the radial coordinate, 1< £{<w, m=0,1,2,
«+<, n is an integer = m, h=(27/A)F, with F being the
semi-interfocal distance of the spheroid and X being the
wavelength of the interacting wave, and E_, is the eigen-
value (or separation constant) for which a fast accurate
method of computation is described in Refs, 4 and 5.

Two independent solutions of Eq. (1) are!

£2-1

!

mfi2 =
R Xn, £)= (T) %)la;""(h) JmepRE) (2)
and
RZn, s)z( gzg’zl )W 2’ a™(hn,,,, (k) (3)
r=0,1

where a™(1) are the normalized expansion coefficients,
Fme,lRE) and n,, (iE) are respectively the spherical
Bessel and spherical Neumann functions, and }’ denotes
the summation over even or odd values of » according
as (n—m) is even or odd. R (n,&) and R{Z(k,¢) are
called prolate radial functions of the first and second
kind, respectively.

The derivatives of R{})(x, &) and R}2)(h, £) are given
respectively by
d

{1)* —_ = p 1y
Rmn (h’ 5)— d€ Rmn(k’ g)

52_1 m/2 =, . d '
:( £2 ) (h,;o,l a] (h)——d(hg)J,,,+,(h5))

+ EE?:—_]SR;I’:(}Z’ F,)

(4)

and

R (1, 6)= G5 R0, O

;’;2__1 mf2 °°, . d
:( = ) (hZDDIa (h)——d(hg)nm,r(hg))

(5}

+ R (1, £).

TGRS

The theoretical'=® value of Wronskian of R{}) (%, &) and
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R{Z(h, £) is obtained from the asymptotic forms of these
functions and is given by

W,=1/h(£? - 1). (6)
The computed Wronskian W, is obtained from the com-
puted values of the radial functions and their derivatives
by the relation

W,=[R{D(h, £)RD (h, £) - RV (1, £)R) (h, £)] ("

computed”
Since R(})(k, &) and R{})’(h, £) can be computed very ac-
curately due to rapid convergence of the series (2) and
(4) without any difficulty, the accuracy of computation
of RZ)(n,¢) and R2’(h, &) (also the degree of conver-
gence of the series representing these functions) is de-
termined by matching the computed and theoretical
Wronskians W, and W,.

Flammer? (p, 32) asserts that “the series of Eq. (3)
for R{2(n, ) converges very slowly, if at all, when k¢
is small. ” He also cites Morse and Feshbach® (p. 1506),
according to whom “the series does not converge well
for k& small, in fact it is an asymptotic series not being
absolutely convergent for any finite value of 4£.” Weeks®
(p.46), who used a series similar to that in Eq. (3),
asserts that it converges very slowly in the neighborhood
of £=1. In fact he used the series for computation of
R, £) by directly adding a sufficient number of terms
and checking the accuracy of the result by comparing
computed and theoretical Wronskians. He also discussed
the suitability of the series representation and its use
for computation even though the convergence is very
slow. Flammer? (p. 33—34) gives an alternative series
for R (k,£) which he claims to converge well, so long
as h is not too large, for small values of £, that is, for
values of £ near, but not including, unity. But the com-
putation of R? by using this series is much more com-
plicated and time consuming due to the inclusion of two
sets of expansion coefficients, a joining factor between
radial and angle functions and two kinds of associated
Legendre functions as compared to a single set of ex-
pansion coefficients and spherical Neumann functions
used in series (3).

In actual computation by using the series (3) and (5)
for the cases of small £ or £¢=1, it is found that the
series does converge very slowly as verified by com-
paring W, and W,. For large values of £, and & of
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course, the series are found to converge much more
rapidly.

When the series (3) and (5) converge slowly, the com-
putation of R{*(n, £) for a reasonable accuracy (deter-
mined by the matching of the Wronskians) consumes
large amounts of computer storage and time, and further
we encounter serious scaling problems® when the num-
ber of terms of the series becomes large. In this paper
the difficulties involving slow convergence and scaling
are overcome by summing a small finite number of
terms in the usual manner and then by approximating
the infinite remainder series by an integral of a con-
tinuous function. This method yields excellent matching
(three to five significant figures) of the Wronskians for
various values of % and £ used in Ref. 7, indicating
thereby the correctness of the results.

II. INTEGRATION METHOD

In this method, the first few terms of the series (3)
are summed up to the order »=N say, where Nis a
moderately large number such that the quantities a3"()
and n,,y(k¢) remain within the machine range. The re-
mainder series is then replaced by an integral of a con-
tinuous function of ». R{2’(k, ) is computed in a similar
way.

To this end we write Eq. (3) as

2 m/
R,‘,f,,’(h,g):(E 5'21 ) 2s, (8)
where
§= 5t 9
r=0,1

and
t,=ar"(hIn,,, (hE). (10)

The ratio of successive terms can be expanded (see the

Appendix) in inverse powers of v = + » for large ».

That is,

2 SH,\ 1

2 - 1+ 2, =k

t ( 2 vk )2?_ )

k=1

(11)

r
The quantities H, are derived in the Appendix for &
=1,...,6.

When truncated to six terms, (11) is a very good ap-
proximation to the actual value of the ratio ¢,,,/¢, even
if » is as low as 20, in which case the agreement is
good to five or six significant figures.

Now let us consider a function

= 5,

o (r)=c exp(- av)r? exp(k;) ;E—) , (12)
where ¢, a, B, and the 6,’s are constants. Then
evidently

¢(7+ 2) _ ( 2 _I_k -7

BrYem =exp(-2a) 1+k§ ok + 0"}, (13)
where the /,’s are functions of Band 6,,6,, ...,5,_, and

the terms of order O(v*7) are considered negligible.
Now by setting [,=H,, k=1,2,...,6, and exp(- 2a)
=1/¢%, the series (13) can be completely matched with
the series (11) up to the sixth inverse power of v. Thus
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the series (13) is made to give the same degree of ap-
proximation to ¢,,,/¢, as the series (11). We also get all
the unknowns a, 8, and 8,’s, up to k=5 (see the Appen-
dix) except c. Now we can write an approximate ex-
plicit expression for ¢, for large » as a continuous
function #{#) as

tr)=cexp[~ alm+7)](m+rf exx)(é W%W} (14)

where ¢ is deduced from (14) by knowing the exact value
of {, at r=N.

The sum S of Eq. (9) can be broken into two parts,

§=8,+S,, (15)

where S, =7 ¢, and is obtained by direct addition and
Sz=2;’f’=',~,,2 t,, which is replaced by integration by using
the functional form of #(») and the trapezoidal rule. Now
from Fig. 1

fN”: Hr) dry=2ty,, —€3= 21y, +e,. (16)
Therefore,

Iyeat tNM:f}:;t(‘i’)d’l"*'%(eg—el). 17

If (¢, —¢,) — 0, which strongly holds in the case of a
slowly varying #(»), we get

N+4
tyes+ tyeg ® fN ,, {nar,

bvat tyss™ [ H(r) dr,
N+4

So= 20 1 xL ([ L
= =3 Hr)dr+ 5tyes- (18)
r N+2

By suitable transformations we can write

J’ Hr) dr="2 expl~ a(m + N+2)]
IN+2

o]

© B
x[ exp(—y)(y—+N+m+2)
0 o

X exp( i O

Pt (y/a+N+m+2)”) .

tir)
t \g >
N+2 .

(19)

€2
El/g —
tN+a
FIG. 1. Integration by trapezoidal
rule.
f——— 2 ——4
N+2 N+4
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TABLE I. Comparison of direct sum method with integration method: k=2, m=2, n=2, £ =1.005; theoretical Wronskian

=0,498 7531 x 102,

Direct sum method

Integration method

No. of Computer R,‘,?,,’(h’g) Rf,?,,”(h,g) Computed No. of Computer Rf,,z,,’(h, £) R,‘,,Z,Z'(h, £) Computed
Terms time Wronskian Terms time Wronskian
2500 4,94 sec - 0.485191 0,972934 0.498541 10 0. 85 sec -0.485198 0,973 691 0.498725
x 102 x104 x 102 %102 x 104 x 102
40 0. 89 sec —0,.485224 0,973 694 0,498 7529
x 102 %104 %102

Some radial functions of the second kind and their derivatives: k=2, m=2, £ =1,005, no. of terms employed=40; theoretical

Wronskian=0, 498 7531 x 10?

no o RRRY R (h,8) Computed Wronskian
2 —0.485224 x10? 0,973 694 x 104 0.498 7529 x 102
3 -~0.172812x103 0.352247x10° 0.4987527 x 102
4 —0.879076x10° 0.182 367 x10° 0.4987515%10%
5 —0.599301x10% 0.126816x 107 0.4987495 x 102

This integral can be evaluated numerically by a con-
venient and accurate scheme such as the Gauss—Laguer-
re quadrature formula.®

Similarly the derivative R{?)'(#, ) is determined from

the relation obtained from Eq. (3) as
2 mi2 hd
(2)¢ _ 5—1> E' ’ 2
R, 0= % L o e )
(20)
where
! _ pmn . 21
V= Q) 2 e ) (21)
The sum
D D > I 2
S=2 s fN @ dr+ sy, (22)

is obtained in a similar fashion as the evaluation of S.

After computing R{?)(k, £) and RZ)'(k, £), the
Wronskian W, is computed from the knowledge of
RM(n, ) and R1MN'(k, £) and compared with W, in order to
estimate accuracy.

(Il. RESULTS

The direct summation and integration methods are
compared in Table I. It is seen that about 2500 terms
are needed for a three significant figures matching of
the computed Wronskian with the theoretical Wronskian;
a better matching is obtained even if the number of
terms for the direct sum in the integration method is as
low as 10. It is also noted that computer time required
by the integration method is very small as compared
with that required by the direct summation.

Table I also contains the values of some radial func-
tions and their derivatives computed by the integration
method.

IV. CONCLUSIONS

The simplified method presented in this paper for the
determination of the prolate spheroidal radial functions
and their derivatives eliminates one of the major
stumbling blocks in the computation of the prolate
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spheroidal wave functions. In fact, the present paper
and the methods for computation of eigenvalues dis-
cussed in earlier articles*® drastically simplify the de-
termination of the entire set of prolate spheroidal wave-
functions.

APPENDIX

The ratio of the successive terms ¢, of the series (9)
is given by

Lo/ t,=A,.,B

re2

(A1)

r+2s

where

nm.w(h £)

e (RE)

Substituting (2) in Eq. (1), using the recurrence rela-
tions of Neumann functions, collecting the coefficients

amn (h)
A =" and B,
r+2 a:m(h)

of n,.,, and equating to zero, we get
1*2" 2/[ T+2 mn - Bﬁz) 'Arm],
where
N (2v+ T)2v+9)

re2 = T

(v-m+4)(v-m+3Wn*"’

2074+ 10 + (11 = 2m)?
Cv+3)2r+1)

wrm Dt m+2)@2r+ T2v+9)
Ve T G N2+ o —m i D -m+3)

Brp=(v+2)p+3)+

W,

and v=m+ 7.
Since A4, — 0 when v — <, for large » we have

—~ quz 1

x (A2)
2 o, E

B neglecting A _,,.

With the help of the binomial theorem and the use of
approximate relation (A2), A _,, is expanded in inverse
powers of v as

ol 2o [ )6 2 ).

(A3)
where
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F,=2(m-1),

Fy=[u+ (4m? - 28m + 24)]/ 22,

F,={(4m - 14)u — (40m?* —- 184m + 144))/ 23,
F,=[u?+ (4m® - 68m + 140)u + 2H

+ (304m? - 1168m + 864)]/24,
F,=[(4m - 24)u® - (80m*® - 768m + 1208)u

+ (8m — 48)H — (2080m? - 7264m + 5184)]/2°,
Fy=[u®+ (4m? - 108m + 356)u2 + (1008m? — T216m + 9584 )u

+4uH + (8m% - 216m + T18)H

>
L2

+ (13504m2 — 44608m + 31104)]/2°

with u=4E,_, - 2h* and H= (4m® - 1)K>.
Using the expansion®
1:3°5.--(2r-1)
eyt
(zh7e?) (L )
4 oes
><(”1!(21’_1)+z!(27-1)(27—3) '

and the binomial theorem, we obtain a series for B, ,,
in inverse powers of v as

B,.,= (1 + :ZE % + 0(u'7)>. [(1 +§1;> (l + 237)](%%;) ’

n(hE)= -

(A5)
where
G1=O, Gz-':—w, G3=w,
G,= - (w?+ Tw)/4, Gy=-(4w®-20w)/8, (A6)

Gy = - (4w® + 1407 + 61w)/ 16
with w=3h%£2.
Neglecting powers higher than (1/v)° in the product of
(A3) and (A5), we get approximately

) S H\ 1
o :Aﬁ23ﬁ2=<1+kz=l)ﬁ"-)?, (AT)
where
Hi:Fi+Fi-IGI+.'~+FIGi-1+Gi’ i=1,2,...,6.
From Eq. (12)
oy +2) 8 5 "
o (r) :exp(—2a)<1+g) exp{zé—:[(l+z) —1]}.
14 p=1 V 14
(A8)

Expanding (A8) by using the binomial theorem and ex-
ponential expansion in power series of (1/v) and equating
the coefficients of the resulting series with those of the
series in (A7) for equal powers of (1/v) from the first

to the sixth, we get finally

a=1In(¢), B=H,/2,
6,=[288-1)-H,)/2,
8,=[2$8(B-1)(8-2) - 485, + 45, - H,]/4,
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8,=[2B(B-1)(B~2)(B-3) - 4B(B~1)5,+ 88(5, - 5,)
— (86, - 262 ~125,) - H,1/6,
8,=[2R(B-1)+-(B=4) - 3B(B-1)(B-2)5,+8B(B-1)
x (6, — b,) —28(86, — 26% ~ 126, + 65,)
+ (166, — 882+ 85,5, — 325, + 245,) ~ H,]/8,
5= [£B(B-1)++=(B-5) - $B8(B-1)-+(B-3)5,
+¥B(B-1)0(B-2)6, - 6,) - 28(B~1)
x (88, ~ 262 — 125, + 65,)
+2p(166, — 852+ 85,5, — 325, + 245, — 85,)
~ (326, - 2452
+406,6, — 806, — 852 — 126,65, + 805,
- 405, + 26%) - H,]/10.
In the case of the derivative
H/th=A,,Bl,
where

B',,zsg‘g-n,.z(hs) 4 ),

g’

and this can be obtained by application of the binomial
expansion as a power series

(o0 2G)

(A9)
where

G, =2, G,=-(w+2),

G,=Bw+2), G,=—(w*+19w+8)/4,
G, = (24w® + 56w + 16)/8,

Gg=— (4w + 620° + 153w + 32)/16.

The values of H,’s and §,’s are then obtained in similar
fashion as discussed before,
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A Backlund transformation in two dimensions*

Hsing-Hen Chen’
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(Received 30 May 1975)

Biicklund transformation method is applied to find solutions of a nonlinear evolution equation. This
equation describes weakly dispersive nonlinear shallow water wave in two space dimensions.

1. INTRODUCTION

Recently, inverse scattering method'™® and Bicklund
transformation method®® have been widely studied to
obtain solutions of many nonlinear evolution equations
with physical applications. Typical examples are
Kortweg—de Vries equations'® describing shallow water
wave and ion acoustic wave, nonlinear Schrodinger
equation describing Laser self-focusing,? sine—Gordon
equation® describing a nonlinear model field theory, etc.
A common feature of these equations is the existence
of solitary wave solutions. ! These are stable pulses
balanced between nonlinear and dispersive effects. They
maintain their identities even after colliding with each
other and, therefore, represent new degrees of freedom
associated with the nonlinear media.

However, successful these methods are. They were
restricted, up to now, to one-space dimensional prob-
lems only.'! It is certainly very desirable to extend
these methods to higher dimensions in accord to the
physical reality.

Dryuma'® recently presented a Lax equation for a
two-dimensional Kortweg—de Vries equation. It pro-
vides hopes that one can solve a two-dimensional prob-
lem by using either inverse scattering or Bicklund
transformation method. We will show in this paper that
Béicklund transformation can indeed be applied to this
particular problem. Soliton solutions can be constructed
similar to the one-dimensional case. However, solitons
in two dimensions are not localized. They are straight
lines of infinite extent, Multisoliton solutions can also
be constructed through a superposition formula. They
are also of infinite extent, constituting parts of wedges
and polygons.

In this paper, we study the two-dimensional Kortweg—
de Vries equation, first obtained by Kadomtsev and
Petviashvili® in describing disturbances in a weakly
dispersive, weakly nonlinear medium:

9t TG4y gt (3q2)xx tQagar = 0. (1. 1)

The positive sign refers to negative dispersion while the
negative sign refers to the positive dispersion. Note
that Eq. (1.1) reduces to a KdV equation in the x{ plane
and to a Boussinesq equation in the xy plane.

2. GENERALIZED LAX CRITERION

_ If we are given two linear Hermitian operators
L2, a(®)] and Afa,, q(x)] (x and g denote the totality of
Xy, %z . ..»%,and q,,q,, .. . ,q, respectively) that com-
mute with each other, i.e.,

[L,A]=0, (2.1)
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then there exists a simultaneous set of eigenfunctions
{¢(x)} such that

Ly=ap and Ay= By, 2.2)

where o and B are eigenvalues independent of X. Equa-
tion (2.1) will give us the evolution equations of interest
and Eqs. (2.2) are the basic equations from which we
derive our Bicklund transformations for the evolution
equations obtained from Eq. (2.1).

We will clarify these points by showing an example
adapted from Dryuma® in the following:

L=0%+qlx, v, t) - b2,, (2.3)

(2.4)

By choosing b=+{/¥3, we get, from Egs. (2.3), (2.4),
the equation

A=4i2%+3i(ga, +0,9) +3ib [*q,dx +id, +id,

Dt = Gyy +qxr +(3qz)xx +qxxxx:0' (2 5)
On the other hand, choosing b =+1/V3, we get
Tt Ty ey T(30%) 1y T i = 0. (2.6)

In both cases, we have two choices of b in getting the
same equation. We will concentrate first on Eq. (2.6).
The transformation y— ¢y automatically carries it to
Eq. (2.5).

3. BACKLUND TRANSFORMATION

From Egs. (2.2), (2.3) and (2.4), we have
2y +qbx(1/V3)2,¥=ay,

(3.1)
400 +3i(g2, +3, @) £3i [“q dxy +id ) +id, =Y.

This set of equations can be understood as a trans-
formation equation between ¢ and i, where ¢ is a solu-
tion to Eq. (2.86). We will show in the following that i
is related to another solution ¢’ of Eq. (2.6). There-
fore, Eq. (3.1) provides a relation between two solu-
tions ¢ and ¢’ of the same Eq. (2.6), that is, a Backlund
transformation.

Let ¢ =1ny and w_ =gq; we can rewrite Eq. (3.1) as

b, +d:+w F(1/V3)p, =,

4i( By + 30,0, + 02 +3i(2w, 0, +w,,) (3.2)

+V3iw, +id, +ig, =B.

Eliminating w in Eq. (3.2), we get a nonlinear evolu-
tion equation for ¢:

d)xrx _2¢§ +6a¢xi2ﬁfx ¢v d)xxdx

+ [T o, dx+o, +o,=~iB. (3.3)
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It means that, for every solution ¢ of Eq. (3.3), we can
construct a solution w, =g of Eq. (2.6). Now, it is easy
to observe that for every (¢, p) pair satisfying Eq. (3.3)
we have (- ¢, - f) satisfying the same equation with a
sign change in the fourth term. For this new pair

(- ¢, — B), there is a corresponding solution ¢’ =w of
Eq. (2.6) such that

—¢,,+¢:+w;¥(1/f3)¢y=a,
4i(~ Py +30,P,, ~ 3) +3i(= 2w/, +w,,)
FVIiw, —ip, ~id, =—B.

Taking the difference and sum of Eq. (3.2) and Eq.
(3.4), we get

(3.4)

’
2¢xx:wx —Wys

8i( P,y + 03 +6ig(w +w’), +3i(w—w’),, (3.5)
£VBilw +w’), +2i¢, +2ip, =28.

and

2¢§+(w +w')x¥(2/\/—§)¢y:2a’) (3.6)

24¢,0¢,, +6idp (w-w’), +3i(w +w’),, +VIilw-w’), =0,

From (3.5) we have ¢ =3/ (w’ —w)dx + ¢y, ¢}, where
¢, is an arbitrary function of y and ¢, For convenience,
we can choose ¢,=F3ay~ipt. This will cancel out the
a and B in the Bicklund transformation and implies that
these two constants are not essential in constructing
solutions. Now, by substituting the relation between ¢
and w’ into Eqs. (3.5) and (3. 6), we get the Béicklund
transformation

(w’ ~w)® +2(w' +w), —€(2/V3) f"(w' -w),dx=0,
4w’ ~w),F ' —w) + 3w’ +w)(w' —w) +3@w -w’'),,

+v 3€e(w +w’)y+(w’—w),+f’(w’—w),dx:0. (3.7

The double signs appearing in the transformation
equations reflect the fact that we can have wave propa-
gating in both positive and negative direction in y. It is
therefore convenient to replace them by a single
parameter e=zx1,

From Eq. (3.7) we can proceed on to construct
specific solutions of Eq. (2.6). Starting from a known
solution (say w =0), we can get many solutions w’ from
Eq. (3.7) by integrating it directly, or more convenient-
ly by going back to Eq. (3.1),

32— (e/V3),4=0,
(3.8)
4003y +io  +id,h=0;
the most general solution of y is

b :}; a, explikx — V3ek? + i(48° - k)t] EZ’; a, exp(t,).
(3.9)
The summation runs over all complex values of k£ and
a, is a spectral function. The relation, ¢’ =w,=2¢_,
=(29,/4),, then implies that

(—.;f) a, k? exp(&»))(.f_,‘ a exp(s,,))+(}p ka, exx>(€,,))2
(? a eXLO(e,,))2

q'=2

(3.10)
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is a solution of Eq. (2.6). Special choice of a, will re-
sult in special solutions. For example, let a,=0, _;
+ 08, 1,5 then

q' =5k, = k,)* sech®[3(k, = k;) x +(V3e/2)(kE — kD)y
~L(4K} - 4R + B, = By)]. (3.11)

It is a two-dimensional solition with amplitude 3 (%, ~ &,)?
and velocity

_ 2 2 _._6__ Uy .
v, ==4(R% + RS +hik,) -1, b= PRy

Changing the sign of 2, and %, will change the sign be-
tween v, and v,. There is then no need to keep ¢ in the
Bicklund transformation, We set, therefore, €e=1 in
Eq. (3.7).

Singular solution can also be obtained from Eq.
(3.10). The choice a, =0, s, = 04, .10, results in

gi=—3(ky —k,)* csch®[3(k, — ky)x +5V3e (k] - E3)y
—3(4R3 = 4B3 + b, = ko)), (3.12)

Care must be taken in choosing a, to generate regular
solution from Backlund transformation.

4. SUPERPOSITION FORMULA

The advantage of Bicklund transformation is the
possibility of deriving a superposition formula for
solutions. This superposition enables us to construct
more complicated solutions by algebraic means only.
No more integration quadrature is needed then. It also
implies that solutions obtained in the last section are
stable. They do not lose their identities after colliding
with each other.

To derive the superposition formula, we let w; be a
solution generated by Biacklund transformation from a
known solution w, with a certain spectral function a, ,,
w, be a second solution generated from w, with spectral
function a, ,, and w, a third solution generated from w,
with spectral function a, ,. From the definition and
Bicklund transformation Eq. (3.7), we have

(w, = w,)* +2(w, +w,), = (2/V3) [*(w, —w,),dx=0,

(4.1)
(0, = we)* +2(w, +w,) = (2/VF) [*(w, —w,),dx =0,
(4.2)
(wa - wl)z +2(w3 +w1)x - (2/‘/3) fx(ws —wl)ydx:O.
(4.3)
It is easily shown that
Wy Wy =w, +w, +2(w, ~w,),/(w, —w,) (4.4)

satisfy the above three equations and is therefore the
superposition formula we are searching for.

Starting from w,=0, we have w, and w, as given in
Eq. (3.10) with spectral functions a, , and a,, , respec-
tively. They can be called single-spectrum solutions.
Insert them into formula (4.4); we get a solution w,
contains two spectral functions (both a, , and a, ,). It
can be called a two-spectra solution. In particular,
when we choose a, ,, a,,, the special form that gener-
ates 2D solitary waves in Egqs. (3.11) and (3.12), we
get w, a two-soliton solution in two dimensions. This
solution constitutes a two-straight-line wavefront. The
two straight lines intersect at a certain point. Each one
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is broken at the intersecting point, reconnecting with
the other one, forming an angular wedge. The two
wedges, opposite to each other, travel together with a
group velocity

D=7, +nXxeé, (cotbn, —cscln,),
where 2, =7,/v,, A=1,%X0,/10, X7, ,

cosb=7,+3,/v,m,, and v, >v,,

It behaves therefore like a wedged soliton. When three-
line soliton solutions are superposed, we will observe
relative motions between three wedges and an inner
triangle. Higher rank solutions behave similarly. As
remarked in the Introduction, these solutions are not
localized. If we do have an initial localized wavepacket,
we conjecture that this wavepacket will spread and de-
velop into extended solutions of the kind described above.
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Lorentz covariant treatment of the Kerr-Schild geometry*
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It is shown that a Logentz covariant coordinate system can be chosen in the case of the Kerr-Schild
geometry which leads to the vanishing of the pseudo energy-momentum tensor and hence to the linearity

of the Einstein equations. The retarded time and the retarded distance are introduced and the Liénard-Wiechert
potentials are generalized to gravitation in the case of world-line singularities to derive solutions of the type

of Bonnor and Vaidya. An accelerated version of the de Sitter metric is also obtained. Because of the
Tineanty, complex translations can be performed on these solutions, resulting in a special relativistic version
of the Trautman—Newman technique and Lorentz covariant solutions for spinning systems can be derived,
including a new anisotropic interior metric that matches to the Kerr metric on an oblate spheroid.

1. INTRODUCTION

In general relativity, the field equations are often
simplified when we deal with algebraically special or
degenerate metrics. The degeneracy of the metrics
is linked with the multiplicity of the Debever —Penrose
directions.!2 One of the important examples for the
algebraically special metrics is the Kerr--Schild® met-
ric which is given as

guvznu.v_zv)‘uxb (1~1)

where n,,=(1,-1,-1,~1) is the Minkowski metric, V
is a scalar function, and 2, is a light like vector both
with respect to g, and 7, :

g“v)\u)_v:nuvxu)\v:. 0. 1.2)

This null vector is also geodesic both with respect to
g,, and 7, that is,

AEQ A=V, A, =0, (1.3)

where 9, and Vv, are covariant derivatives with respect
ton,, and g, respectively. These two properties of A,
Eas. (1.2), (1.3), make it a shear free double

Debever —-Penrose vector. If the scalar function V is

a constant, A becomes a Killing vector.

The Kerr —Schild metric has been studied by several
authors by using either the tetrad formalism? or the
direct procedure® in solving the field equations. We use
the second method in a special relativistic covariant
way and find the energy--momentum tensor (e.m.t.) of
the matter and the field other than the gravitational
field. The mixed form of the e. m.t. is linear in the
function V and also it is divergence free in the ordinary
sense, that is,

3,T*,=0. (1.4)

Therefore, the pseudo-energy—momentum tensor
(p.e.m.t.) of the gravitational field must also be con-
served. We find that it vanishes in this coordinate sys-
tem. Vanishing of the p.e.m.t. makes the field equa-
tions linear. Because of this fact, the gravitational
field is not its own source in this coordinate system.

If a metric can be thrown into the Kerr—Schild form by
a coordinate transformation, the gravitational energy
and momentum are cancelled by this coordinate trans-
formation which represents some kind of acceleration
according to the equivalence principle.
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A method, which leads to a new metric from an old
one, is based on making a complex translation along
one of the coordinates without changing the physical
character of the source. Such a complex translation is
allowed in classical electrodynamics and in linearized
general relativity because of their linearity* of the
equations. In exact general relativity complex transla-
tion was used several years ago by Newman and Janis®
to obtain the Kerr metric from the Schwarzschild met-
ric and by Newman et al.® to obtain the charged Kerr
metric from the Reissner —Nordstrom metric. Recently,
Adler et al.® used complex translation and reobtained
the Kerr metric in the Kerr—Schild coordinate system
without drawing attention to the linearity of the field
equations. Now it becomes clear that complex transla-
tion is allowed in general relativity whenever we can
find a coordinate system in which the p.e. m.t. van-
ishes or the Einstein equations are linear in this coor-
dinate system. This is of course not true for an arbi-
trary metric. It happens to be true in the algebraically
special Kerr—Schild geometry.

Another advantage of the Kerr—-Schild metric is the
following, When we take A, as the gradient of the re-
tarded time and V as a function of the retarded distance
for an accelerated system (particles, charges, etc.)
we get simply the result of Bonnor and Vaidya,’ gener-
alizing the Liénard—Wiechert potential in electromag-
netism to the retarded gravitational potential. In addi-
tion to their result we also find the accelerated version
of the de Sitter metric.

In Sec. 2, we find the Einstein tensor of the Kerr—
Schild metric and show the linearity of the field equa-
tions. We also prove that A, is a double Debever —Pen-
rose vector for any e.m.t. In Sec. 3 we find the field
of accelerated systems, especially of the charged par-
ticle in a de Sitter universe. In Sec. 4 we complexify
the solutions discussed in the previous section for non-
accelerated systems. We find the e. m.t. for this case.
The Kerr® and charged Kerr metrics® are special cases
of this e.m.t. For the interior metric, this tensor is
shown to correspond to the e.m.t. of an anisotropic
perfect fluid and to match the Kerr metric on an oblate
spheroid. In Sec, 5, we show the resemblence between
the linearized field equations obtained from an approxi-
mation procedure and the field equations obtained for
the Kerr ~—Schild metric.
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2. THE KERR-SCHILD GEOMETRY

The light like character of the four vector A, greatly
simplifies the calculations. Because of this property,
it can be raised and lowered with both 7, and g, , and
we also have

—g=1’ (2.1)
so that we have
g =Y+ VAN, 2.2)

The Riemann—Christoffel symbols and the curvature
tensor, for this metric, are

re  =—[@0L),, +(%,),, -n"*(1,1,),, + 441°L,1,], (2.3)
Ryuva
= avryua - aarww+ ry&’raum - Ivba:rﬂu.v
=Ploloye =T b Yay + 241,0,,8,)
—2A00,0 0y, =Ty ya T U@y,
WO H LR - 1,8 e
= Lo @y, —1PTL) G(1,0,), 00T, 41,0
~(0al"), p + @) uo R 5y~ THLL), g
~4(Ar 1), + HAPLLL) o, (2.4)
where
1,=VVA,,
%u'—'le,vls.u,
o, =r, -7,
G’W: lu,u+ lv. u?
dawazlﬂ'u(lvla)'a,
and
latprn=Labss = lsbays
1o, =19", -1,
We note that
Uihp=U® a=0® 4 =0, (2.5)
Lo, =Al,, A=-XN(V/?), (2.6)
Fé,,,=2AL1L, 2.7
LB o= ~40,0) ,,+ L@ .o
+IML,L,) g, = P(LLL), gas (2.8)
LR ya =T (000)
=[(V, ) 2EVINN,. 2.9
We can find the Ricci tensor by using the identities
(2.5)—(2.17), and letting ¥=v in Eq. (2.4). It reads
R,o=—( )+ 781,100 o = Q0D 50
+2[7 b - (BN, + (A - L]0,  (2.10)
where
L==1% ,=- (V22 (2.11a)
K=A+L)V/3=—(VM) . (2.11b)

The Ricci tensor with mixed components R¥, and curva-
ture scalar are,

2386 J. Math. Phys., Vol. 16, No. 12, December 1975

R* = (KA“)'a-i-n“’(K)\a)', +o(v BN,
R=2(KM*)

(2.12)
O=n"2,3,.

su?

Hence the Einstein tensor reads

G* o= (KA¥) o+ ¥ (BN, , + O(VARL,) — 6% (KX)

r?

(2.13)
with K given by (2.11b).

The algebraic classification of space—times is done
by means of Weyl’s conformal tensor which is defined
by

L L 1
Cyuva =R" uva + ZguaRfa - ZguVR.:x + Eguabyu

_%Ruvévd—']G‘(guaayu-guuéya)R' (2.14)
We can easily find that
ANCY L =HN )\, (2.15)

where
H=V(V M) W +A* - L+ 077 g, - 3K,

with A and L given by (2. 6) and (2.11a), respectively.
Equation (2. 15) tells us that A, is a double Debever —
Penrose vector, thus space—time is algebraically
degenerate.

Now let us show that Einstein’s tensor is divergence

free in the ordinary sense, that is,
auGuuzo. (2.186)

From the Bianchi identities we know that G*, is con-
served covariantly,

VG4, =2,G, +T“ ,G° —~T° G¥=0; (2.17)
from Eq. (2.1), we have

ruuB: 0V —g= 0;
and it is also straightforward to show that

rﬁuaG”B: 0.

Thus, we obtain Eq. (2.16). In general we know that
the conservation law for the total energy—momentum
tensor is given as

2,(T*, +14)=0

where {*, is the p.e.m.t, of the gravitational field.
This p.e.m.t. is given in different forms, i.e., the
Einstein® and the Landau'® forms. In our case these
two forms are the same because of Eq. (2.1) and they
both vanish. The total e.m.t. T, +¢,, is given by

T“V+t“v:_§—é—apf"“w (2.18)

where G is the gravitational constant and f°¥, is defined
as

fupv = "fpuvz guaal(gu“g” - gﬂpgul)’

where
g"" = \/Tégﬂu ’
1
guu = mgou .

For the Kerr —Schild metric f*°, becomes
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o, =20,[ V64 2228 + Ve A — Vpufaed, — V62, A4,

(2.19)

We find that |

G(T®,+ % ))=G*,. (2.20)
Hence, from the Einstein equations

=0, (2.21)
Using this fact and Gupta’s equation’! which reads

3, 35(NG B —HAGYE — qraub 4 puvat)

=26 (T + ) (2.22)

and using the metric in Eq. (2.2) we recover Eq. (2.13).

The absence of #, in Eq. {2.22) makes the field equa-
tions linear, because the total energy —momentum ten-
sor (7% + #*,) can only depend on the metric itself not
on its derivatives. Thus in the Kerr —Schild geometry
Einstein’s equations take the linear form

auas(nasgw _ nuagyﬁ __nvaguﬂ + nuvgaB)z zcnuthx (2‘ 23)

where T%, is the energy —momentum tensor of matter
and radiation excluding the gravitational field_.

3. GRAVITATIONAL FIELD OF ACCELERATED
SYSTEMS (NONSPINNING CASE)

Assume that any element of the system under con-
sideration is on a geodesic T which is described by an
affine parameter 7. Construct a light cone from the
observation point x*, which intersects the geodesic T’
at any point Z*(7). The velocity of the element of the
system is

s dzZ
Z“=—d—T“,

with
n wZqu =€
where e=1 and e=0 correspond to the timelike and

lightlike cases, respectively. We define a retarded dis-
tance R by

R=2Z%(x, - Z,(1),

for the value 7, of 7 for which the distance between the
point Z#*{7,) and the point x* is lightlike, that is,

(" = Z4(T N = Z4(7,))=0. 3.1

From now on we shall use Z* to denote Z"(-ro). Differ-
entiation of Eq. (3.1) with respect to x* gives us

3, To= [)Qu - ZM(TO)]/R .
Now, we can define the lightlike 4-vector A, as
X, =23,7,. (3.2)

It is straightforward to show that A, satisfies Eqs.
(1.2), (1.3). In order to find the e.m.t, we need the
following identities:

3 R=Z, - A (e-RZ)), (3. 3a)
A9 R=AZ, =1, (3.3b)
1 . . v
Au.llz E[nuv—Auzv_)\vzu_quAV(e_RZaxa)]’ (330)
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Ke- 1 (RV’ -2V), (8.3d)
dv
b -
vi= dRr’

Here, we assume that the scalar function V is only a
function of the retarded distance R. Using Eq. (3.3a)—
(3.3d) and Eq. (2.13), we get the e.m.t. as'?

T“‘,:(V" + 2R£) 5, + (- v+ %) (Zoa, + Z %)
+[eV” — 22V’ + 2(~ e+ 2zR)(V/R®)JA%), (3.4)
where
z= 2%, (3.5)

This e.m.t. in Eq. (3.4) has some simple forms for
some special V’s. When

V=m/R -¢e*/2R?* (e and m are constants),
we get the Bonner and Vaidya’ solution. When
V=1(p,/6)R?, p, is const,

we get a new solution corresponding to the gravitation-
al field generated by a de Sitter space in accelerated
motion, i.e., the interior solution corresponds to a
finite matter free space—time region with a cosmologi-
cal constant, so that

G*, ~ pod*,=0.

We verify that the only vacuum solution with zero cos-
mological constant is the Schwarzschild metric with
z=0 for a nonspinning system.

4. COMPLEXIFICATION: FIELD OF
UNACCELERATED SPINNING SYSTEMS

The gravitational field of an accelerated spinning
system can be found either by solving the Einstein
equations given in Eq. (2.13) or by complexifying
the solutions found in the previous section. We choose
the second method because of its simplicity and use
special relativistic spinor representations of the four
vectors.

In our method we simply make a complex translation
along x* and find the real and imaginary parts of every
four vectors and scalar functions. The new complex
quantities are

="+ da¥,
T =7 +1iT,,
Z = Z,, +iZ,,,
Z.’u:v1u+z'vzu,
where a, is a constant spacelike 4-vector and'®

. 3 3
o= ta - Za

BT ar, 8T,
by 2y,
2u a7, an

Instead of Eq. (3.1) we have the following two equations:
(x, -2, )x* - 2,*) - (a, ~ Z,, )a* - Z,*)=0, (4.1)
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(x, -2, )a* - Z,*)=0. (4.2)

We shall look for solutions that can be expressed in
terms of the complex null vector A

N=03,7"=u,+iv,, (4.3)
where
=23 — ___1___[ )
Hy=0,T1= rit o, Tl(x“ -2, )t 7’2(au - Zzu)]’
4.4
) — ___1_._.,[ )+
v,=0,T,= ey 1o rlx, - Z,,) +rila, - Z,)],
(4.5)
and the complex retarded distance is
R =7, +ir,, (4.6)
where
r=v%x, - Z,,) —v,%(a, - Z3,),
re=v4x, ~ Zy,) Yo Ma, - Z,,).
Instead of the identities in Egs. (3,3a)—(3.3d), we
have the following:
7y, 0= V1q TRl + Vg, (4. 7a)
Vo, o= Uszg =Ll T BV, (4. )
Lt ® = 0,%v,=1, (4.7c)
VoV F U u%=0, (4.7d)
Roh®=v, 1%, (4.7e)
Lav¥=0, (4. 1)
um,B
1
= W[Tlnw'*’ (vl =7k, Mg = (7,1 - RV, Vs
- (7’11 + ’Vzk)(lJ-aVB + l-LgVa) - 7’2([—‘-,1023 + Ugy,
+ Valig + VBvla) + 71(" Moy — vlau'ﬂ+ VaUsg
+ VBvZQL)]’ (4 7g)
1

Vas= 73752 (= #aMos T (1l 7o)t~ (il + 7RV, 1
1 2

+{(- 7k +'Vzl)(uaV5 + IJvBVa) ~ Vl(vavla + Vgl

+ Ko Uag + /—LB'Uza) + 72(#avls+ Mgl = VogVg — UZBVa)]s

(4.h)
where
E==1+7a%hy = ¥Ve@* = V20, % o = 718,°V,, (4.8)
I= - 7@y + Vo000, ~ V50, %l — ¥, %V, {4.9)
alaz%;‘x:%}f;“, (4.10)
a,, = - a_ Wag (4.11)
o o7, 0T,

Now in order to find the real null 4-vector A we use
the spinor representation of the 4-vectors. If A is a
4-vector its spinor equivalent is given as

A=0, A% (A*=0*3A%; o, f=1,2),

where

2388 J. Math. Phys., Vol. 16, No. 12, December 1975

g,= (05,0).

0, is two-dimensional identity matrix and ¢’s are the
Pauli spin matrices. They satisfy the following anti-
commutation relation,
0,0,+0,0,=21,,. (4.12)
where
0, =0,(0,)70,= (0, - 0),

and OHT denotes the transpose of ¢,. Using the spinor
representations of the complex vectors X', and Z L
get the following identities:

N+ IV =2, (4.13a)
¥¥ =0, (4.13b)
27 =1, (4.13¢)

Then we define the spinor representation of the real
null vector A, as

A= N M Tr(V)/Tr(Mo, )], (4.14)

where v, is the real part of Z]. Note that when A} is
real (a,= 0), Eq. (4.14) becomes an identity. Since, in
this section, we are only interested in the fields of the
systems with uniform velocity, the procedure outlined
above becomes simpler. The scalar functions %2 and ]
in Egqs. (4.8) and (4.9) become -1 and 0, respectively,
and

Via=Ng ~ Ko

V2,6~ ~ Vas

where

2 y=v,=n,, U;,=0.
Then, the null vector X, can be found from Eq. (4.14)
as

N pPugny — o+ €gy g TV

o= 8 -1
uP g

The derivative of A, with respect to the coordinates x*
is found as**

(4.15)

274

1
= 712 + ,},22 [7’1(77” + xuu - nu)\u -nvhu)

+72€uvm8nahﬁ] (4 16)

Here, we notice that the velocity vector », is a Killing
vector, because it satisfies the equations
na 7{0‘ puacad 1 )
n® )\B, «™ O:
and since it is a timelike vector, it is always possible
to bring it to its rest frame Gu" by a Lorentz trans-
formation. Thus
nuaugod!: aogaﬂzo‘
To find the e. m.t., we make a further choice for
the form of V by taking

V=Ffr)/ (r?+ 7). (4.17)
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With this assumption, the Kerr—Schild metric can be
transformed into the Boyer —Lindquist'® coordinate
system, which reads

ds® =

(1 - %Z) dr - %d’rlz - Sde? - ?E-sinze do*
+ %Zsinze dddt,
where

S =17+ a* cos?o,

A=7’+ad®-2f,

B=(r2+ad%? - d*Asin®0.

Transformations from Kerr—Schild coordinates into
the Boyer —Lindquist coordinates are

(r, tia)e!® sin®@=x+ iy,

7, C0860 =z,

- 2
dt=dt+ —‘{drl,

dp=dd+ %drl.

In the new coordinate system A, and the e.m.t. T¥,
take the forms

A= (l, %, 0,—asin29> ,

T,,=(D+4h)u u, - (D+4h) %mumv -(D+2h)g,,,
where
(1,0,0, - asin®e),

u,=

s b

m,=(0,-1,0,0),
d
D= _frirl/z (f71: E;{:)

hzr_lf_'l.—_f.

The Kerr and the charged Kerr metrics correspond to
the vanishing of f’m‘ For an interior metric, the e.m.t.
in Eq. (4.18) corresponds to the e. m.t. of an aniso-
tropic perfect fluid distribution. Isotropy is destroyed
in the radial direction. We note that the deviation from
a perfect fluid distribution can also be regarded as
arising from the contribution of a moving Nambu
string.'® Such anisotropic energy—momentum tensors
have also been discussed recently by Bowers and
Liang.!” This interior metric matches to the Kerr
metric on an oblate spheroid, 7, =7, the equation of
this surface being

vy =72 - a?) —a’22=0
where
=L+ + 2

and the function f(r,) satisfies the following boundary
conditions

fro=mr,,
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d
E.ﬂrl) =m,

m being the total mass,

fl="0

5. LINEARIZED GENERAL RELATIVITY AND
TRAUTMAN'S COMPLEX TRANSLATION

The linearized theory of the gravitational field can
be developed by regarding the actual Riemannian
space—time as a first order perturbation of flat
space—time. Here, in contrast to many authors we
take G ** = V= gg *” as the gravitational field and assume

thatll,ls
VT ggh =0t + 260, (5.1)

where ¢ is a constant and ¢"” is a symmetric tensor, In
the linearized theory, we neglect terms of all but the
first order in ¢, Hence

(~ detg uV)1/2: (- detgw)”2= (_g)llz

=1+¢p, (5.2)
where
d=1"0,,. (5.3)
Field equations, in terms of ¢**, follow as
GT*,=+¢(- nuﬂ‘i’rv,w - naB¢"a,su
+0¢*, - 6%,0% o). (5.4)

Without any choice of gauge, it is easy to show that
9, T+, =0,

and, of course, the pseudo-energy—momentum tensor
vanishes in this approximation. !

It is remarkable that the field equation (5. 4) is exact-
ly the same as the one (2. 33) which was obtained for the
Kerr—Schild metric, All the metrics which are in the
Kerr —Schild class are also the solution of linearized
field equations (5.4), but the reverse is not true in
general.

Trautman® has developed a method of constructing
classes of new solutions to linear special relativistic
partial differential equations. In particular, he used
the method to produce null curling solutions of Max-
well’s equations and he stated that the same method
can also be used in linearized Einstein’s equations. Now
it becomes very clear that Newman’s complex transla-
tion is nothing but Trautman’s complex translation.

6. CONCLUSION

To obtain linear gravitational field equations there
are two possible methods. In the first one we use an
approximation procedure which leads to linearized gen-
eral relativity. In the second one we put some con-
straints on the symmetric tensor ¢** in Eq. (5.1), in
such a way that the pseudo-energy—momentum tensor
vanishes. In this work we showed the existence of the
second possibility. It is an open question whether the
Kerr —Schild coordinate system is the only coordinate
system in which Einstein’s equations become linear for
a special geometry.

We have further obtained the gravitational field of
accelerated nonspinning particles and unaccelerated
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spinning particles. It is also possible to obtain the
gravitational field of accelerated spinning particles.
Work on the latter type solution is in progress.

If we take the null vector A, as a constant null vector,
the Kerr —Schild metric describes gravitational waves
such that plane fronted waves are in this class of met-
rics with nonvanishing Weyl tensor. The corresponding
space—time is of Petrov-type N.

As another possible application of our method the
following remark is in order. Quantization of general
relativity becomes simple for the linearized approxi-
mate theory. Since in the case of special geometries
Einstein’s theory becomes exactly linear in the
Kerr—Schild coordinates, the same quantization pro-
cedure could also be applied in these special cases.
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Direct use of Young tableau algebra to generate the
Clebsch~Gordan coefficients of SU(2)*
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Although it is well known that the irreducible representations of the SU(N) groups may be generated by
using Young tableau algebra, this technique seems to have found little use for the derivation of closed
algebraic expressions for the Clebsch—-Gordan coefficients of these groups. A frontal attack on the
derivation of these coefficients using tableau symmetrizers is described. As an example, the SU(2) group

illustrates the fundamental ideas behind the process.

I. INTRODUCTION

This paper describes how the Young tableau algebra
technique is applied to find explicit algebraic formulas
for the Clebsch—Gordan coefficients (CGC), with atten-
tion focused on the SU(2) group. Physicists are familiar
with this group because it is locally isomorphic to the
three-dimensional rotation group R;.

In the SU(2), or Ry, case, spin operators are used to
define an “internal” symmetry: Young tableau symme-
trizers are applied directly to generate operators R;
which transform the state

ity 25 =1+ M'=d")
into the state lj, j,; J, M =J). If the angular momentum
vectors J; and J, operate on states with angular mo-
mentum j, and j,, respectively, the R;; appear as
n
Rys= 280057 (1)
r=0

where the gy depend only on j;, 75, J, and ¥. The
Ji’s are components of J;, with

(2)

In Sec. II we review some of the properties of states
made up of N spin-3 particles coupled to a total spin S.
The key property is that all states with a given S trans-
form among themselves under the permutations on par-
ticle numbers, thus forming a basis for the (3N +85,
3N - 9) irreducible representation of the symmetric
group of N indices.

n=j *j,=dJ.

In Sec. III the Young tableau symmetrizers are de-
fined and used to generate R;; from an unsymmetrized
product of spin operators, identifying sums of spin oper-
ators as Jy_ and J,_. After obtaining R,,, the operator

J M
Ryy<(d1.+Jd,) Ry, (3
is used to find an expression for CGC:

j1igd . . .
C2 = Gymy, joma ) jijpIM) .

Il. SOME PROPERTIES OF SPIN STATES AND
OPERATORS

When using a set of N coupled spin-3 particles, it is
well known that the states with total spin S have simple
properties under the group of particle number permu-
tations. This may be seen immediately by considering
the operator
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4)

n
Q: Z [(S*Sj--)-s{-sjvé)/z +S;0$m],
i,7=1

where the spin operators s;,, S,o, and s;_ operate on the
spin states ¢;. “spin-up” and ¢,  “spin-down”:

S1u0u=0, (5a)
and

S = Dy (5p)

Si0Pis =i%¢4*- (50)

These operators not only obey the usual angular mo-
mentum commutation rules

[s4 si]=2s4 (6a)
and

[S10r ) =500 (6b)
but from Eqs. (5a) and (5b)

(si)?=0. (7

Returning to Eq. (4), note that @ is invariant under
any permutation of particle numbers. Defining the com-
ponents of the total spin vector S

N
S:ZZIS“’ §=+, O, -. (8)
'E

It is also evident that @ is the dot product
@=8-8.

From the above, we may infer that eigenstates of @
are those for which the total spin S is a good quantum
number, and thus form the bases for the irreducible
representations of the symmetric group on N particles
(Refs. 1, 2). The irreducible representation of the sym-~
metric group corresponding to spin S is denoted by the
two-rowed Young talbeau with » boxes in the first row
and #, boxes in the second row (Ref. 1),

(9

n=3N+§ (10a)
and
n,=3N-8. (10b)
Graphically this looks like
BEB T 7y boxes
ny boxes’ (1

Such diagrams are referred to by the partition of N into
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ny into n,, [m, np]. The state with the highest spin S
=3N corresponds to the partition [N, 0], usually abbre-
viated to [N].

In matrix notation the operators and states may be
replaced by

fo1 00 10
s{-o-_' 00 é, S‘_"" 10 i’ SiO»% 0_1 l’ (12)
1 0
D0~ 0], and ¢, — 1) (13)

From Eqgs. (7) and (8), it can be shown by induction
that

(S*)r: ’}’!Zilqzaui’ws{h’ LR F (14)

(]

Because the sum in Eq. (9) contains (¥) terms, where
N N NI
\: = (15)
r/ N-

=,
A 7 (N=m

and because (S,)" applied to a state with definite S

changes only the magnetic quantum number, applying

(S.) to the state |S=3N, M =3N), which is made up of

only one term, yields

(S IS=4N, M=3N)

NI/Z
:1'!< )
»

This may be generalized immediately to the usual an-
gular momentum stepping operator J_, i.e.,

S=%N,M=3N-~7). (16a)

1/
(J_)TIJ,M:J>=V!(27J> i J,M=d-7), (16b)
where
J|J, My=VTFMPT=MF1)J, M~1), (17

In effect, the operators S, may be regarded in the
same way as the angular momentum operators Jy, be-
cause they have the same commutation properties (Ref.
3). The only difference is that the S,’s have an internal
structure that is not quite evident in the J,’s but is used
in Sec. III.

Before proceeding, we break the S,’s into sums, each
containing 2j; terms

Se=21S:e (18a)

i
where

2j1

Sie =27 Sues (18b)
k=1
aigajz

Spe= 2o sy, ete. (18¢)
k=2j1+1

Note that now
(S;)%4 = 0. (18d)

These sums will now represent angular momentum
operators.
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i1l. TABLEAU AND ANGULAR MOMENTUM

SHIFTING OPERATORS
Given the sums
2i1 2i1+2§p=N
S=S1e{ =20 s +Sal= 2 suels (19a)
k=1 k=2j1+1
and drawing the analogy to
J:J1+J2, (lgb)
we wish to generate a state with a total spin
J=3N—n=ji+j,-n, (20)

while preserving the property that the first 2j; spin
states are coupled to spin j; while the last 2j, spin states
are coupled to j,. This state would then correspond to
one of two coupled angular momenta,

|ivs jz3 I, M). (21)

Once again, expressed in terms of spins, there are
“internal” symmetries that are not immediately evident
in Eq. (21).

The desired state corresponds to the Young tableau
{N~n,n]. Thereis a very simple way for generating
such states (Refs. 2, 4): Fill in the boxes of the Young
tableau with the numbers 1, 2, - - -, N=2j; + 2j, in any
order. Next form the operators that symmetrize the
terms belonging to the particle numbers found in sepa-
rate rows, and then for the operators that antisymme-
trize the particle numbers in each column.

For example, consider the partition [F]=(3, 2] with
the numbers 1, - - ., 5 written in order:

(22}
The operator that symmetrizes the subscripts 1, 2, and
3 is denoted by ({1, 2, 3]], and the operator symmetrizing
4 and 5 is denoted by [[4,5]]. Antisymmetrizers are de-
noted by two curly brackets, such as {1,4} and {2, 5}.
Symmetrizers [[aq, @y, -+ +, @] in terms of permutations

are
(4%
[[abaz, °“';ar]]:ZIP1- (228.)
7=l
Similarly,
{i; ]} =1~ Pij’ (22b)

where P;; permutes the subscripts ¢ and j.

A tableau symmetrizer for SU(2) may be defined as a
product of the two [[ ]] operators and the n{} operators,
taken in any order. The most convenient symmetrizer
is usually determined by the specific problem, but we
will adhere to the convention that all the {}’s will be to
the left of the [ ]]’s. Thus, Eq. (22) corresponds to

Yir,=11, 4H2, 5H(1, 2, 3]][[4, 51].

If, in addition, we want to symmetrize the suscripts
1, 2and 3, 4, 5, we would need the operator

Yipy=([12])[3451]7 5.

We now follow the convention that the numbers 1,2, ---,
2jy +2j, =N will be written in order, that is, the first

(22¢)

(224d)
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row will hold the numbers 1, 2, - - -, N~z while the second

rowreads N-n+1, N=n+2...N. If
1’, :N—n+i, (23)
then the first row reads 1, 2, - -+, 7, and the second

¥y Vg o
corresponds to Eq. (21), is

Y[N-n,n]= [[15 tey 2.71]][[2‘.71 +1,.-, N]]
x{1, ni}- - {n, b x[[1, ooy 7o)l - -7 ]
(24)

In this way subscripts belonging to the same j cannot
occur in the same column.

Applying the operator in Eq. (24) to an unsymme-
trized product or sum of products of » operators of the

form s, will yield either zero or an angular momentum
shifting operator. In schematic form then

pRJJ(JI-Jz-) = YEN-n,n]

X (product of n 5,_’s) (25a)
and
Ry (1Jy) |judas s + oy 1 + 32
=0 it I =1 tip=n, M=J), (25b)

where p is a normalization constant. The most conve-
nient product of n s;_.” s seems to be

P=s, Sy, "+ S, (26)
because

[l -7 JIP=nt P (27)
and

([1---7llP=rP, (28)

Yiy.n 2P reduces to
pRJJ (Jl’ Jz) = Yl{]\l-n,n]‘p=7l!1’0l [[1, "t 2.71]]
x[[2j +1, o« NI]PX{1, 1} - o{n, 7, }P.

(29)

Straightforward simple manipulation, as shown in the
Appendix, yields

PR 1 (1) = 7! (21)1(24,)!
S10Y(G) CHEES
(30)

Applying pP,;(J1J,) to 1jijs) 1jj.) and using Eqs. (15),
(16a), (20), and (23), we obtain

0ljsjed =jr + =0, M=J)
= (i1 +7z F D12 12! iy = o = NI

RO BN

X1, 51 = @ ljzs o=+ g). (31)
To evaluate p, Eq. (15) yields
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-, 7,=N. The Young tableau symmetrizer, which

G)/[(?) (Z]-a- q)]l " o NI
x<(2j1 - (2, -n+q) !) 1 /z-

ql(n-g)!
. - (32)
Making the identifications
my =j1"q’ mzzjz‘""'q, (33)
Eq. (31) now reads as
pliviesJ, M=d) = (jy +jy + DIV )T
X[(Gy+jy= DIPX 25 (=1)rm
my emp=d
(71+m1)!(72+ma)1)1/2 : :
X
<(]-1 Z )1 Gy = 1)1 | jamy) |7zms)
(34)
and
pP= Gy + 72 + DIV (z’fz)!
X[(y +jp= NP
jp + ) (G + mp)!
x 5 Gtm)iGtm, 35
my+moalf U1 T mlT! (72 - m;‘ ( )
Hamermesh (Ref. 2, pp. 372 and 373), shows that
(jl+m1)!(ja+ma)! N N
- - =(jy = jz + I
m:{/fu 1~ my)! (72 - mJ‘ (71 T2
J+jy +i,+1
X(g=dJy +DIL .
(72 1 ) 9 +]2" J
{36)
Thus, 472
— 2]'1) 2, htjptd+1 aof "
R'”—<(n n 2J+1 Zq;(- 1 (q)
2j1)<2j1 )
X I gt (= a)t .
1.7 /g1 (n q).(q req (37)
Multiplying R, ; by
T M= n ) =TT M g (39)
»

and using Eq. (16a), we obtain after some manipulation
.. 2 j .
200 = (%) (%) (G, + 5+ 1)
% ( 2j ) 2j, (_2]'2 t/2
JuHmy )\ Jp t my J\J2+ M,
% [ Ty <n> (]l - m1) <jz - mz>/<2j1)(2jz )]
¢ q q n—-q q n-q

X |jymy jgmy). (39)
Within a phase, then, it can be shown that

1/2

(im, Gama | =jy + gy — ny M)
<2j1)<2j3)< 25 2,
n/\n J\jytmy J\js +my
[ (2 )
n g+ M
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X2 (= 1) (jl +j2“]>
q q

x<fz*.71 +dJ \)(j1*jz +dJ )
Jo¥me—qj\jy-my—q/.
The above formulas are expressed in terms of binomial

coefficients instead of factorials for ease of eventual
computation,

V. DISCUSSION

The analysis in this paper was aimed primarily to ob-
taining the CGC of R;, which is locally isomorphic to
SU(2). From the group-theoretic viewpoint, the most
important relations are expressed by Egs. (5), (6), and
(7, yielding the group’s structure. Taking advantage of
the fact that irreducible representations (IR’s) of SU(2)
may be represented by two-rowed Young tableaux and
that the highest weight state is totally symmetric leads
to a straightforward prescription for generating all de-
sired states.

{40)

Therefore, the generalization to higher groups is al-
most immediate. The IR’s of the SU(N) group may be
represented by (N+1)-rowed Young tableaux. Because
the highest weight state of a product representation is
nondegenerate, we may find the correct symmetrizing
operators that will project onto the desired state, i.e.,
the correct symmetry-breaking shift operators analo-
gous to R;; of Eq. (1).

Subsequent work is being directed toward finding such
operators for higher groups, mainly for obtaining CGC
by computer. Future notes will deal with higher groups
and the “strategies” imposed by nonlinear Young dia-
grams and multiple reducibility.

APPENDIX : SYMMETRY OPERATORS

The symmetrizer

nl
[[a'r]] = [[al, Y ar]]::zi P‘/ (Al)
7=
contains the 7! possible permutations defined on
a, -+ +,a,. We are operating with [la,]] on products and
sums of products of the s;., remembering that (s, }*=0,
and that i’s belong only to the set

Ay, oy =+ <5 Gy

(It is trivial to extend this to the general case.)
s
Thus, consider

P.=s; s; See Sy (AZ)

n L3 P 2 n-

and

iy <ip<eee<i, (A2")
There are (7) different ways of choosing a P,, and the
operator [[a,]] applied to a P, produces a sum containing
all of the possible P,’s the same number of times. Oper-
ating with [{a,]] on the already symmetric sum of all the
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P,’s reproduces that sum times the factor »!, That
means

[[a,llp,,z[r! /(;)]x (sum of all P,’s). (A3)
If we define
then from Eq. (14)

U= 55 /(7) (a8

To evaluate the right-hand side of Eq. (29), we define
the quantities p+'*"*, where

P =1 s, (AD)
h#t
The action of {, 7;} on P, is
{6, v}P,=P, - 5,0,
so that
{1, nH2, vt -+ {n, r}P=P - iil s bt
+25 8,85 P+ (=g s, 0 s, (A6)

in
Using Eq. (A3) applied to the P’s
U2+ 1, -, 20 + 23,00 7))

:(2@!?{(- 1)"Jg:*<7§7/[(n-q)!q! (n”_l q)]} . @A

where J;_ is defined by Egs. (192) and {(19b) and

n

j]_:E si_-

ixl

(A8)

The last step is to apply Eq. (A3) to the J, each of
which contain () terms so that

[[1, Tty 2j1]][[2j1 +1,--0, 25 - 2]'2]]{1, 7’1}

{2, 7} - Anr )P :@Z_l)_;(igji)_'_

<o) (P)(,2,)

(A9)

*This research was performed under the auspices of the U.S.
Atomic Energy Commission.
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Some solutions of complex Einstein equations
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Centro de Investigacién y de Estudios Avanzados del 1.P.N., AP 14-740, México 14, D.F., Mexico

(Received 11 April 1975)

Complex V,’s are investigated where I' ;3 = 0 and therefore a fortiori equations G,, =0 are fulfilled. A general
theory of spaces of this type is outlined and examples of nontrivial solutions of all degenerate algebraic

types are provided.

1. NOTATION, CONVENTIONS AND TERMINOLOGY

The fact that the large family of type D solutions of
Einstein—Maxwell equations® can be explicitly exhibited
as a real cross section of a complex double Kerr —
Schild metric and that its generalization derived with
Demiafnski? has the same property, has stimulated the
author’s interest in (i) the complex Riemannian geometry
and (ii) the double Kerr —Schild metrics as such. The
second subject will be extensively studied in a forth-
coming publication by Schild and the present author.
This article is basically intended as an outline of some
general facts and results concerned with the complex
Riemannian geometry as such,

The complex four-dimensional Riemannian space is
a pair consisting of a four-dimensional differential
analytic manifold M, and (with e?c A', a=1,2,3,4) the
metric given by

Vids®=:2¢'e* + 2e¢* = g, 0% € A'® AL, 1.y

The tetradial indices —the forms e°® define a null tetrad—
are to be manipulated by

0100
1000

0001
6010

(g,,)= ={(gat). 1.2)

The Pauli matrix is a 2X2 matrix with entries in A!
and connects A' with spinorial objects

(gA%):= VT (e} ¢ ) .

ey, —e

(1.3)

Thus
d32=—det(gAé)I%EAgfc:bgAéng-

Consider now two independent sets of 2 X2 complex
matrices with determinant equal to one:

*, e SL(2,@) ~det(14’,) =1,
1% e SL(2,8) = det(@®' 3)=1.

It is now obvious that ¢’ defined by

VE(€ € i qar T3, a5
el ~e% 1= (147,15 5 g4 P)

’

(1.4)

(1.5)

(1.86)

still gives 2¢¥¢® + 2¢*¢* = ds®. Thus, we can consider
as the tetradial gauge group
G:=SL(2,C)xSL(2,q). (1.7

[More precisely, one could work with the tetradial
gauge imposing on the 2 X2 matrices only the condition
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det(14’,) det (/3°3)=1; the obvious group of the tetradial
gauge in V,, 0(4, €), decomposes into the product
0(8,€) x0(3,C); this fact permits us to identify the
tetradial gauge group with G. |

Although we are interested in the complex geometry,
we can proceed with the standard conventions of the
spinor calculus, transforming respectively undotted and
dotted indices by objects from SL(2,C) and SL(2,C),
forgetting however about the condition (14’ )¢ =74’ from
the case of real V, of the signature (+++ -), which
causes G to reduce to SL(2,&) homomorphic with
S0(3,1,R).

[In the “real” case, the permitted gauge transforma-
tions must conserve the condition (e2)* = ¢'; in the com-
plex geometry where this condition is abandoned,
matrices SL(2,C) and SI{(2,€) are independent. |

The equation

gAé/\ g015 _ GACBD  ACgBD (1.8)
defines in A? the two forms of the spin tensor:
SAB::%EjggAR/\ gES:%Ga/\ebSab AB’ (19)
SAB;—Le, gPAN 5B =L A g2, A5
Explicitly, we have:
Sh=2e ne?, SB=elNe’+ e Net, $2=2¢°Ae!,
Sii:2e4Ae‘, SZ= 20N e?.
SP=_e'Ae?+eAet,
(1.10)

The forms S4% and S4% are respectively self-dual and
anti-self-dual under Hodge’s star operation:

*SAB:SAB’ *S“;é:—S“;é (111}
[The duality operation » acting on we A?,
1 L R
w:p—!wal...ape" ASEVAW-LIN (1.12)
maps it into
1 in
* W =p!—p7°exp—é— (pp’ - 2)6?1"':'%‘". by
owaluaapebl/\’°’/\ebpl (1-13)
where indices of the Levi~Civita symbol e are

Q1%°°a,

manipulated by (g°%} and p’:=4 - p; this definition is so
constructed that **w=w for every w.]
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Now, the connection forms I'), =T ., € A' are defined
by the first structure equations®

de®=e? A T% (1.14)
and if 3, is the inverse tetrad (acting on any scalar T:
(d - °3,)T=0), then the Ricei rotation coefficients
(T,pe°=:T,,) can be computed from the commutators

abaa_aaabz(rsab—rsba)as' (115)
The objects T' , are equivalent to their spinorial
images
Tapi==40,5%s, Tipi=-1T,5"; (1.16)
L= _%SabABrAB ‘%SabABf'1§~
The explicit form of these relations is
(FAB):_l(zrua 1"12+I"34>
2 Iw12 + F34! 2r31
(1.17)
(Fr0)= 1 2T, =T+ Ty
AB/= T3y

- sz + rau 2F32

and under the tetradial gauge § from (1.7) the connec-
tions transform according to

ra’ 71, PTA 4 1A 17, S,

I:ZA'
B 4 . (1.18)

f\'A'A, :z‘A'ﬂ*-lé’Br\Aé + lA' : dl-lé'
[This fact will be of crucial importance in our further
considerations: (1.18) exhibits explicitly the (irreducible)
decomposition of the transformational properties of I'’s

which occurs on the level of the spinorial images and
which corresponds to the independent factors in the

(cross) factors (1.7) for the gauge group. ]

Notice that while

dghB=g#SATB 4+ gSBATA (1.19)
then
g 1=l (1.20)
dSAB —_ 3S(ABI‘C)C} ds.AB - - 3S(ABFC)&
Consider now the two spinorial curvature forms
RAi=dD*,+ TAATS,
~3CA L., SCP +ﬂsf‘ +3CA 54552, (1.21a)
ﬁ.‘ié::d}.i-_'_f};o/\fs.
= - 3CA;5psD +-—-sA~+§cCDA;,sCD. (1.21b)

The equalities in (1.21) correspond to the Cartan
structure equations 4I'*, + I'® /\1"3 = szcdec/\e“ with
R,,., being the tetrad components of the Riemann tensor.
The symbols used in (1.21) are defined as follows: Let

R,,:=R%, = Riccitensor, R=Rj= scalar curvature,
C,,:=R,, - $Rg,,= Ricci tensor with extracted trace, and
let C_,_, be the conformal curvature. Then we have

abed

Caner = 15°45C 05 cp =Craznenys ( )
cees .o 1.22
CABCD = lsab 5CaveaS®op = =Cii368)»

cD ABC....q CD
cabcd - 4S cABCDscd + 4S CABCDScd ’
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and

Cancs=18428"50Cus ™ Cur=8."°8,"" Cancp (1.23)
where of course g‘B— e g“’. This, C, zop and C;;55
represent the two (independent in the complex geometry)
spinorial images of the conformal curvature; C, 55/

=Cpép =Capiép) is the spinorial image of C,

Following Debney, Kerr and Schild* we will also use
the abbreviitions for the independent components of
Capcp and Cplp:

c®=20C,,,, C*®=2C,,, (1.24)

C®=2C 55, CH=2C,, CV=2Cu, .
and

C® =20y, CW=2Cyn, (1.25)

C®=2Cy, C®=2Cy, CV=2CTy - '

It presents now no difficulty to generalize the Petrov—
Penrose classification for the case of a complex V,. We
will say that K4 and K4 are the two types of P-spinors
(Penrose’s spinors—undotted and dotted) iff

CasepKAKBKCK? =0, C;1osKAKPRCED =0.  (1.26)

Of course, we are interested in P-spinors of both
types which are linearly independent in pairs. Thus,
following Penrose,* by applying the fundamental theorem
of algebra, we conclude that, representing the spinorial
images according to

Casep = ¥(aBs¥e0pys Ciids=2aBi¥e0h), (1.27)

we can describe the schemes of possible coincidences
for the spinors of both types as the Cartesian product

of two Penrose’s diagrams:

Caneop
l-1-1-1]
(2-2] (2-1-1]
[-] (4]  [3-1]
Cisés
% [1-1-1-1]
[2-2] [2-1-1]
-] 41 [3-1. 2
Thus, it makes sense to talk about the conformal cur-

vature of a complex V, as being of the types [1 -1 -1
-1l®[2-2], [2 -2]® [4], etc. In symbols of this

type, the first place we reserve for C,p5., and the sec-
ond, for C,;.;.° Without possibility of confusion, we can
also adopt here the terminology from the real V,’s of the
signature (+ ++ =), talking about the spaces of the
types G® N, D® D, N® N, etc., identifying, as
customary, G={1-1-1-1], D=(2-2], N=[4]. Of,
course, the space [~]® [-] has vanishing conformal cur-
vature and hence is conformally flat.

It presents no difficulty to generalize the concept of
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TABLE I.
Hellish Earthly Heavenly
+ + +
SAB gAﬁ sAB
4 !
Iij Tuo
Cinco Cancp CaBep
+
R

the Debever vectors on the case considered. Let K, be
a null vector; then it can always be considered as in-
duced by a pair of spinors of both types:

K, dx* =~ g PK, K. (1.29)
The object
K g =D (K ,)C oy = K* K oCpyuutrKe K (1.30)

has all symmetries of the conformal curvature tensor
and hence is characterized entirely by its two spinorial
images analogous to C, 5., and C;;¢5 which can be
easily computed as given by

——o — &

K, pop = oK K 1Ko Kp < C 554 sKPKOKRKS
K;3op = 2K K 5KLK = C pop sSKPKOKRKS.

[

(1.31)

It easily follows that the linear operation /(K ,‘) defined
by (1.30} is nil-potent:

OZ(K“):O‘ (1,32)
Moreover, one easily infers that
DK, )C o =0 (1.33)

is the necessary and sufficient condition for both X, and
K, to be generic P-gpinors of both types. We will thus
call the null vectors defined by (1.29), with both X, and
K p being generic P-spinors, the generalized DP
(Debever —Penrose) vectors. In a general complex V, all
of them are complex. The number of different (in the
sense of the linear independence in pairs) DP vectors
depends on the type of V,; e.g., for the type G® G there
exist 16 such vectors, while for the type N N we

have only one DP vector. The spaces of the type [some-
thing) ® [-]_determine only the spinor K, in DP vector;
the spinor K can be here selected completely
arbitrarily.

Notice that the concept of the generalized DP vector
applies mutatis mutandi also in the case of a real V, of
the signature (+ + + -) where the P-spinors of the
second type became complex conjugates of the P-gpinors
of the first type. Thus, with the conformal curvature of
the type G one can construct precisely 16 such com-
plex vectors; the 4 real vectors among these 16 objects
will be the standard DP vectors. Of course, there will
be numerous additional relations among the discussed
16 vectors.

Now, Newman and Penrose call such® complex V,’s
which have in our notation C, ;55 =0 “right-flat heaven”
and if C, 5., =0, correspondingly, “left-flat heaven,”
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Following them (in a sense), but insisting on a more
contrasting (perhaps one could say-—“manichean’’)
terminology, we propose to call all objects which are
SL(2,C) scalars and are geometric objects with respect
to SL(2,T), the “heavenly objects,” Parallelly the ob-
jects which with respect to SL(2,T) are scalars and are
geometric objects with respect to SL(2,€), will be the
“hellish objects.” The objects whose components mix
in an irreducible fashion under SL(2,C) and SL(2,T)
transformations will be then the “earthly objects.” An
absolute scalar with respect to G =SL(2,€)XSL(2,@)—
in a degenerate sense because it cannot be in heaven and
hell simultaneously—we assign to earth.

Therefore, the abjects discussed up to now, can be
classified according to Table I.

The space® where C; ;45 =0 we will call “weak heaven”:
heaven”; we permit here for C, and R being #0; a com-
plex space V, where there exists such a choice for the
null tetrad that

T::=0

AB™T

(1.34)
we will call the “strong heaven.?

With these “hellish” objects vanishing we have a for-
teriori from (1.21b)

cjiaéﬁZO, c p=0, R=0.

ABCD —

(1.35)

Therefore, with G,, :=R,, - 3g,,R we conclude that the

Einstein vacuum equations (in the complex V,)
G,,=0 (1. 36)

are automatically fulfilled in the “strong heaven.” Of
course, “strong heaven” is nontrivial iff C, 5., #0;
otherwise V, is flat.

2. HEAVENLY TETRAD AND FIRST HEAVENLY
EQUATION

Assuming (1. 34), it follows from (1. 20) that

ds4% =0, (2.1)
Thus (in a simply connected region) there exists such
UAB < A that

SAB_ qUAB. 2.2)

Using the explicit form of S48 from (1. 10}, we infer
now that

2e"/\e‘:dUﬁ, 26°N ezszéé, (2.3)

so that dUMA UM =0=4U??AdU?*. Thus, by applying the
Darboux theorem in our complex V,, we deduce the
existence of such scalars p,q,v,s that

2Nt =2dpNdg=2d(pdq+dT)
2e°Ne*=2drN\ds =2 d(rds + do)
—~dVi=e'Ae?Ae*Net
=dpAdg Adr/\ds. (2.4)

It follows that (i) {x*}={pgrs} can be usea as the in-
dependent coordinates and (ii) that the heavenly tetrad
is given in terms of these coordinates by

e'=Adp+Bdg, e®=Edr+ Fds,

N 2 {2.5)
-e'=Cdp+Ddg, e*=Gdr+Hds.
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Entering with it into (2.4) we infer that the structural
functions must fulfill two conditions

AD-BC=1,
EH-FG=1.

(2.6a)
(2. 6b)

We still must assure that §2= - e' A e+ €A o* be
closed which requires

d(-e'A 2+ e*Ne?)
=-d{(AG - CE)dpAdr+ (AH -CF)dpA ds

+(BG - DEYdg/A\dr+ (BH - DF)dgq /N ds}=0.(2.72)
This condition is equivalent to the equations
(AG - CE),~ (BG -DE);=0, (AG~ CE), - (AH-CF)_=0,
(AH - CF), - (BH -DF);=0, (BG ~DE),-(BH - DF),=0.

(2.7)

Last equations can be readily seen to imply the exis-
tence of a function = Q(pgrs)—called subsequently the

first key function—such that

AG-CE=Q,, BG-DE=%,

(2.7¢)
AH ~CF= Q‘,s, BH -DF= Qqs.
We then easily see that
S =d(Qpdp + Qdq) = - d(Q, dr + Q. ds) (2.8)

so that 452=0 is assured.

Considering now (2. 7c) as four equations on EFGH
with ABCD assumed known, one easily solves them,
using (2. 4a) and obtaining

E=BS, -AQ,, G=D%, -CQ_,
F=BQ, -AQ,, H=DQ, -CQ,.

This substituted into (2. 6b) yields for the key function
Q the first heavenly equation

Qpr 2ps
QQT Qqs

Of course, ABC and D cancel out here because of
(2. 6a); quite similarly, if we substitude our tetrad into
ds? with EFG and H of the form (2.9}, we cbtain

(2.9)

=1, (2.10)

V,yids®= 29, dpdr+ 29, dpds

29, dqdr+2Q dg ds. (2.11)

Therefore, we have demonstrated that the most gen-
eral “strong heaven” V, is determined by one key func-
tion © which fulfills (2.10) and defines g,, by (2.11}.
Observe that with coordinates ordered as {x“}:{ parsh,

0 0 @, 2
0 0 qu Qqs
( ): >
Buv Q, 9,0 0
2, Qqs 0 0
2398 J. Math. Phys., Vol. 16, No. 12, December 1975

0 0 Qas - qu
0 0 -9, Q, (2.12)
(guv) — Q o 0 0
as " “ps
-9, 9, 0 o0
and
det(g,,)=1. (2.13)
For the arbitrary scalar ¢ we have thus
. 1
¢’;g:?/§_?au@guuav¢
= BP(Qqs(Pr - le;bs) - aq(npsd’r - Qpr¢s)
+9,(Q, ¢,- Qspcpq) - as(QN% -Q 0.). (2.14)

It follows that if we interpret @ as a scalar, then
Q: Z =4, (2.15)

Now, it is clear that ABC and D in the heavenly
tetrad—with EFG and H interpreted according to (2.9)—
just correspond to the residual freedom of SL{2,q}
gauge. Thus, not losing generality but only taking a
definite choice for this gauge, we can in particular
assume

A=1=D, B=0=C . (2.16)
This gives for the heavenly tetrad

el=dp,e*=-dq, 3)=10p,0,=—12,,

2=, dr+ Ry ds, <> 3,=Q 23, -0 3,, (2.17)

—e3= qudy+ Qqs ds, 3,=%Q,.0

bs”r

-Q,3,.

We can now determine from (1. 14) the connection
forms I',. The result is that: The “hellish” connections
indeed duly vanish:

T,,=0, —T,+T,=0, T,=0. (2.18)

The “heavenly” connections are given by
a:=T,,=T,,=-Kdp+ Ldg,
B:=T,=~Ldp+Mdg,
v:=Ty,=~Ndp+Kdg (2.19)

where

Q0

W psp

-Q Q Q

g Casp T Ylas

K:=0,0,=Q,8_,

=8,Q,{In(Q,,/,,)],,
Li=-08,R,,=9Q,2,, - =0, 90

psa as>ipra T Mopr
= QQTQGS[IH(QQS/QQ?)L,
M::BZQ“:Q Q. -0 .0

s qra qr  qasq
== qugqs[ln(ﬂqs/ﬂqr)]q’

Ni=-0,0,=0 @ - @
=-Q,9

br as[ln(gpr/nps)]ﬂ’

[The identities in (2.20) follow from (2. 10); formulas
with logarithms apply if one assumes ,,2, +0. ]

prp

Q, Q

asq _ “Ups qrq

(2.20)

Of course, (2,18) already assures that the V, under
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oo

study, being “strong heaven” has G,,=0 and C;;5; =
Now, the curvature quantities C, pop, OF equwalently
C@, g=1,...,5 can be computed from (1.21a) which
specialized on the present case amounts to

dB+2B8Na

da+ BN\Y
dy+2aAy

c® cw c®
=3\ e®{ CW +3(e'\ e+ e’ Ne?) (CP+3elnet (CP.

c® c® cw
Using the symbol 4V from (2. 4), we have thus (2.21)
ce dB+28Na
CWp dV=~2e°Ne* N|{da+BAY
ce dy+2aNy

(2.22)

ce dB+26Aa
C®¢ av=—2e*Ne/\Sda+ BNy
c® dy+2a Ny

Substituting here (2.19) and (2.17), one easily finds that

3C®=3,M, 3C*P=30,L,
e®=9,k=-0,L, (2.23)
3CP=—9,K, 3C'V=-3,N.

3. AN ALTERNATIVE FORM OF THE HEAVENLY
TETRAD AND THE SECOND HEAVENLY EQUATION

Although the description of the heavenly tetrad in
terms of Q satisfying (2. 10) is symmetric and simple
enough, we are able to provide a still simpler—and
more convenient for many purposes—alternative de-
scription of this tetrad. Let

x:=8,, y:=0Q. (3.1)

Then Eq. (2.10) takes the form (forgetting for a moment
about coordinates p and g)
Axry) _y 3
r,s) ’ 3.2)

so that certainly x and y can be used as new coordinates
in the place of » and s. The tetrad (2.17) is now given
by

e*=dp, e’=dx+Adp+ Bdy,
-e*=dq, -e*=dy+Bdp+Cdg, 8.3)
where in terms of  we have
A=-Q,, B=-9,, C=-Q,. (3.4)

We will now consider the heavenly tetrad (3. 3) prima
JSacie understanding A, B, and C as the three structural
functions given in coordinates {x*} ={pgxy}, The forms
S4B induced by (3.3) must be all closed. The forms S
=2¢*Ne'=2dpAdg and S= - 'A &+ *A et = dx Adp
+dy/Adg are closed independently of the shape of A, B,
and C. Thus, with
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éSZ’E: e Nef=dxNdy +(AC ~ B®)dp/\dg

+AdpNdy+ BldxAdp+dg/N\dy)+CdxNdg  (3.5)
we obtain from dSEE: 0 the conditions
A, +B,=0, (3.6a)
B +C,=0;
(AC - B?),+ B, ~C»=0
(AC - B?), - A + Bp=0. (3. 6b)

One easily shows that (3. 6a) implies (and is implied
by) the existence of a function 6= 6{ pgxy) such that

A=-6,, B=6_,, C=-0_. 3.7
But this substituted into (3. 6) gives
2,
}(e“ew (6,,)°+6,,+8,)=0. (3.8)

Consequently, 6,6, -6 +86,+8, =f{p,q), with Alp,q)
being arbitrary. Therefore, introducing 6:= 0 - xf we

arrive at the conclusion that with:

A=-8,, B=96,, C(=-0,, (3.9)

and the second key function ©=©6( pqxy) fulfilling the
second heavenly equation

©_06

2
xx ey (exy) + exp+ ew: 0’ (3 10)

the forms SA® are all closed. [Indeed, (3.9) used in

(3.5) gives
8% =e’Ne’=dx Ndy+dO,Ndp+dgNhde,.] (3.11)

The heavenly metric given in the terms of the present
coordinates and the second key function is thus

Vi: ds®=2dpldx -©,,dp+ 6,,dqg)

+2dgldy +6,,dp -6, dg). (3.12)
For the natural tetrad we have now
et=dp, -e*=dg, 3,=2,, —9,=9,,
e?=dx-0,,dp+6,dq, < 3,=3,+6,3 -0,2,,

-e*=dy+06,dp-06,dq, -9,=3,-6,3,+6,3.
(3.13)
Now, in the present coordinates we have for the
metric tensor and its inverse
-20, 20, 10

20, -20,_01

(gu,p): 2
1 0 00
0 1 00
det(g,,)=1.
00 1 0
0 o0 1
(g*)= 0
10 20, -20
i = (3.14)
01-20,, 206,
Knowing (g**) we find that, for any scalar ¢,
J.F. Piebariski 2399



. 1
4);'&‘:*—8“, Qg“vau¢

g
= 2{(¢xp+ ¢ya) + ax(eyy¢x - ew¢y} - ay(exy¢x - Gu(f)y)}.
(3.15)
This, specialized for ¢ =0 (assuming that © is a
scalar), yields an important conclusion:
6' o= z(exx vy eiy)
=-2(0,,+6,). {(3.16)

The connections T, worked out from the tetrad (3.13)
maintain the general form (2.18)—(2.19); we obtain,
however, for the functions KLM and N working with the
present coordinates a surprisingly simple result:

K=e,, L=6_, M=6_, N=6 . (3.17)

Similarly, the quantities which characterize the con-
formal curvature are surprisingly simple:

xyy? xxy? xxx?

1 ~(s) __ 104y

20 = exxxr’ 20 = e:rzxy’

L

iC%=0_ , (3.18)
1L~ (2) (1 _

20 = exyyy’ C eww

4. SOME EXAMPLES

The purpose of this section is to provide some “living
specimens” of (nontrivial) “heavenly metrics,” i.e.,
to give some specific solutions either of (2.10) or (3.10)
and to examine their structure,

A simple solution of (3.10) has the form of
=% [Tax [ dx Flx,q) (4.1)

where the function of two variables F(x,q) is arbitrary.
Thus, the metric:

ds®=2dpdx+ 2dgldy -3 Flx,q)dq) 4.2)

is heavenly. Working with the natural tetrad (3.13), we
have connections such that only M:éFx can be nonzero;
while, out of all C'@’s, only C*® = F, (x,q) can be non-

zero. Therefore, with F =0, this solution of the (com-
plex) Einstein equations is of the type [4]® [-].

As the second example, with A= A(gy) arbitrary,
consider the function

Q=p- j "drt exp[Algr)] +s- fqdq' exp[~ Alg'v)] (4.3)

which fulfills (2.10). With @, =0, from (2.20) we have

K=0= N and therefore, applying (2.23),

C(l) c(z) C(s) 0. (4.4)
For L and M one finds that
L=-A
< (4.5)
M:p(AW + ZAqu) — sexp(- 2A)A",
and consequently by applying (2. 23)
.%CM) — exp(_ A)Aq-r!
1C® =] pexp(- 6A)3, exp(6A) ~ s exp(~24)3,]
x exp(- M)A, (4.6)
Therefore, if A #0, the heavénly metric
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Vi ds®=2e*dpdr+2exp(- Ndgds
+2(pe* A, - s exp(~ AN ) drdg 4.7

is of the type [3 -1]x[-]. (1If A, =0, then C“’ =0 and
the space is flat).

It is of interest to observe that using new coordinates

ui=pet, vi=sexp(-A), (4.8)
we can rewrite (4.7) in a simpler form
Ve ds*=2dr{du ~ul (rq)dy)
2dgldv+vA (rq)dg), (4.9)

which exhibits the fact that the space being considered
is a special case (with both distinguished null vectors
being gradients) of a double Kerr— Schild metric in the
sense of Ref. 1. [Note that (4. 2) is a single XS metric. ]

We will state here some facts which follow as a
special case from the general theory of DKS metrics.
Let {x*}={uvvg} be independent coordinates. Consider

then the DKS metric defined by
el=dr, E=du+Pdr,
(4.10)
e*=dg, e‘=dv+{dg

with / and ¢ being arbitrary structural functions. Then
we have

T,,=0, F«xz:"pud": Tpo=P,dr, F34:Qqu’
Loy=~ (P =QP)dr+(Q,~PQ,) dq, Tyy=C,da

Using (1.21) one can compute the curvature quantities
induced by (4.10}. The complete list of these gquantities
is given below:

(4.11)

5(5):_2/) , CW=_p = C®= Q 5(1):_2QW
CV = 4P+ Qs B= 2P+, 412
CO_CW=0, €V HP Q) OV =P, =0,

- CWV =@+ NP ~DP )+, ~ PYC, - PD,), (4.13)
Co= = Cro=3(P, - 0,,), Ca=~Py Co=-9,,
Cag=Cpp=Cpp=0
Cou=2(0, - P2,),, Cy=2(P -0P),,
=Cy=(P,=9P),+(Q, -P2),. (4.14)

The general result contained in (4.10) up to (4.14) has
various interesting special subcases, In particular, if
we require that the tetrad (4.10) describe a “weak

heaven,” i.e.,
C'9=0, a=1,...,5, (4.15)

then, in agreement with (4.12), the structural functions
take the form

P=%au?+butc, +fo, {4.16)
O=-3av" - b -c, - fau,

where alqr), . . ., folg¥) are all arbitrary functions of ¢
and » only. Besides (4.15) these / and ¢ imply R=0 and

C® —Cc¥ Cc® = 0 c® =ua, + va, +b, + bzr’ (4. 17)
C™ = in the form from (4.13),

so that the conformal curvature is of the type {3 ~1]
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® [-], while the nontrivial components of C,, are

Cyy=-Cyp=a, -Cy=ua tva,+by,~by+2ffs )
4.18
Cos==-2[1s, - lau+b) 1], Cu= 2[f1q+ (av +b2) f1]- (

Suppose now that we require additionally that Cgy=Cs,
= C,, =0 permitting only for Cy,= - C,,=a=const, to be
#0. If in fact ¢+ 0, then the structural functions amount
to

P=%a? ~uh (q7) + c,(q7), (4.19)

O=—3av®+ vA (g7) - ¢olq7)

where a#0 and A(gr), c {g7), c,lg7) are arbitrary.
The only nontrivial curvature quantities are here given
by
Cy=-Ciy=a,

i c(l) (u e

1m(2) _
2C __Aqr,

h oot —vetd, et - 2auv)A,,

+ @(UCy, + VC ) + Copp = Cgq — DrCyp— ACye  (4.20)
In the limit a —0, ¢, —0~c¢, and the space in ques-
tion coincides with (4.9); the curvature quantities
e =_ A

r?

A A A (4'21)
et 3,e™ — vetd,e™) A,

1C(1)

are considerably more symmetric than the equivalent
set in Eq. (4.6).

If one requires in (4.18) more strongly C,,=0, then
the space becomes a strong heaven. The corresponding
structural functions are now given by

p=- (A +FFG> totpTaet,
. (4.22)

¢= (A "F-¢ GG) co-gog et

where F=F(r), G=G(g), A=A(g7), cy=c4(g?), and
¢2(gr) are arbitrary. The curvature is characterized
here by

ie®=-n (4.23)
and some CV; even when A, — 0, the functions ¢, and c.
allow that the space can reduce to something nontrivial
of the type N® [~]. Observe that aithough the tetrad
(4.10) with P and ¢ from (4.22) produces some “hellish”
connections T} ;, there exists an SL(2,C) gauge in which
these objects do vanish.

Now, as the next simple example we consider the
function

— ‘8 [- 7% £
9_2a(a_l)xy , (4. 24)
so that
exx=§ xeeylee,
2401 J. Math. Phys., Vol. 16, No. 12, December 1975

gxa-ly-a, e =§ y"“'1’ (4.24)

which fulfills (3.10) for all values of constants o and 8.
From (3. 18) it follows that we have

C0 = 9,9 (- 1)e 522 ay-e-sta, (4.25)

y
On the other hand, if K?=0, then the equation for the
P-spinor K4, C, ;o KAKPKCKP =0 amounts to

?5)( 4 )c<a>(K1/1<2)5-a=o (4.26)
ol 1

a—

Substituting here from (4.25) we find that this equa-
tion is equivalent to

3,0, (xK* - yK*) x>y~ =0, (4.27)
or explicitly

(xK* — yK2P{(a + 2) (¢ + 1)(xK*)?
—2(a+ 1)(a - 2)(xK)(yK)} =0.

+{a - 2) (o - 3)yK*?)?
(4.28)

It follows that, irrespective of the value of a, the spinor
K= (y,x) is always (at least) a double P-spinor, and
that the factor with quadratic form in (4.27) has vanish-
ing discriminant if and only if a=-1 or a«=2, There-
fore, if @a= -1, 2 the solution is of the type [2 -2]

®[-] and with a# -1, 2 it is of the type {2 -1 - 1]x[-].

Therefore, we have succeeded in this section of pro-
ducing explicitly examples of heavenly metric of all
possible algebraically degenerate types.

Of course, this work and its results are to be con-
sidered as a technical step forward within the general
goal toward which relativity is striving in recent years,
i.e., to produce general techniques which would lead to
general solutions of the Einstein equations on a real
manifold. The complex solutions and complex geome-
try, although attracting interest at this moment (see,
e.g., Refs. 8—10, ought to be considered only as an
intermediate step.
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An extension of the Goldberg-Sachs theorem for the case of a complex V, is given with a simple proof.
The interpretation of the theorem, however, no longer applies the concept of the geodesic and shearless
congruence of null directions; instead, the existence of a geodesic 2-surface (complex), the tangent vectorial
space to which (i) contains only null vectors, (ii} is parallelly propagated along the surface, is now essential.

1. INTRODUCTION

This paper follows Ref, 1 where the formalism of
the null tetrad (essentially in the same version as that
used in Ref, 2), together with its equivalent spinorial
form, was adopted for the purposes of complex
Riemannian geometry in four dimensions. Thus, we
follow here the notation and terminology of Ref. 1. In
particular, with ¢ =SL(2,€)xSL(2, €) being the tetradial
gauge group, the objects which are scalars with respect
to the second factor in § (i.e., can possess undotted
spinorial indices only) will be occasionally called
“heavenly”; while, correspondingly, the objects which
are scalars with respect to the first factor in g (i. e.,
can be endowed with dotted spinorial indices only) will
be called “hellish.”

The fundamental “undotted” objects are $4® (the base
of self-dual 2-forms), I',, (the connection 1-forms
Ty, Ty + Ty, Ty), and C,puop (the spinorial image of
the conformal curvature—in the notation of Ref. 2 these
are equivalent to the C'®, g¢=1,...,5), The correspond-
ing “dotted” objects are: S (the base of anti-self-dual
2-forms), 'z (the connection 1-forms Ty, — Iy + Ty,
Iy), and C33¢5 (in the notation of Ref. 2 these are
equivalent to the C'?, a=1,...,5). In distinction to the
case of a real V, of signature (+++ =), in a general
complex V, the fundamental “dotted” objects are not
complex conjugates of the corresponding “undotted” ob-
jects and, thus, possess an “independent existence” and
transformation properties. In particular, it follows—as
was noticed in Ref. 1, —that the generalized Petrov—
Penrose algebraic classification of the conformal curva-
ture of a complex V, is just the cartesian product of two
Penrose diagrams® which correspond to the spinorial
structures of the independent objects C  z.p and C 345,

Now, it is well known in the theory of real V,’s of the
signature (+ + + - ) that there exists an interesting re-
lationship between the algebraic degeneration of the con-
formal curvature and the existence of a geodesic and
shearless congruence of (real) null directions. This
relationship, known under the name of the Goldberg—
Sachs theorem, * was found to play an instrumental role
in most of the successful developments in the theory of
exact solutions recorded in the last decade.

The objective of the present article is to extend the

2403  Journal of Mathematical Physics, Vol. 16, No. 12, December 1975

Goldberg—Sachs theorem on the level of complex V,’s
with their specific typology of algebraical structures. It
turns out that, quite similarly to the case of a real V,,
when working with a complex V;, by applying the Cartan
structure formulas and Bianchi identities, we can
demonstrate the existence of a complex extension of the
Goldberg—Sachs theorem. From the point of view of the
interpretation, we must, however, here deviate signifi-
cantly from the intuitions formed from the case of a
real V,: The role of the one-dimensional extremal null
variety—a null and shearless geodesic—is taken, in
the complex case, by the two-dimensional counterpart
of the null geodesic.

2. THE COMPLEX VERSION OF GS THEOREM

Consider a complex V, given in terms of a null

tetrad e®:
V, :ds? =2ele? + 2e%etc AI® AL, (2.1)

Then, with connections I',,=I'; ;€ A? defined by
de®=e” AT, the Cartan structure equations separate
into the “undotted” and “dotted” sets of equations. The
“undotted” set is given by

Ar=d Ty +Tyu A (T, +Ty)
=1C) ot Ag? + 109 (eI A e? + 23 Aot
+[4C9 — R/12]e3 A et - 1C, et At
- Cyl~eltNet +ebAet) - 3Cyp A e
B1=d(Ty+Ty) + 20y AT,
=CW et A+ [CD + R/12] (1A e + 3N ot)
+CP B3N e~ CpyetNet = Cpp(- et Aet +eSNed)

+Cyy 3N g?

(2. 2a)

(2. 2p)
C:=d Ty + Ty, + Ty) ATy
=[3C® —R/12]e* A et +1CP (! Ae? +e3 Aet)
+C'V 3N el ~ 1Cy et Aet + 4Cy (- e? A et + 3N e)
- 1Cse’N e,
(2. 2¢)
These relations involve only “undotted” I'’s and
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C'®’g, (Notations used here follows conventions of
Ref. 1; e.g., C, are the null tetrad components of the
Ricci tensor with extracted trace, R is the scalar
curvature.) The “dotted” set of structure equations
arises formally from (2. 2) by the following interchange
of indices:

1—+2
2—1
33
4—~4

and C'® -C'®, (2.3)

{0f course, with real V, of signature (+++~), where
e?=(e!)*, the operation in Eq. (2.3) is just the complex
conjugation; in a complex V,, in general, C'@#[C'@]* }
We can also notice that Eqs. (2.2) are formally invari-
ant with respect to the interchanges:

1—2 CY¥) — 4 C»
21 CW —_
3—4 and C®~+C®, (2.4)
4—3 CO —_ W
CY 4 C®
Lemma A®: Suppose now that
Cy=Cyy=Cp=0, Typ=Tp=0. (2.5)

Then, by reading off the e*/Ae? component of (2. 2a),

one first infers that
c% —o. (2.6)

Now, by applying the operator d on Egs. (2.2) we ob-
tain the Bianchi identities, which [assuming Eq. (2.5)],
as far as C'¥) is concerned, state that

[= 24+ (Typq + Tyqq) + 414341 €9 =0,
[ 8+ (Typy + Tgg) — 4Ty] €4 =0,

This we can now use in the general commutator
(849, — 840,) F= (T, — T'§,) 3, F, (2.8)

specialized for F=1n[C'?’], obtaining the integrability
condition of the two equations (2.7a,b):

04(T130 + Tggg — 4T sp3) = 35 (T + Tagq +4T54)
~ (Tyop + Tygp — 4T453) (Typq + Tyy5)
— (Typs + Tygq + 4T 131) (Tgpy — Tygp) = 0. 2.9

On the other hand, we can directly read off from Eq.
(2.2) that

$C0 = — 8,Tp + Typ3(T g2 = Tpag) + Ty Taa
3CW = — 9, Typ5+ Typq(Typ3 — Tspa) + Tyog Tz
C = — 8, (Fypy + Tyyp) — 3(Typq + Tygy) +
= (Tyg9 + ) (T4 + Tg0)
= (Typq + T340) (T4 ~ T'3s5)-

Multiplying the first two of these relations by four,
and adding to the last we obtain

5C'4 =left-hand member of (2.9)]=0,

(2.7a)
(2. 7o)

(2.10)

(2.11)

which contradicts our silent assumption that C'’#0,
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which was made when specializing (2. 8) for F=1n[C'¥].
Therefore,
c¥ =0, (2.12)
Thus, we have demonstrated the implication
(Cly=Cyp=Cp=0) and (Tyy=0=Ty,)~[C*®=0=C"],
which is the content of our Lemma A.
Lemma B°: Suppose now that
Cp=0 and C¥=0=CW, (2.14)

Then, from the special Bianchi identities, R=const
=~ 4X; i. e., although we assume that the Ricei tensor
with extracted trace is vanishing, the cosmological
constant may be present. With (2. 14) assumed, we can
work out from (2. 2) that, as the consequence of the
Bianchi identities,

{a;) - 3r,,,CY =0,
(ay) [9y +2(T gy + Typp) + T gy CY
+[0g+ (Typq + Tggg) — 4051, ] €P — 8T345C® = 0;
(o)) - 3TpCH =0,
(0,) [ 84+ 2(T' e + Tayy) + Ty} C
+ [0y + (Typq + Tagq) + 405, 1CP - 31'54,C*D = 0;
(cg) [-09,+3T]Cc® -2r,c? =0,
(Cg) — DygeC + [ 9y — (Typy + Tygp) = 2T p5] €2
+ [— 83 + 3]."312] C(s) = 0,
(d) [-9,-38T,;lC'® -2r,,c? =0,
(dy) TyouCV +[9, + (Typy + Tyyq) - 2T 4] CP
+[9y - 3Ty, CP =0, (2.15)

This established, we immediately infer that if only
one of the three quantities C*®, C‘¥, and C'? is differ-
ent from zero, then necessarily

Ty =0=Ty;. (2.16)

If, along with C, =0, we also have C'“ =0 and A=0,
then, in the terminology of Ref. 1, V, represents a
“strong hell” where, by using the freedom of SL(2, €)
gauge, we can so select the tetrad that I j; =0 and, in
particular, I';; =0, so that, consequently, (2.16) ap-
plies a forteriovi.

Therefore, we can now state our Lemma B in the
form of an implication:

(C,,=0) and (C®=0= C'P) = (T3 =0=Tyy),

understanding, in the subcase C'® =0 and A=0, the
arrow as the possibility of such a choice for the null
tetrad that the thesis applies.®

@2.17)

Taking now the intersection of our Lemmas A and B,
we derive the Goldberg—Sachs theorem as extended on
the complex Riemannian space:

Theovem: The existence of a choice for the null tetrad
such that I'yy, = 0="T)y, is the necessary and sufficient
condition for the complex V,, which fulfills the (com-
plex) Einstein empty space equations G, =0, to have the
“undotted” spinorial image of the conformal curvature
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tensor algebraically degenerate, with C'¥ =0=C'¥,
and with e? defining some (at least) double Debever—
Penrose null direction.’

Now, an important comment must be made: Our com-
plex extension of the Goldberg—Sachs theorem involves
Ricci rotation coefficients I'y,, and I'yy,, but does not
concern I'yy, and I'yy, which remain in general
independent.

In the case when we take a real cross section of the
V, under study of the signature (+ ++—), by postulat-
ing additionally (e?)*=e!, we have then (I'yy,=0=T",)
— (444 =0=Ty,,) and, as is well known, conditions
T'yps =0=0yy, have the interpretation of securing that
the discussed geodesic congruence has vanishing shear,
Thus, in that case, the theorem from the present arti-
cle reduces to the standard version of the GS theorem
for the real geometry: The existence of a geodesic
and shearfree congruence of null directions is the nec-
essary and sufficient condition for the conformal cur-
vature of V, to be degenerate, when G,, =g, is
assumed.

But geodesic directions in the sense of Ref. 1 are
“terestrial” objects: if £,v, =Xy, is maintained as the
definition of a geodesic vector in the complex geometry,
then, with null e®=v, dx* selected as one of the mem-
bers of the null tetrad, the conditions that this direc-
tion is a geodesic, I'y,;=0=T}y,, involve both the
“heavenly” and “hellish” connections, On the other
hand, it is obvious that our complex GS theorem (with
the assumption of C, =0} involves only the “undotted”
quantities

[C(S)=0=C(4)]”'[r422:0:r424]; (2.18)

and has a purely “dotted” version obtained by the ap-
plication of the transformation (2. 3):

[C=0=C®]—[Iy;=0=T ] (2.19)

Still two other variants can be obtained by applying
the permutation of indices as in (2.4), and with C,,=0
all the time assumed:

[C“’:0:C‘2’]--~[1"3“=0=1"313], (2' 20)

and

[CV=0=C? ]+ [y, =0=Ty;l. (2.21)

The same remark applies with respect to our Lemmas
A and B: They clearly possess two “undotted” and two
“dotted” versions.

These comments suggest that, while looking for the
geometric interpretation of the conditions Iy, =0=T,,
(with I'yy, and Ty, left as independent quantities!), it
is advisable to consider geometric objects which, from
the point of view of the tetradial gauge group, are
“heavenly.” A natural candidate of this type is the 2-
form of the area element of a 2-surface, endowed with
the self-duality property. This is the basic idea which
has lead to the considerations of the subsequent section.

3. NULL GEODESIC SURFACES
A 2-form which represents an element of area of a
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2-surface must be necessarily simple: Thus, the two
likely candidates for the “heavenly” self-dual area ele-
ments of 2-surfaces are

SR =2¢3Ael, Stl=2¢4AcCl. (3.1)

Now, quite generally, if in a V, there is a simple
p-form (n>p),

A 20=0,A*NO,#0 (3.2)

(the forms ©; are defined for all points of V,), then w
can be interpreted as the area element of a p-surface,
V, if, with ©;=6, dx* and in the local coordinates
{x*}, the equations

ax"

X
are integrable for x* =x* (v1°°+1?), [The pXp matrix
(C!) with det(C!) =1 is here arbitrary. ] Now, if we de-
fine the tangent vectorial space T C Al by the condition
veT—vAw=0, it is well known that the integrability
conditions of (3. 3) amount to the statement that the set
of forms ©; is closed under the Lie bracket, i.e., that
(see, e.g., Ref. 8)

t6,0;-te 0.

Thus, the form $? is an integrable element of sur-
face if

=C} 6 (x) (3.3)

(3.4)

eivesuw__e?welu;v:aei“ +B€3u- (3. 5)
Since I'%, :=-e%,., ¢, e.”, one easily finds that this
condition is fulfilled if and only if

Ty2a=0=T,, (3.6)

i.e., the conditions that $% is an integrable element
of surface coincide precisely with the conditions which
appear in the thesis of our GS theorem, extended on
the case of the complex V,.

(It can be observed that S =2¢4Ae? represents an
integrable surface element if

T315=0=Tj3;; (3.7

similarly, the “hellish” objects ¥ = 2¢%A ¢? and

S =2¢* Al are integrable 2-surface elements if, in
the first case,

[y =0="Tyyy, (3.8)
and, in the second case,
T35=0=Tygp.) (3.9

Let now u, v T, where A>T u~—~uAe’Nel =0,
and consider the vector £, v; the condition that this

vectorisin 7T, i.e.,
u,ve T —~£,ve”, (3.10)

stated explictly, amounts to the following: for every
a, B, v, and 9,

(ae!, + Bed ) (yel, + 6eb,),,dx* N\ e* Ne' =0, (3.11)
or, equivalently,
(a 6],-‘422 + ﬁ5F424) e‘/\ez/\ ea
+{ayTy, +BrT ) et N3N et =0. (3.12)
J.F. Plebanski and S. Hacyan 2405



This, of course, again holds if (3. 6) is fulfilled.

Summing up, we find that the conditions I'y,,=0=T\,
are necessary and sufficient for the two null congru-
ences ¢® and e! to be interpreted as spanning the tangent
space T to a family of (integrable) 2-surfaces, in such
2 manner that T is parallelly propagated along all these

surfaces. Of course, each vector < Y is null, (u,u)}=0.

Comparing this with the situation to which we are ac-
customed when working with null geodesics, we imme-
diately see that a perfect analogy applies: In both cases,
the two-and, respectively, one-dimensional varieties
possess null tangent spaces which are parallelly propa-
gated along the variety. Therefore, the 2-surfaces with
the element of area ¢®/\ ¢!, whose existence is assured
if Tyy, =0=T,,, generalize the concept of null geodesic
on the level of the two-dimensional varieties, We will
call them null geodesic surfaces.

It should be observed, however, that one-dimensional
geodesics exhibit the additional property of being an
extremal variety. Thus, it remains to examine whether
the corresponding generalization also applies in the
two-dimensional case, Now, the idea of a two-dimen-
sional variety which generalizes the one-dimensional
extremal (geodesic) is well known in differential geom-
etry and amounts to an abstract treatment of the 2-
surface, bounded by a given curve, which has minimal
area, i, e., of the two-dimensional membrane, Ex-
tremal surfaces were already studied by Bompiani® as
early as 1919; Rayski!® proposed to apply three-dimen-
sional spacelike surfaces of extremal volume as a pos-
sibly useful tool in general relativity.

For our purposes it is useful to outline briefly the
general concept of the extremal p-dimensional variety
V, in a Riemannian space V, (x> p; in general V, can
be complex). Following Ref. 9, let, in the local co-
ordinates {*} (L=1,...,%), the subspace V, be given
as parametrized by 7= (7,..., ™):

V,:x" =x" (1), (3.13)
Then the induced metric on V, is
ax* ox”
a”::gw-é;.— ﬁ’ azzdet(a,-j)., (3» 14)

If now V, is a given closed subspace bounding a
region R, C V,, then the “volume” of R, is

V=[5, AV, dV:=Yadrt:--dr. (3.15)

Of course, V as a functional of x* (7f) is independent
of the choice of parametrization.

If the induced metric is nonsingular, a#0, and (%)
exists, then the Euler—Lagrange equations which follow
from 8V =0 amount tol!

DYt

ij“T-_ = 3
aTiaTs o7’

{(3.16)

where the arbitrary b%’s are related to the ambiguity
of choice for the parametrization; by selecting a pre-
ferred (affine) parameterization one can make bt =0.
{Of course, the covariant derivative is used here in the
sense of V, and it employs {2} as connections., )

On the other hand, if the tangent space T to V,
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which is spanned by the vectors ax*/a7¢ is parallelly
propagated along V,, i.e., if there exist such C} that

D2yt axt
a7 = ?j S7E (3.17)

then Eqs. (3.16) are fulfilled a forteriori (with some
specific b?’s) so that V,, endowed with the property
(3.17), atuomatically has extremal volume,

Although the geodesic null surfaces generated by
e3N el (when T'y,, =0=T,,, is assumed) possess a
tangent space which is parallelly propagated along
these surfaces, we cannot directly apply the construc-
tion outlined above claiming that the geodesic null
surfaces are extremal, This is so because in the pres-
ent case a;;=0—~a=0 (¢! and ¢® are null and ortho-
gonal) so that V=0, while (¢*) does not exist and the
Euler—Lagrange equations in the form (3. 16) lose
sense. [It can be observed that essentially the same
difficulty is already encountered in the case of the
standard one-dimensional geodesic: The action
g, dx* dx*)1/2=0 cannot be directly used in order
to deduce the equations of null geodesic.]

However, quite generally, if in (3.14) ¢;;=0, and V
from (3.15) cannot be used as the action functional, we
can conveniently use as the action

ox* ox¥

1 ‘s
A::E‘/‘A”guu?ﬁ-—-a—ﬁdTi/\"'/\dTp, (3.18)

with A% =)'% being Lagrange multipliers. This action
yields as the equations of the null extremal variety V,:

oxt 9x¥
Buv 3T 21 :0’ (3a 193.)
;. DM ;O
A W =b* a—Ti—’ (3., lgb)

where bi=- 3A% /377 can be affected by the choice of the
parametrization, If p=1, Eqs. (3.19) with A11#0 de-
scribe the null geodesic. For p=2, in complex V,, by
differentiating covariantly Egs. (3.19), one easily infers
that all derivatives D?x*/31°97’ are orthogonal to all
vectors from the null space spanned by 3x*/ 27! and

ax* /872, and, therefore, are vectors belonging to this
null space. Thus, there exist C¥, such that (3.17) ap-
plies and, consequently, (3. 19b) reduce to the equations
AHCE +3AF /37 =0 for the uninteresting Lagrange
multipliers.

1t follows that the action (3. 19) yields the geodesic
null surface as an extremal variety. The last argu-
ment was included in order to exemplify the fact that
geodesic null surfaces are extremal varieties, deriva-
ble from an action principle: Of course, similarly to
the case of one-dimensional null geodesics, there exist
many different variational principles which lead to the
same geodesic null surfaces.

4. CONCLUSIONS

The union of results of Sec. 3 and 4 permits us to
give the following formulation of the Goldberg—Sachs
theorem as extended to the case of the complex V:

Theovem: The undotted or dotted components of the
spinorial image of the conformal curvature in empty
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complex V, (i.e., G, =0) is algebraically degenerate

if and only if there exists a (complex) congruence of
geodesic null surfaces with parallelly propagated tangent
space which contains the degenerate (generalized) DP
vector,

The result stated above exhibits the important role of
the (extremal) two-dimensional null varieties in the
geometry of complex V,. Therefore, one can say that,
in a sense, “analytic continuation” of general relativity
leads to the concept of the (complex) null “string” = null
geodesic surface; this concept appears in a natural
fashion in the “complex anatomy” of the GS theorem.
Whether the complex null strings may be useful for
more mundane purposes—in particular, whether they
can serve as mathematical models of some physical
objects—remains an open question,
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The class of U(3) Racah functions which are identically zero are determined trom the canonical splitting of
the multiplicity. These results imply the form of a special class of (projective) tensor operators. The
function G, associated with the “stretched” (maximal null space) Wigner operator is generalized and
shown to be applicable in determining the denominator for the minimal null space operator.

1. INTRODUCTION AND SUMMARY

The construction of the set of all canonical tensor
operators in the unitary group U(3) is a formidable
task which has been the subject of intensive effort over
the past few years.!~® The existence of this set of ten-
sor operators has been proven quite early, ® but the
actual construction—as opposed to the “in principle”
constructability used in the existence proof—is by no
means straightforward.

A major part of the explicit construction is the
effort to achieve some kind of intuitive understanding
of the properties possessed by the actual answers; for
this purpose—which we feel to be the real essence of
the problem—a formal answer expressed, say, as an
unstructured multiple sum over complicated compo-
nents is effectively no answer at all. In pursuing this
objective we have been led to discuss first the unit
tensor (“Wigner”) operators’ which were shown to be
composed from simpler components: the U(3): U(2)
projective operators {also known as “isoscalar” factors
in physical applications of unitary symmetry {Gell-
Mann’s SU(3) structurel}.

For the SU(3) projective operators, whose tensor
operator irrep labels are (p00) and (gq0), completely
explicit results have been known for some time?; these
operators® are the “building blocks” of the general
SU(3) operator {pg0), but (as indicated above) the actual
formulas expressing this fact are too complicated to
admit of anything but the most superficial interpreta-
tion (or use).

The definitive characteristic which permits the com-
plete construction of the (p00) and {gg0) operators is
that their operator patterns [the operator-label-space
“Gel’fand-like” patterns—denoted by I' =(T;;)—which
express the canonical labelling] are (necessarily) mul-
tiplicity-free. Expressed differently, in a more sugges-
tive way, the elementary operators have stretched
operator patterns, i.e., patterns ot the form

(~:-")and/or ("-:17),

where the dots denote the labels T';; and the lines de-
note “tied” (numerically equal) labels.

2408  Journal of Mathematical Physics, Vol. 16, No. 12, December 1975

It has proved possible to extend to projective opera-
tors, having general irrep labels [ pg0], but specialized
to stretched operator patterns I, this explicit construc-
tion. This result (cf. Ref. 4, Iand II) takes the form

Ty
p g 0
b 0
b
[a; 4y Ag) (a
:(_I)P-AIFR [p q 0] D 1 AZ A3] .(1'1)
[[7 0] ([/7 q 0])

In this result Fj is a restricted arrow-pattern function
whose value is read off directly from the pattern cal-
culus rules, “* and the denominator function has the
following form:

[A1 Ay AS]
D([? q o]>([m])

= ArlaglAg 3 X
i [(p +@)10'(m]+[a)) i<I;[=1 (a;+4;+1)!

; 1/2 /2
x (ATTZﬁH] ((’pﬁ?zéﬁ;ﬁ) ’ (1.2a)
where
X5 =Pis— Py (1. 2b)
and
G (4; %) = G, (A1 8y Ag; X1x9%5), (1. 2¢)
x;=x; (,j,kcyclic in1,2,3). (1. 2d)

This appears to be a very complicated result, but the
structure can be easily understood. The first factor,
Fg, is the square root of a product of linear factors;
this structure is completely known (and easily written
out) from the pattern calculus rules.® The second fac-
tor, D(---), is the denominator function which plays
a basic structural role in the canonical splitting of the
multiplicity: the set of ivvep labels {{m]} on which the
denominator function vanishes uniguely chavactevizes
the stretched opevator pattevn T, and conversely,

Expressed differently, one denotes the representa-
tion spaces determined by the set of irreps{{m]} on
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which D vanishes as the null space of the operator
(,rfo). The essential result then becomes: The null
spclgce determined by Eq. (1.2) uniquely characterizes
<p q80>-

{Let us note, for completeness, that a special U(2)
operator pattern, namely (’,0), appears in Eq. (1.1); in
the general case [i.e., an arbitrary U(2) operator pat-
tern on the left-hand side of Eq. (1.1)] the function Fp
would be multiplied by a polynomial [which for ¢,°) re-
duces to 1], It follows that the denominator function—
which alone can introduce singularities into the general
projective operator—is indeed characteristic of the set
of projective operators, and therefore of the unit tensor
operator (, 1;30) itself. }

What is the null space determined by Eq. (1.2)? There
are two pieces to this null space, which account for the
form in which Eq. (1. 2a) is written:

(a) There is a set of null space lines determined by
the linear factors in the product over i <j. (See note
added in proof.)

(b) There is a triangular set of null space points de-
termined by the zeroes of the polynomial G,. (Note that
these zeroes of G, occur at intersections of null space
lines so that the net result is a first order null space
zero. Note also that when the arguments of the G, func-
tion are in a “constricted position”—see Fig, 1 and
Eq. (2.15) below~—this triangle of zeroes can develop
one or more null space lines. )

This summarizes the current status of the tensor
operator construction in U(3); we are now in a position
to sketch the results to be presented in the present
paper. We will generalize the projective operator in
Eq. (1.1) to comprise that class of projective opera-
tors for which the form of Eq. (1.1) remains valid,
that is, a product of a (known) pattern calculus function
and an (unknown) denominator function [a function of
U(3) and U(2) invariant operators], to be determined.
This is the class of “least complicated” projective
operators and 2 major result of the paper will be to
give explicitly one such projective operator for every
operator pattern T.

We will determine, in other words, the explicit de-
nominator function for all tensor operators in SU(3).
Accordingly, we will be able to verify, in complete de-
tail, the null space properties of the general U(3) ten-
sor operator and illustrate how this structure accords
fully with the intertwining number-null space construc-
tion discussed in Ref. 4, Paper II.

This is a rather sizeable task, which, as will be
seen, has introduced its own insights and subtleties
that deserve discussion. One may better understand
these new structures if one proceeds through simpler
examples. Accordingly, we will present the work in
two parts, of which the first part (the present paper)
will confine itself to developing the form of a class of
least complicated projective operators, showing how
the denominator functions enter. We will also present in
this part the denominator function for the Wigner opera-
tor having the minimal null space [the maximal null
space denominator function is given by Eqs. (1.2)].
These minimal null space operators include the SU(3)
generators,
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The method whereby these minimal null space opera-
tors are determined is quite special, and depends upon
a corresponding special property of the U(3) Racah func-
tions. Section 3 is concerned with this development,
which is found to depend on determining which Racah
functions vanish identically (a topic of interest in its
own right).

Section 4 applies the Racah function results of Sec. 3
to the construction of a class of least complicated
operators.

It is the surprising result of Sec. 5 that the denomina-
tor function for the minimal null space operators is
actually the same function G, determined for I'; =T, [the
stretched pattern, but for different parameters (argu-
ments)]. Thus, for simplicity, the next section, Sec. 2,
is devoted to this extension of the parameter domain of
the G, function. This extension will in turn lead to a
neat reformulation of some of the pattern calculus rules;
these results—albeit purely mnemonic—have an appeal
of their own which we hope the reader will share.

2. EXTENSION OF THE DENOMINATOR FUNCTION G,
A. Resume of properties of G,

The properties of the denominator function G, were
developed (Ref. 4, I, II) in considerable detail, not so
much for intrinsic interest, but as a means toward
proving the validity of the useful polynomial form [Eq.
(2. 2) below]. First let us write the function G, in the
form

& Eatxy E3—=x
£ E3txy E-x3 ),
£y E1+x3 Lr—x3

Gl 2)=(- 1)1 2 (§1+52+£3-k1—k2_k3>
w7 [} ky

G (&%) =G, (2.1)

Xfory(E1y B+ 21, Es‘x1)fq.n2(§2, £3+ g, £f = %p)
qu,ka(g:&’ Ei +X3, gZ—xB), (2- 2)

where the sum is over all nonnegative integers k,, %,,
k3, k, which add to g, B +k,+ky+%,=¢, and

Sur@yz)=(g-¥)r! (qi 7)(31)(’;)

In the defining equations above for G,, we have in-
troduced &; = A;, since the definition does not require
that the £; be integral. It is essential, however, that
the x; variables [see Eq. (1.2b)] obey the constraint

(2.3)

.Mu

x; =0. @2.4)

i=1

Let us now list some of the properties of G,(¢,x):

{a) G (¢;x) is a polynomial of degree 2¢ in the varia-
bles x;.

{(b) G,(&;x) is unchanged by a transposition or any
permutation of the rows or columns of the 33 array
of parameters in Eq. (2. 1).

(c) G,(&;x) has trigonal symmetry in the barycentric
(Mbbius) plane {xi}. There is a center of symmetry at
the point:
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xy=(E~ &;)/2, (@jk) cyclic.

(d) G.(£;x) has zeroes at the lattice points of an
equilateral triangle of side ¢ whose vertex and cor-
responding two sides are on the lines x,=§;, x3=§,. The
symmetry in (c) shows that there are six such triangles
of zeroes.

B. The necessity of extending the definition

We presented in Ref. 4II an example of the remarka-
ble symmetry properties of the G, function. This ex-
ample concerned the zeroes of the function
G3(352; xyxyx3) and, as we will see, supplies the motiva-
tion for generalizing the definition of G,.

Consider Fig. 1 (reproduced from Ref, 4II). The
remarkable property shown by this figure is that if we
remove the two lines of zeroes (shown as — - — lines)
we obtain a new figure (of six equilateral triangles)
obeying the symmetry [item (c) above] charactevistic of
the G, function itself. Since the degree of G;(352;x) is
six, and we remove two linear factors, the resulting
degree 2 =6 — 2=4 checks with the size of the new
triangles (side =2=¢). But the result [G,(352;x)/(two
linear factors)] does not fit the definition, Eq. (2.2),
for a function G, of the type G,(A]AjAS; x) in which the
x;=PDj3~ Dps variables are unaltered. In studying the
polynomial which remains after removing the linear
terms from G, (4;x), we have been led to introduce
what appears, at first glance, to be a more general
polynomial. We will show subsequently [cf. Eq. (2.13d)]
that this new polynomial is, in fact, of the form

X2

O. ,
\.O\/Ilne of zeroes

D“\
° /o’ X

center of
Q. symmetry

X3

FIG. 1. Zeroes of the polynomial G;(352; x;x% ;). This polyno-
mial vanishes at each of the six points (three large open cir-
cles and three large solid circles) of each of the six equilateral
triangles symmetrically placed about the center of symmetry
at the point (~3/2, 1/2, 1). The linear factors of the polyno-
mial are (¥ +3){x; —5). Hence, the polynomial also vanishes
on the lines x3=—3 and x3=5 {the dash—dot lines). Removing
these linear factors from the polynomial leaves a new polyno-
mial which still vanishes at each of three points the large
solid circles) of each of six equilateral triangles which are
still symmetrically placed about the center of symmetry.
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G.{£';x%) in which we simultaneously shift the £; and the
x;. The form we present below (with unshifted x,) has,
however, an interesting interpretation in terms of the
pattern calculus rules (which we will discuss); this in-
terpretation will, in fact, make the form given below
the more usetul of the two possible forms.

We now define:

E11 Epp+xy E5—-x,
G(E;x) =Gy Eay Epg+%y Eg3—2y |, (2.5)
£y Eso+xg £33~ x3
G (E;%) = (- 1)%! %1: (Z - k1l;k2 - ks)
Xfary (11 E12 + %1, E13 = %)
X faky(E215 S22 + %2, Eag = %)
Xfory (8315 E32+ %3, £33~ X3), (2.8)

where the sum is over all nonnegative integers
ky, Ry, k3, ky which add to g, &y +ky+k;+k,=¢, and, as
before,

furyz)=(@=7)17! (qi )(i)(i)

Let us call the new, more general, 3 X3 array in-
troduced in Eq. (2.5) the “Z-array”:

2.7

§11 &2 813

2=l En L &3 ), (2. 8a)
E31 &3 &as

2=20 81y =00 by fO7 every (j,m). (2. 8b)

The essential characteristic of the =-arvay is that it
is @ magic squave, The constraint, Eq. (2.4), is also
imposed in the new definition of G,.

It is easily seen that the previous definition accords
fully with the new definition, as a special case.

Let us now establish several general properties of the
polynomials defined by Egs. (2.5)—(2. 8), for a general
=-array which satisfies the magic square constraint.

The first general property follows directly from the
same considerations used in Ref. 4II, namely that:
The polynomial G,(=;x) for a geneval Z-array is in-
variant undey transposition and undev all permutations
of vows, and of columns, of the Z~arvay matrix,

In order to establish next the triangles of zeroes that
characterize the G, function, we make use of the identi-
ty, Eq. (2.3a) of Ref. 4II. (This identity is the Saal-
schiitz identity tailored to the present discussion, ) This
step reduces Eq. (2.6) to the form (we choose to carry
out the summation over %,, i.e., we combine the
binomial factor with f,, ., and sum out ky):

Go(E;%) = (- 1)q! kl‘kZE*k3=q Fary (11, Erp + %1, §13 = %)

qu,k2(§21,2 — byt Xgthy—q, 2 = by =%, TR, -q)
qu.k3(§31, £39 +X3, 33— x3). (2.9)

(Note that k, has been restored in the summation and the
magic square condition has been used.)

From this expression now consider the following fac-
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tors which appear under the summation:

(ﬁw - x1)(§33 - x3)<523 —Z=Xy+gq - 1)
B ks ky '

[Note that the last term comes from using (7)=(~1)°
x (**2-1), ] Now suppose that &;3 - x; and £33 — x5 are non-
negative integers satisfying

(2.10)

(E13—xy) + (€33~ x3) <g - 1. (2.11)

Then also £3—- 2z ~x9+¢ —1 is a nonnegative integer.
Thus, under the condition (2. 11}, we see that in Eq.
(2. 10) the sum of nonnegative integers in the binomial
coefficients is

(E3=x) + (Eg3— %)+ (§g3 =2 =23 +g~1) =g -1,

and, since &y +ky+k=¢g, at least one of the factors in
(2. 10) is always zero whenever (2. 11) holds. We have
thus proved: The polynomial G (= ;x) has value zevo
whenevey £z~ xq and £33 — x4 ave nonnegative integers
satisfying

(Eg3—2p) +(Eg3—x3) S g -1,

This result establishes that there exists a triangular
lattice of zeroes, g zeroes on each side of the triangle,
with one vertex of the triangle placed at (x;x3)
= (&3, £33). Using the symmetries established for the
E-array, this result extends to define six equilateral
triangles of zeroes.

The six triangles on which G,(=;x) vanishes are
depicted in Fig, 2. The diagram is drawn under the
assumption that the &;; are all nonnegative. The §;;
situated near the dots designate distances from the
origin.

FIG. 2. Zeroes of the polynomial G,(Z;x). Regions 1, 2, and 3
are defined, respectively, by the conditions (55 —x3) + (555 — %)
Sq-1, (Eg-x)+(E3—2) S g—1, and (gg3 ~2) + (£15—x,)

< g-~1. Regions 1/, 2/, and 3’ are, respectively, the reflec~
tions 1, 2, and 3 through the center of symmetry located at
[(&13 — £49)/2, (£33 —£93)/2, (£33 —£55/2] and are defined by the
condtions (£33 +xy) + (g + 1) S g=1, g +x) + Epp+x5)Sg-1,
and (kg +25) + (513 + %) S ¢—1. The lattice points within and on
the boundaries of these six triangles are zeroes of G,(E;x).
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Let us now replace the Z-array by - = +¢ -1, where
= is still defined generally and the notation ~ = +g -1
symbolizes - §;, +q = 1. This leaves us still with a
magic square, Next consider G{(-Z +¢q -1; -x).
Observe that triangle 2 in Fig. 2 now becomes the tri-
angle of points defined by the conditions

(Ey3=x1) + (Eg3—x3) 2 g -1, (2.12)

The triangle of points defined by these conditions is
precisely the reflection of triangle 2 of Fig. 2 through
the base liné nearest the origin., Observe that this
same phenomenon happens with respect to each of the
six triangles! The operations = ~-=+g-1, x—~-x
caryy the points of the six triangles depicted in Fig, 2
into the points of the six tviangles obtained by votating
each of the original triangles about its base line nearest
the ovigin. (A remarkable feat!)

This “geometric” result will be of considerable im-
portance in the construction of the minimal null space
denominator function in Sec. 5.

The polynomial G, (Z;x) appears to be more general
than G,{(§;x). However, upon putting

§11 Era+xy Ey3—xy §1 Ey+x] Ey—xf

£y Eaa+xy Eaz—xy |=| & E3+xf £ -xg (2.13a)
£31 E3+x3 &33— X3 By Ey+xi Ey=x3
so that
=8, (2. 13b)

we see that the magic square conditions (2. 8) are just
sufficient to determine uniquely the shifted x{ variables
[still satistying 3 x}=0]:

xX1=xy + E19 = Eay,

x5 =%q + Egg — £y, (2.13¢)
x5 =2y + E39— £y

Thus we have proved
Go(Z;x) = G,(E;x"). (2. 134d)

Note that we could also now derive the symmetries
and zeroes of G (=;x) given by Fig. 2, directly from the
symmetries and zeroes of G (¢;x’) proved in Ref. 4II
Indeed, we can now write out recursion relations, etc.,
directly for the G,(=;x). More important is the follow-
ing result (cf. Proposition 3 of Ref. 4I): The set of
zevos of the six triangles depicted in Fig. 2 uniquely
determine G,(Z;x) up to a multiplicative factor which
depends at most on the &; =&,

C. A reduction formula

We began the discussion of Sec. 2B above by noting—
from our motivating example of G4(352; x)—the necessi-
ty of generalizing the Z-array in the original definition
of the G, function. Let us now complete the discussion
of our motivating example by giving the general form of
the relationship between the G,(A;x) and the new
G, (E;x) function.

For this purpose, we introduce the “step functions”
A; defined in the following manner:
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x,:{q‘ Ay for a;<q (2.14)

0 for A;>q.

The introduction of this new notation might appear
rather trivial, while, in fact, it will enable us to unify
many results which otherwise would be presented as
different formulas or cases. It is worth noting specific
instances in which this unification occurs: (1) the reduc-
tion formula, Eq. (2. 15), below; (2) the multiplicity
formula, Eq. (2.17); (3) the intertwining number-null
space diagram, Fig. 3 below; (4) a generalization of
the pattern calculus rules [c¢f. Sec. 2D]; (5) the general
identification of operator patterns, Eq. (4.4a); and (6)
the limit formula given in Appendix A,

Returning now to the discussion of the reduction
formula, we prove directly the following relation!’

A1 Az +X4 A3—
Gq Az AB +X9 A1 - X9
Az Aj+xg By -
5 x-[Ai]hjuk[Aj+xi]M[Ak-xi]hi

= g+, n _1
[‘1]11 Ay 1=1( i [g- . Ak])\i

A1+)\1—>\2—A3 Az—)\1+x1 A3—>\1—
XGoaagmrgmg | B2+l = X3 =X A3-Xo+xy Aj- X -1z ),
A3+A3—)\1—R2 A1—A3+X3 Az-)\a—x3
(2.15)

where 2 are cyclic in 123 and we have introduced the
notation

[x],=xfx=-1)--.
[x)y=1

for a falling factorial.

x-a+1), a=1,2,---, (2. 16a)

(2. 16Db)

We denote the =-array in Eq. (2.15) as a “reduced
Z-pattern.” Note that this reduced =-array automati-
cally obeys the magic square constraint.

D. interpretation in terms of the pattern calculus

The results obtained in Subsections A—C above lead
to a considerable simplification in our previous dis-
cussion of the intertwining number—null space
diagram.

For example, instead of the complicated (tabular)
discussion of the multiplicity of a given A-pattern—
which led in all to eight separate cases to consider—
we may now give a single comprehensive formulation.
Using the step functions \;, we may write the following
single formula for the multiplicity /i of the A-pattern
aepqol

M=a= 2= 2= 241, (2.17)

(2. 14).

We may now also reformulate the “coordinate points”
of the intertwining number—null space diagram in the
manner shown in Fig. 3 (ct. Ref. 4II). The importance
of the intertwining number—null space diagram has been
discussed in Refs, 3, 4. The new result we wish to note
here is that the polynomial G ary ; %), where g is
the reduced pattern given in Eq Z 15), vanishes on
the lattice points of the equilateral triangle P{P; P, (cf.
Fig. 3), where

where the 2; in this result are defined by Eq.
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FIG, 3. The intertwining number-null space diagram. The in-
tertwining number ¥ is defined at each lattice point (points
baving integral coordinates) of the Mdobius plane. At each lat-
tice point in the pie-shaped reglon bounded by the bent solid
line, ¥ =/N, the value of ¢ is /}l; at lattice potnts in the region
between the bent solid lines ¥ =0 and H4=/M, the value of
varies from 1 to,} —1, its value being k on l:hose lattice points
on the bent line which is # units away from the ¢ =0 line. At
all other lattice points ¥=0. The polynomial G gonyagerg (Es),
where E is the reduced E-pattern displayed in Eq (2.13),
vanishes on the lattice points of the equilateral triangle

PiP}P,

P;:(A:;—)\I,'—AQ—A3+A1+K3,A2—A3),
Po=(Ag~ N, = Ag— Ag—1+g =g, Ag— g+ 1+ X5 +2y),
Pé:(As—q+1+>\2+K3,—AZ—A3'1+(I—X2,A2—A3).

(2.18)

These results can be readily verified by a point by point
change of notation from the eight cases detailed in Ref.
4II. The eight sets of values which the X’s can assume
handles the situation so much better that it holds out
hope that the general problem in U{n) can be similarly
handled.

Not only does the new formulation simplify previous
results, but it also allows a similar unification of
some of the pattern calculus rules. We will now show
that the veduced = -pattevn given in Eq. (2.15) may be
associated divectly with the linear factors that appear
in the denominator function.

The usefulness of this result is best understood from
an example. Let us consider the (420) operator (the
27-plet operator given in complete detail by Castilho-
Alcaris, et al.!l). In particular, consider the projec-
tive operator

3

0
For this operator the original X -pattern is

31 2
123},
231
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and the reduced =-pattern is

212
212
131

[Note that there is no A-pattern that will give this re-
duced = -pattern, unless we also make the corresponding
shift of the x; given by Eq. (2.13c). ]

For this operator the shifts are A=[312]. The linear
factors in the denominator (1. 2) are obtained from the
pattern-on-pattern rule for totally symmetric operators;
this yields 12 linear factors. But the reduction of
G,(A; x) yields two linear factors. These two factors
cancel 2 of the 12 factors leaving 10 factors.

Let us now show how these 10 linear factors may be
obtained directly from the E-pattern. We write out the
=-pattern, including the x-variables:

2 1+x; 2-x
2 1+x2 Z—X2
1 3+x3 1—x3

(2.19)

It is the integer pairs (1,2), (1,2), and (3, 1) appearing
in columns 2 and 3 which are important in the rule for
obtaining the linear factors. We now give the rule. To
determine the linear factors depending on x; =py3— ps3,
we write out two sets of three dots as shown below,
With the integer pair (1, 2) appearing in row 1 (the row
containing x;), we now associate arrows going between
dots 2 and 3 in each of these sets of three dots. In the
first set of three dots, the first integer in the pair (1, 2)
tells us to draw 1 arrow (we write the 1 under dot 2)
from dot 2 to dot 3, and to write the second integer 2
above dot 3. For the second set of three dots, we re-
verse the procedure by drawing 2 arrows from dot 3 to
dot 2, writing the 2 under dot 3 and the 1 above dot 2.
We thus arrive at the following diagram.

2 1
2 .
1 2

We now use our standard p(tail) - [ p(head) + 5] rule of
the pattern calculus, where 6§ is the integer sitting
above the arrow head. Thus, the factors in x; are

(Do — P33 — 2)(P33 — Pz — 1) (P33~ Do), (2. 20a)

where the first factor (py;3— p33— 2) comes from the sin-
gle arrow in the first set of three dots and the factors
(P33 — P23 — 1) (P33 — Pa3) come from the two arrows in the
second set of three dots.

We now repeat this procedure for rows 2 and 3 of the
=~-pattern. The diagrams for row 2 are

2 1
'\_/1 2\_?1
yielding factors
(P33 = b13~ 2) (P13 — P33 — 1) P13 — P3g).
The diagrams for row 3 are
1 3

. C e -
3\”# 1

(2. 20b)
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yielding factors

(13— Doz~ 1) (P13 = Pag)(P13— Paz + 1)(Po3 — P13~ 3).
(2. 20c)
The 10 linear factors given by the rules above are
just the linear factors obtained directly from Egs. (1.2)
and (2. 15),

All linear factor in the U(3) denominatoy function
(1. 2) are obtained divectly from the reduced = -pattern
by this rule. The proof is by direct verification.

Observe how nicely this new rule contains boik the
extremal denominator rule® and the pattern-on-pattern
rule? as special cases.

The denominator function (1. 2) now takes the form
oy o S
:[ﬂ?ﬂ (Bi= 2= )l (g == M)!] 172
q! (p"Q)![(q— A=A — )\3)1]2
% [Iproduct of linear factors| ] 172
Gq-xi-xz-x3(z§x) ’

(2.21)

where the product of linear factors is given by the rule
described above and = is the reduced pattern (2. 15).

In our discussion of G,(=;x), we have chosen to
define the £-values as arbitrary (not necessarily inte-
ger-valued) so that one may consider the G, functions
as a continuous function of the A’s extending the mean-
ing beyond the integer valued A’s that alone are mean-
ingful for U(3). This allows one to consider the six
triangles of zeroes in general position in the Mobius
plane, and to continuously vary this position. Thus,
as the triangles are allowed to continuously approach
the center of symmetry, when the triangles get too
close we have the phenomenon illustrated by the motivat-
ing example, G3(352;x): Quite suddenly the form of the
function changes and lines of zevoes appeav. The ap-
pearance of these lines implies that a restriction has
occurred in the reduction of the U(3) direct product—
this information being contained implicitly in the
denominator function and in G, itself, In such a way the
purely group theovetic aspects of the tensov operator
problem are contained in the vemarkable algebraic
propevties of the associaled functions.

These interpretive concepts will be extended consid-
erably when the full set of denominator functions is ob-
tained in the second part of the present work.

3. A CLASS OF ZERO U(3) RACAH FUNCTIONS

It is our purpose in this section to develop further the
relationship between the denominator functions (of pro-
jective operators) and the Racah functions, confining
our attention to U(3),

A. Zero projective operators'?

Let us recall that the canonical splitting conditions®
imply the following zero projective operators:

(T)
b q 7
) . 0 (3.1a)
Y
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for all y which satisfy

pzy=p-—k+2. (3.1b)

The index % in Eq. (3. 1a) takes on the values %
=2,...,/M, where the /) distinct operator patterns
(T, (Fa), ..., (Ty) all have the same A-pattern,

[a; &y Ay]. /) is the multiplicity of this A-pattern in
[ pg7), and it may be given the form:

(3.2)

- (g=7+1)= (A +25+24) forpza;zvr
0 otherwise,

as discussed in Sec. 2.

Equation (3. 1a) by no means enumerates all of the
projective operators which are zero; this fact is im-
mediately evident from examining the explicit results
for thﬁ 27-plet operator given by Castilho-Alcaris,
et al.

The zeroes given by Eq. (3.1) do, however, uniquely
determine (up to phases) the U(3) Wigner {and, hence,
Racah) coefficients; it follows that 21l other zeroes are,
in principle, derivable. It is useful for our purpose
(deriving zero Racah invariant operators) to extend the
class of zero operators considerably beyond those de-
fining the canonical splitting, Eq. (3.1).

In particular, we seek to prove that the following pro-
jective operators are the zero operator:

(T%)
(3. 3a)

for all indices 2=2,3,...,/) and all lexical patterns
(®,%) which satisfy the inequality

(3. 3b)

If we let (m) and ('), , denote the Gel’fand patterns

azyzB+{p-k-r+2).

Hlyg Mag Migg
(m) = g Mgy (3.4a)
7".11
and
Mg+ Ay Mag+ Ay g3+ 4y
(1) gug, v = Mg +y Mo +a+B—y ], (3. 4b)

Wy + 0

respectively, then the proof of Eq. (3.3) is equivalent to
proving that the following Wigner coefficients are zero
for arbitrary lexical labels my3> My > Moy 2 Mgy 2 Mgyt

(Ty)
b q 7
o B
6

[(m)) =0 (3. 4c)

<(m ,)a+ﬂ, 7[

for all a, 8,y which satisfy Eq. (3.3b) and for all lexical
3.

The starting point of the proof is the canonical U(3)
splitting conditions® in the form:

(T')
P q ¥
¥

b (3. 5a)

| m) =0

(1)

]
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for £= 2 and

pzr=p—k+2. (3. 5b)

We will prove that the more general property expressed
by Egs. (3.4) and (3. 3) follows from Eqgs. (3.5).

The proof is by induction. We consider that % is
specified (fixed), and let N denote an integer such that
0<s Nsk-2. We assume thal Eqs. (3.4) have been
proved for all o and B which satisfy

a—Bz p—r—-N,
and for all y which satisfy Eq. (3.3b) (induction
hypothesis). We will prove that this assumption im-

plies that Egqs. (3. 4) are true for all « and 3 which
satisty

o~Bzp-r-N-1

and for all v which satisfy Eq. (3.3b) induction

closes the induction loop on N, and since Eqs. (3.4) are
true for N=0, they are true for N=0,1,...,k -2, that
is, for all lexical a, 3, y which satisfy Egs. (3. 3b).

We first prove that the induction hypothesis implies
the validity of the following two equations for all «, 3
which satisty o - 8= p-7»~N:

(T
(M) qupet, 71 | Es2, boa By |m)=0  (3.6a)
o
for
a-1zyzg8+(p-k-7r+2), (3. 6b)
(Ty)
(O Yavsr,o | B 7 @ 57 )] Ty =0 @.7)
o
for
azyzB+1+(p-k-7v+2). (3.7b)

To prove these results, consider the expansion of Eq.
(3. 6a) obtained by writing the commutator in the form

E3() = Es,. (3. 8)

We evaluate the matrix element of the first ferm by let-
ting El, = E,; act on the final state vector [(m )y.s-1,5;
we evaluate the matrix element of the second term by
letting E4, act on | {m)). The result of this calculation is:

()
(O Vassetl | B (7 T 57 {000
3
()
O WP (O
b
(Ty)
ORI GO [0
0
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(T
O I L G T S
)
()
0 (o N G R [ G S—.

5
(3.9)

where # denotes numbers which are known matrix ele-
ments of E,; and Eg,, the detailed form being unim-
portant, and where the notation for the last two matrix
elements designates that the labels m;, and mj, are to
be replaced by 7y, — 1 and m4, — 1, respectively. The
right-hand side of Eq. (3.9) is zero for all o, B
satisfying o — 8= p — v — N and all y satisfying Eq.

(3. 6b), this conclusion being a consequence of the in-
duction hypothesis. Thus, we have proved that the in-
duction hypothesis implies Eqs. (3.6).

Equations (3.7) are similarly implied by the induction
hypothesis.

The next step in the proof is to use the tensor opera-
tor property

(L) (T%)

E32’ p q B’V :(#) Pa—l q BY
5 5
(T)
NI g1 )B-10)
5

in Eq. (3. 6a). Substituting this relation into Eq. (3. 6a)
and noting that the matrix element of the second opera-
tor on the right-hand side of Eq. (3. 10) is zero by the
induction hypothesis, we obtain

(T%)
P q9 7
a-1 B
0

| m)) =0 (3.11)

((m') a+f=1, r]

for all a, 8, y which satisfy ¢~ B=p-»-Nand ¢~1
z2y2B+(p-k—7r+2). Similarly, from Eq. (3.7), we
obtain

(T,
o] q 4
o 8+1
5

(M) quper, » | (m)) =0 (3.12)

for all o, B,y which satisfy ¢ ~p=p~r—-Nand o=y
zR+1+(p-k—7r+2).

The two results, Egs. (3.11) and (3. 12), extend the
induction hypothesis for N to N+1, and complete the
proof of the general validity of Egs. (3. 4) for all lexical
patterns (%) which satisfy Eq. (3.3b). This result, in
turn, implies the zero projective operators described
by Egs. (3. 3).

Thus, we have shown that the following projective
operators ave zevo:
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poa Tg (3. 132)
o B
Y
for all o, B, and y which satisfy
azyzB+(p~k~r+2). (3.13b)

We may now Hermitian conjugate the operators (3. 13)
and make an appropriate re-identification of labels to
prove that

(T)
P 7oy 3. 14a)
a B
12
for all @, B, y which satisfy
a-(p-k-7r+2)2y=38. (3.14b)

While we have no proof that these two results [Eqs.
(3.13) and (3. 14)] exhaust all cases of zero projective
operators, they do account for those cases which are
presently known from direct calculation.

B. Application to Racah invariants!3

The zeroes identified above imply that a class of
Racah operators are zero. We shall now prove that the
following class of Racah invariant operators are the
zero operator!?:

()
([M]+[A(A)]) (3] ([M]> =0 (3.15a)
(re) T/ \(TY)
for all indices i, j, B which satisfy
i+j - k= [Miz= A(A)] - [Miz - 24(A)]+ 2, (3. 15b)

where the integers 7, j, 2 must also be in the intervals
lsishy,1<j<sM, 1<k<Mm", where/) is the multi-
plicity of A= A(T;) in [M], etc.

This result is a direct consequence of the coupling
law for projective operators and the zeroes established
in Eqs. (3.13) and (3. 14).

To prove Egs. (3.15), consider the coupling law for
projective operators®:

) () [(Ts)
2z ([M]+[A(A)]) (M) ([Ml) [M]]] [M]
i (") (y") () o) || @
" (n) (ry)
= Z‘Z ([M]+[A(A)]) [ar] ([M]) [M)+[a)]].
- ry) [T/\(T)) ")
(3.16)

In this coupling law, we now choose the operator pattern

()’") - <7’12 ”7’22> (3. 17a)
Y11
such that
Yi2Z v{12 v+ Myg— Myg+ M{s— Mjz—i—-j+3. (3.17b)

This choice of (y”) has the effect of restricting the
summation over (y) and (3’) on the left-hand side of Eq.
(3. 16) such that either
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Yi2® y11 Z v + (M — My~ 7 +2) (3.18a)

oY

Yiz Z ¥4 2 via + (Miy — Mjz—j +2). (3.18b)

or both. [The left-hand sides of the inequalities stated
in Egs. (3.17b) and (3. 18) are, of course, just the be-
tweenness conditions, and could have been omitted,
since they are always implicit. ]| Equations (3.18), in
tarn, imply that the left-hand side of Eq. (3. 16) is
zero for all (") patterns satisfying Eq. (3. 17b), this
conclusion following from the fact that one or the other
{or both) of the projective operators on the left-hand
side is zero (the result just proven above).

The proof that the choice given by Eqs. (3. 17) forces
the summation patterns (y) and (') into the intervals
given by Eqs. (3,18a) and (3. 18b), respectively, may
be given in the following manner. Because yy; +y{y=v{1,
it follows from Eq. (3.17b) that yyq + {12 vy + Mj3— Ma,
+M{3~ Mi;—i-j+3. Therefore, if we put

Y11= vee + Myg = Mgy =+ 242 (3.19a)

and

Yi1=yie + Mig— Miz~j+2+ 2, (3.19b)

then X and X’ satisfy A+ X = y9y ~ y99 ~ v39 — 1. However,
in the square-bracket invariant appearing in the left-
hand side in Eq. (3.16), it is necessary that [y], y5,] be
contained in the U(2) direct product [y{, vio] X [v1a v22l,
and this condition requires y§y = y95 + v45. Thus, we find
A+A’2 -1, which implies that at least one of the in-
tegers A, )\’ is nonnegative. Hence, the choice of (")
given by Eq. (3.17b) forces at least one of the patterns
(y), (¥') into the range of values where the correspond-
ing projective operator is zero.

We next note from the result for the zero projective
operators that for a given lower pattern ("‘,B) the opera-
tors which are zero are those of index % satisfying
k= (p-7+2)- (y-pB). Thus, the summation on the
right-hand side of Eq. (3.16) is over k=1,2,...,
[(Mys+ A0 (A)] = (Mg + 8g(A)]+ 1= (4]) ~ v35). T we put

yii = via = [Myg+ A (A)] = [Mgg + Ag(A)] =y + 1, (3.20a)

then as k; runs over the values
kO =19 2,..., t+j— 2- [iwi?:’- Al(A)] - [AS(A) _M:;S]J
(3. 20b)

all lexical values of y{;, ys, which satisty Eq. (3.17b)
are enumerated. [For each difference (3.20a) corre-
sponding to the values k, given by (3. 20b), there exists
at least one value of y{, giving a lexical pattern—note
that ky =1 yields the largest possible difference y{| — y75
and forces yi = My;+ A(A). ]

We have thus proved:

L) (A) (rél)
Z ([M]*A(A)> (v’ ([M]) [M]+[a(M)} =0 (3.21)
i ) Ty\ay ")

for all k, in the range given by Eq. (3. 20b), where the
difference yj; — y3; is given by Eq. (3.20a). Let us also
note that it is necessary to have

i+iz [M]3— AA)]~ [Ag(A) - ME,[+3 (3.22)
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in order that there be at least one term in Eq. (3.21).

In Eq. (3.21), we now set y{p =M 3+ A7), v5, =Magg
+85(A), and y{; =M 3+ A((A) - B+ 1, noting that the pro-
jective functions having these lower labels are nonzero'4
operators for each £=1,2,...,/4". We now choose
ky=1,2,..., in turn, to establish the result, Eqs.
(3.15).

C. Interpretation

Let us summarize. By rather lengthy detailed argu-
ments—which are technically straightforward—we have
suceeded in parts A and B, above, in deriving the fact
that a certain class of Racah functions has the value
zero. The importance of this result for tensor opera-
tor structures is that it defines the boundary for the
nonvanishing Racah operators. {We shall demonstrate
subsequently that the Racah operators on the boundary—
one step away from the zero operators, i.e., those for
which

k=i+j—1~[Mig~ a(A)]+[Mfs - a5(n)], (3.23)

do not vanish identically. } It will be shown that the
Racah invariants on the boundary having A = (max), are
the ratios of denominator functions. Combined with

the determination (in the second part of this paper) of
all denominator functions, this will lead to a determina-
tion of a class of boundary Racah invariants.

It is helpful at this point to recall the analogous
situation in regard to the U(2) Racah functions. For the
U(2) Racah invariants, the boundary functions were
always monomials; and these monomials were ratios of
U(2) denominator functions (products of linear factors. )
[Boundary U(2) Racah function have one or more of the
four angular momentum triangles reduced to a line:
ji+js =75 is valid numerically and not just vectorially. |
In particular, however, the fundamental U(2) Racah
coefficient {spin 3) has only boundary values; for this
case, knowledge of U(2) denominators is definitive.

Knowledge of the fundamental Racah invariants suf-
fices to determine (recursively) all Racah invariants.
Thus—because of the simplicity that fundamental U(2)
Racah functions are all on the boundary-—the determina-
tion of all U(2) Racah functions is particularly simple.

The surprising difficulty underlying the U(3) Racah
functions stems from the fact that not all fundamental
Racah invariants lie on the boundary, in fact, almost
all do not, It is this extra degree of freedom (which, it
should be noted, explicitly denies the possibility of a
subgroup constvaint) that accounts for the difficulty in-
herent to the U(3) problem.

Nevertheless, our construction of the zero Racah
invariants for U(3) does lead to important conclusions,
as we illustrate in the next section.

4. THE FORM OF CERTAIN BOUNDARY RACAH
INVARIANTS

Having discovered a class of zero Racah invariants,
we next consider the class of Racah functions having
indices ¢, j, k in the left-hand side of Eq. (3.15b) such
that we are one unit off from the zero operator, i.e.,
those for which the indices i, j, k satisfy
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k=i+j—1-[Mf3=— 4;(A0)]+[Mi3— a5(A)]. (4. 1a)

We call the Racah invariants (3. 15a) of this type bound-
ary Racah invariants.

In Eq. (3.16), we choose the entries y{; and y3, in the
(y") pattern such that

YiL— via = Myg— Mag+ Miy— Mgz —i -5 +2. (4. 1b)

In consequence of the zero projective operators (3. 3)
and the zero Racah operators (3. 15), the right-hand

side of Eq. (3. 16) reduces to the single term having

indices 7, j, and k satisfying Eq. (4.1a), In the left-

hand side, the choice of indices (4. 1b) forces yy; and
v{; to the values

Y11 =vY22 +AM13_ AM33 - Z. +1’ (4. lc)
Yi1=via+ Mz — Miz—j+1. (4. 14d)
Thus, we obtain
) (r) |y
= ([M+[A(A)]) (] ([M]) [M7] )M
:)é;%g &) G \B) &) JLG)
W) (ry)
= ([M]+[(A)]> [M] ([M]) [M)+[am)]] (4.2
() T/ \(1y) o)

for the specific choice of labels given by Egqs. (4.1a)—
{4.1d), where the summation on the left-hand side is
over all lexical values such that yyp +y{3=v1s and yy, + 4y
=y35. The choice of labels (4. 1b) has the effect of isolat-
ing the Racah invariant operator having the smallest
index % [for given ¢, j, [M’], (A)] for which the operator
is not zero.

Equation (4. 2) is a formula for obtaining particular
Racah coefficients when certain projective coefficients
are known,

Let us illustrate the use of Eq. (4.2) by specializing
it still further, We take (A)=(max) and choose y{;
=vy{y =Mj3 + M{;. This forces the left-hand side to the
single term in which yy; =y,5 =M,5 and y{; = y{s = M{s.
The equation reduces to

(max)
Mjy M, Mj, (M13 My, M33>
Mis vi, Mg ye
1”1'3
() (Ty)
| Mis Miy M'ys| (Myz Myy My
Mis v Miz v
M, M3
(max)
= ([M] +[M’]) [M7] ([M]>
(Tiss-1) (ry) (T;)
{T{iju1)
x AM13+M{31M23+M£31M33+1M§3 (4 3a)
Mz + Miy Yoo + ¥i2 ’ ’
Mg+ M,
in which
ver =Mz +i—1, yip=Miz+j—1. (4.3b)

It is useful at this point to discuss the explicit pat-
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terns to be associated with the null space ordering. We
have assigned the label I'; to that operator in a given
multiplicity set, having largest null space. Since the
null spaces are simply ordered, I'; has the next largest
null space, etc., down to Iy, the operator having the
minimal null space.

In Ref. 4II we have shown explicitly for the I'y opera-
tor that the limit properties uniquely assign to this
operator a strefched pattern, that is, a pattern tied in
one or both of the following ways.

NTL T/

It is the great advantage of the step functions A; that
these patterns can be given a comprehensive form.
Letting MT)=[4, 4, A,], we find for the stretched T',
pattern:

b g 7 b2 q 4
(ry) =\A(+ Ay = N3 =7 N+7 ),
4,

where A; is given by Eq. (2. 14).

(4. 4a)

We extend this ordering now to the full multiplicity
set, and assign to the operator labelled by T, the ex-
plicit pattern

P q 4
(p q 'r): A+ By~ 23—k-7+1 Na+R+r =1
(Tp) Ay

(4. 4b)

For preciseness, let us note that this step is not ob-
vious, and requires proof. We anticipate this proof
(which will be accomplished by examination of the ex-
plicitly constructed operators). It is useful to anticipate
this result in order to unify the notation.

The structural content of Eq. (4.3) may be sum-
marized by the statement: Except for normalization,
projective operators of the type

(T
p q r
p v+k-1
P

multiply by addition of theiv corresponding patterns,
While Eq. (4.3) is the proof of this result, it could have
been anticipated from the properties of the arrow pat-
terns associated with operators of the type (4. 5).

4. 5)

To see this, consider the restricted arrow pattern
for the operator (4.5).

4y Ay Ay

P T k-1

4.6)

In this arrow pattern there are p — A; arrows going from
point 1 in row 2 to point ¢ in row 3, A, -7 -k +1 arrows
going from point ¢ in row 3 to point 2 in row 2, and
p—-7—-k+1 arrows going from point 1 to point 2 in row
2. (Fork=1,2,...,/ it is always true that A; =27 +k -1,
where /) is the multiplicity of [A].)

We next observe that the arrow pattern retains the
same form (4.6) for arbitrary [p g 7] (the number of
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arrows changes, but not the direction), This, in turn,
means there are no opposing arrows in the restricted
arrow patterns for the two operators on the left-hand
side of Eq. (4. 3a). Indeed, we may attribute the addi-
tive property of the two operatov patterns to the
geometrical prvopevity of no opposing arrows,

We can extract still further information from Eq.
(4. 3a2). Assume that the values of the operator (4. 5) on
arbitrary U(3) irrep labels [m]=[my; m,q my,] and
arbitrary U(2) irrep labels [m’]=[m,y my,] are of the
form

(T
pp ! r+k—17 ([[:nn']]>
b

=(- l)p-A1<Z : ,1f>-1/2

(A &y 4]

kAR (6d) [P & ) b 0.7

where Fy denotes the restricted pattern calculus factor
described in Ref. 41, and denominator function

(s W )

is, as yet, unknown, but will be given in the second
paper.

(4. 8)

We can give a straightforward constructive proof of
Eq. (4.7), using Eq. (4.3). First of all, let us note
that the projective function occurring in Eq. (4.3a) is
a special case of a result given by Eq. (62) of Ref. 2.
Its value is

{max),
My My M'g (M“;V[MZS M33>
Mis vh oo
{3
(Més‘Més)(Mzs—Maxz) e

i-1 i-1
(Mza + Mgy — Mys - Més)
ivj-1

4.9)

We next particularize Eq. (4. 3a) to the following case:

0
0 0 1/2 (Tioy)
1 0 -1 (qifz 1) p-1 q rel
1 0 : p-1 r+i=-1
1 p-1

" (ry)
_ . - q-7 P q 7
=(Racah mvamant)(i _ 1) » o1 .
b
(4.10a)
The [10 - 1] projective function in this result is given

byl, 3
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0

0 0
1 0 -1

1 0

1
o o 0] 0
=—Fp\[t 0 ~-11j/ Dl 0o o0
[1 0] 1 0 -1
where (4. 10b)
0
D{ 0 o ((m) =[36,(111; )12, {4.10c)
1 0 -1

in which G4{111;x) is a special case of the functions
studied in I and II of Ref, 4:

Gi(111;x) =xt + x5 +x% -8, (4.10d)

In the next step, we iterate Eq. (4.10a) in p, », and i,
multiplying by the appropriate Racah invariant at each
step of the iteration. The result is

i-1
(ry) 0
b g vl _(g-ryprz| 00
I s reict =(i—0 10 -1
5 1 0
1
Ty
>(p-—i+1 q r+i-1
p—i+l rei-1 1
p-i+1

(4.11)
where ¢ denotes a string of i — 1 Racah invariants, and
the relationship is valid for all7=1,2,. ..,/ (fori=1
both sides are identically the same). Observe that the
(T";) operator appearing in the right-hand side of Eq.
(4.11) is the “stretched” case studied in I and II of

Ref. 4. It has already been proved to have the form
(4.7). Using this result and Eq. (4.11), and noticing
that there are no opposing arrows in the restricted
arrow patterns for the operators appearing in the right-
hand side, we immediately establish the validity of the
general form (4. 7T) for all k=1,2,..., /4.

The phase in Eq. (4.7) is fixed by the phase of the
operators appearing in the right-hand side of Eq. (4.11),
since each of the Racah invariants appearing in ¢ is of
the type

{(max)
p g 1 0 -1 (p—l q V+1) ,
< (ry) ) 0 0 (Tip)

0

and has phase (+1). The phase of the right-hand side is
given by (= 1)F=1(= 1)2=1+1-81 = (~ 1)#721,

We may now go one step further and substitute the
structural form (4. 7) back into Eq. (4. 3a) to obtain the
following form for the boundary Racah functions having
A = (max):

(max)
(i N G
. ﬁu(l%ﬁl)'])([m]) ' 4.12)
@A) ()]
Louck, Lohe, and Biedenharn 2418



Equations (4.7) and (4. 12) generalize, in form, the
results given in I of Ref. 4 for “stretched” patterns.
We emphasize, however, that the typical denominator
function appearing in Egs. (4.7) and (4, 12) are as yet
unknown—except for the stretched case 2=1. In the
next section, using a special technique, we will deter-
mine yet another one of these denominator functions,
leaving to the second paper the difficult task of deter-
mining the general denominator function.

Equation (4. 2) has a number of other interesting
specializations, leading to a variety of results, all
explicit except for the unknown denominator functions
[e.g., choose A =(max), y{y=M;+Mj; and y3, = My,
+M}s]. We will not present these results, since the
most important problem at hand is the determination of
the denominator functions themselves as illustrated by
Egs. (4.7) and (4.12).

5. THE DENOMINATOR FUNCTION FOR THE
MINIMAL NULL SPACE TENSOR OPERATORS

In I of Ref. 4, we developed special methods for
evaluating the “stretched” (maximal null space) de-
nominator function, which we denote now by the more
explicit functional notation

(Ir'y)

({34 ) D
{The symbols express the fact that the denominator
function D indexed by the stretched operator pattern I,
of the tensor operator with irrep labels [M] has the
U(3) Young pattern [m] as its argument.} In this sec-
tion, we will give a special technique for obtaining the
minimal null space denominator function, denoted by

D((E%) ((m]).

(5. 1a)

(5.1b)

[Here the Iy denotes the minimal null space operator
pattern I'y, associated with the multiplicity set having
the common shift A(Ty) = A(Ty) = (&1 4, 4y). ]

The technique we will use for this determination is
one of systematically generalizing special cases which
are relatively easy to calculate, A completely different
—and far more comprehensive (but difficult)—technique
will be used in the second part of the present paper, to |

0 0
0 0
1 0 ~-1){k © -kYy=({ [k+1 0 -—-k-1\11
1 -1 kR -k 0 0
1 k 0

This result is an immediate consequence of the prop-
erties of the Racah invariants for minimal null space
patterns developed in Sec.- 3. Since the Racah operator
appearing in Eq. (5.5) is a U(3) invariant, we may
iterate Eq. (5.5) to obtain the formal result:

0 0 k
0 0 0 0
E 0 -k)=[U(3) invariant]x{1 o ~1), (5.6)
E -k 1 -1
b 1
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obtain the general denominator function, but we feel that
alternative techniques are of interest in their own right,
as helptul illustrations of the interconnections existing
in the subject.

Let us begin then by considering the special case of
self-conjugate tensor operators; these have the irrep
labels [2k k 0] in SU(3), or more suggestively in U(3),
[k 0 — 2]. [This is less of a special case than it appears
to be at first glance, since, in a very real sense,
knowledge of all self-conjugate operators in SU(3) would
be tantamount to knowledge of all SU(3) tensor opera-
tors—but the necessary constructions are not yet fully
explicit. ]

Consider then the minimal null space tensor opera-
tOI‘, rﬂ']: (000) (/n =k+ 1)’
0

{(5.2)

Y

having A(T,,;) =[0 0 0]. For k=1, these operators are
the U(3) octet of generators (normalized); for k=2,

they are the 27-plet of operators calculated explicitly in
Ref. 11,

Observe that because of the canonical splitting condi-
tions the projective operators obey the result [cf. Egs.
(3.13) and (3.14)]

0
0 0
kR 0 ~k|#0 only for y=0, (5.3)
R -k
Y

This fact enables us to “promote” the projective opera-
tor to a genuine Wigner operator, i.e.,

0 0
0 0 0 0 0
E 0 ~k)=1\ O -k <k —k>, (5.4)
E -k B -k Y
Y 0

since the sum becomes, by (5.3), but a single term.

Furthermore, we have the following very simple
coupling law:

0
0 0 0
-1]{k 0 -k \Wk+1 0 -k-1
0 0 0 E+1 -k~1
0 E+1
(5.5)

I .
where the superscript £ denotes the k-fold product of

the operator shown. Although the U(3) invariant opera-
tor appearing in this result is, at this stage, unknown,
Eq. (5.6) clearly does have structural content.

We know from Refs. 1 and 3 that the particular opera-
tor appearing in Eq. (5.6) is a normalized generator
and has the alternative form:
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0 0
-1 :IEI/ZEIZ, (5.7)
1 -1

1
where I, is a known second rank invariant, and E, is

Weyl’s form for this generator in U(3). Combining Egs.
(5.6) and (5.7), we obtain the equivalent form

0
0 0
k0 -k :FEI(En)k, (5.8)
R -k
k

where F, is U(3) invariant operator, to be determined
yet.

One may give a boson operator realization for these
(abstract) equations which may be helpful in appreciat-
ing intuitively the content of these results. We have the
familiar realization:

0
0 4] i
1 0 -1)—IY22;atal, (5.7%)
i=1
1 -1
1
which then shows that Eq. (5.8) takes the form:
0
0 0
E 0 - k) =[function of U(3) invariants only]
kE -k
k
S . k
x(f? a;a;) . (5.8%)
i=1

The result expressed in Eq. (5.8) [(5.8%)] is useful in
that it allows one to determine the operators

(5.9)

for all labels ¢, 8,7 by using the commutation relations
with the generators, subject only to an (unknown) over-
all normalization. It follows that one method for ob-
taining the invariant factor F, appearing in Eq. (5.8) is
to generate the operators (5.9) from(5.8) and then to
normalize:

0 0 '
0 0 0 0
28k 0 k) {(k 0 -k\=I, (5.10)
o, 8,7 a 8 o B
Y Y

where I{[m]) =0 if [m] belongs to the null space of the
operator (5.9), and otherwise I,([m])=1. Although
straightforward in principle, this procedure is extreme-
1y laborious in practice.

There exists a second, more practical, method for
obtaining the factor F,, and hence the desired denomina-
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tor function. This is a technique used frequently in
quantum mechanics prior to the development of angular
momentum theory—the method of mulliplel avevaging.
Let us apply this method to the operator

0
0o 0
B0 -k), (5.11)
ko ~k
0

where, for greatest convenience, we have chosen y =0
so that the operator is diagonal. [This point can be
demonstrated by the fact that £ commutations of E, =J_
with Eq. (5.8), noting that E,,=J,, show that the opera-
tor (5.11) is a polynomial in J%=J,(J, +1) +J_J, and J,
:(Eu ‘Ezz)/z- ]

The multiplet averaging method gives the relation

0
2ENE o o ()

0

dimension of multiplet 3
= == 2 +1)%) 1 .
dimension of operator Io({m D) == xxpry/2( Pl lm D
(5.12)

The validity of this relation is established in Appendix B.

[We can now recognize the importance of the realiza-
tion given by Eq. (5.8/5.8*)., Were one to introduce Eq.
(5. 4) into the multiplet sum, Eq. (5.12), the sum over
m,, would eliminate the U(2) Wigner operator, leaving
a sum (over the projective operator) which could noi be
cavvied out (with information at hand). In sharp contrast
to Eq. (5.4), the result in Eq. (5.8/5.8*) implies
precisely the additional (m,,, m,,) information neces -
savy to carvy oul the complele mulliplet sum. These
points are illustrated explicitly below. ]

Substitution of Eq. (5.4) (for ¥ =0) into the multiplet
sum formula (5.12) yields

2 (M5 =my, +1)
Mg, M22

0
13133 33 6 0 My 3353
k0 -k
m12m22 k -k W27 50
0
= [ 220,20 +1)/2(k +1)°] I([m]), (5.13a)
where we have utilized the result
0 2
Z.:' (mlzmzz) b - (mlzmzz>
mi) LG 0 My
=(Mmyp = my +1)/QRR +1). (5.13b)

We now proceed in the following manner: From Eqgs.
(5.4) and (5. 8) (set y =k), we have

0
0 0 0
B O -k <k —>:F;‘(E12)k. (5.14)
- k
0
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Taking the (nonzero) matrix element of this result
yields:

0
My 3t a3 a3 0 o Ny 31 53133
E 0 -k =(- l)hF;‘([m])[(
My 2M 5,y B -k MM 2
0

1/2
(] [ AT ]

We now utilize this result in Eq. (5.13a) to obtain
. —mg, vk +1
FA(m)_ 7, (”” Maz )
M2, M22 2k +1
= [= 2,%,%,/2(k + 1)k + 1) 1(k + 1) [ I([m]),

where we note that the summation over m,,, Mm,, is such
that m,; > m, = My = m,, > My,. Noting that

(5.186)

My — My, R +1 s [x;+k+1
= —Z H (5- 17)
izma 2k +1 U\ 2k +3
we obtain the following expression for Fi({m])™:
(tR+1
2k +1)(k +1)1(k +1)1 3 (x' )
FY[m]) = op+3 /)’ (5.18)

X1 XX, =1

where we again recall that x, =p,; =Py =My ~my, +1,
Xy=Paz =D13="Mg3 =Mz =2, X3=P1y=Poy=My5 =My +1.

1t is easily established that x,, x,, and x; are factors
in the sum appearing in Eq. (5.18). Hence, Fi([m]) is
a polynomial of degree 2k.

Moreover, because of the complete symmetry in the
x,, the function F,’ is hexagonally symmetric in the
Mobius plane and has a center of symmetry at the
origin.

What are the zeroes of the polynomial defined by Eq.
(5.18)? Let us first show that x, =1 yields a line con-
taining 2k zeroes. Introducing x, =1 into Eq. (5.18),
and removing x,=~1 - x,, yields the form

2 %, +R+1Y [x, -1

261 {(k +1)

FllmD =19 k k

It is clear from this form that the polynomjal FZ has
£ zeroes along the line x, =1 at x,=1,2,..., # and also
k zeroes along the line x; =1 at x,=1,2,..., &.

—1

(5.19)

k112 +1) (mlz - My, Tk "’1)]1/2
My =My, +1) % +1

klk! &

2R)7 st (5.15)
Similarly, by direct substitution into the definition

(5.18), it is easily established that: The polynonial

F¥[m)) vanishes at each lattice point of the equilateral

triangle whose (x,x,%;) vertices ave (1,-2,1),

(b, —1—k,1) and (1, =1 ~F, k).

From the symmetry in x;, it then follows that there
are precisely six such triangles of zeroes symmetri-
cally placed about the center of symmetry at the origin.

The results we have obtained are definitive. Fov if
follows from the definition and properties of the
denominator function G (Z;x), as discussed in Sec. 2,
that the propevties established for FX[m]) uniquely
detevmine F¥[m]) lo be a multiple of the G, function.
(These defining properties are degree of polynomial,
symmetry, and location of triangles of zeroes.) The
relative normalization is determined from special cases
and the explicit result is found to be

-1 —1+x, -1l-x
G -1 -1+x, —=1-x,} (5.20)
-1 —l+x, =1-x,

k+1

Ff([m])zw

The projective function (5.15) is now given explicitly
by

0
My 3Ma3M3s 0 0
k0 =k
MMy, kR =k

My 3M a3z

KOy

,_(Zk +1)H§=1 [(plz =P =57 1z
(+1)G,

=(=1)*k! (5.21)

where the G, in this result has the arguments displayed in Eq. (5.20).

It is worth noting that these results agree in complete detail with similar results given earlier for the octet and

27T-plet operators.

It is interesting to observe that Eq. (5.21) has the following structural form:

0
My 3M a3y 0 0
k0 =k
1y o 5 k =k

M 131123 35

KOP PP

(m3m5m5).

0 0
:(—1)’20< ) (mlzmzz/D 00
k -k 0 -k

(5.22)

The numerator in this result is the U(2) denominator function given by the pattern-on-pattern calculus rules®!:
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D(k O_ k) (mygmy,) = D(z k )(mlzmzz) and the U(3) denominator function is given by Eq.

k0 (5.20)%:
(& ki) kiRl * 172 0 ~1 —i+4x —1-x\ps2
= oy BAEARE -+ 1 1
D([Zk 0] (m‘zm”)‘[zm 5131[(1’12‘1’22)2—52]] ’ oo o |J{mh= @%%)!Gk -1 -1+4x, -1-x,
\z 0 & ©O\-1 —l4x, —1-y
(5.23)
] (5.24)
We now also know from Eq. (4.12) the explicit form of the Racah function appearing in Eq. (5.5):
1 0
1 0 D U (lm])
Sk+l 0 —-k-1 1 0 -1 B0 —p\[l ([m) = +1 0 —-k-1
0 0 0 o0 ) 0 0
0 0 0 o[ o o \@mb b[ 0 0 \ilm)
1 0 -1 kO -k (5.25)

In view of Eqs. (5.22) and (5.25), it is revealing now to go back and examine the structure of the projective
operator coupling and examine the structure of the projective operator coupling law corresponding to Eq. (5.5). It
reads

0 0
1 0 o0 0 0
(k+1 —k—l) 1 -1 <k —k) 1 0 <1/l 0 =k
0 0 0 1 -1 B~k
0 0
1 0
0 0 0
=Mrp+1 0 —p-n\[1 o 1)/ 0 -A\Ur+1 0 —k-1
0 0 0 0 0 0 B+l —k-1
0 0 0 0 (5.26)

The U(2) Racah function appearing in this result has the values

| 0
1 D(k +1 _k_l)(mlzm”) ' (5.27)

(k +1 —k-—l) 1 -1 (k —k) M) =~ 0
0 0
0 D (m,,m,,) D (myamy,)

1 -1 k. -k

Observe how when we substitute Eqs. (5.25) and (5.27) into Eq. (5.26) the denominator functions simply combine
with the projective functions (5.22) to form unity, so that the coupling law is trivially satisfied,

There is one farther property we wish to note—the limit m,, — -« of the Racah functions (5.25). It has been
conjectured® that a Racah function always limits to a square-bracket function, and this property has held in each
instance where it has been tested.®*!! The present example also validates this limit property:

1
lim e+l 0 —k-1\{1 0 =1} & 0 —k\\(mgmymy)
& 0 0 0 o0 0 0
0 0 0
1
1 0
=|fe+1 0 =k=1\ [1 0 =-1]/k O =R\ |(mamy) =[3(k +2)(k +2)/2(2k +2)2k +3)]'/2. (5.28)
0 0 0 0 0 0
0 0 0

This result is proved in Appendix A, where we also demonstrate how this limit property is used to assign the
operator pattern (°,%) to the symbol I',,,—a result we have assumed, for convenience, throughout this paper.

While the results given in Eq. (5.21) do indeed suffice to give the desired denominator function of the special
class of self-conjugate I' operators, it would appear that we are very far from the class of all T operators. If
one accepts the idea that Eq. (5.20) establishes the form of the desired general answer, then we can immediately
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generalize the G, function that appears here by taking the arguments of the function to be in “general position.”
Explicitly, this is the assertion that for the general denominator the G, function in Eq. (5.21) is replaced by

—A =20 g =1 =B, = - tg-lex mA ==yt =1 +x,
Ga= Goaryorgrg| —B2=20,+g =1 =By =M+g-1-x, =8 -2=N+g-1+x,
Ay =2 +g -1 A A Ay tg-lex, —8,=A =n, g =143, (5.29)

The fact that Eq. (5.21) has no linear factors appearing in the denominator can be seen to be a property restricted
to the special class of operators considered in this equation. For the general 1"/” operator, we may reason this
way. For the maximal null space case, I';, we know in detail that the linear factors are vead off the reduced Z-~
pattern by the vule stated {and discussed) in Sec. 2.

Next let us recall that it is an abstract general property of the null space diagram that the null space of ',
differs'” from that of I',,, by precisely those six lines which form the boundary of the null space of T,,,. This
(abstractly proven) fact enables us to determine the linear factors in I', from a knowledge of the linear factors in
T',. In particular, we may state now the linear factors (multiplying the G-function) in the general Ty case: The
linear factors fov Ty ave vead off the reduced Z-~pattern (by the rules of Sec 2) after each entry in the veduced
E-pattern is decreased by the integer —1. [One easily verifies that, for the special case represented by Eq. (5.20),
there are no linear factors. |

We shall not attempt to validate the argument placing G, in general position, since this properly belongs to the
systematic discussion of the general T, denominators (which will be given in the next paper). It has been our object
in the present paper to show, by simpler methods, that the functional form G,(Z; x), found for the stretched denomi-
nator function T, also suffices for the denominator function for the minimal null space I'y denominator as well.
This is as far as one can go along this line, since the general I';, denominator will require generalization of the G,
function itself.
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APPENDIX A

The purpose of this appendix is to demonstrate how specific operator patterns are assigned to the symbols
Iy, Ty ..., Ty by the use of limit properties. 18

This limit procedure has already been used in Ref. 4II [ef. Sec. 4D] to assign generally the “stretched” operator
pattern I'; given by Eq. (4.4a). It is useful to recall this procedure to illustrate the usefulness of the A-notation
[ef. Eq. (2.14)] in unifying results. In terms of the A-notation, Eqs. (5.6a,b) of Ref. 4II are written as a single
result:

G (4; x) ‘:(fa)[AJxS [A2]x3 [A3]q~)k3 [Ax +4, —st]q-la (25~ Ay — A5 +q - 1]7\3 [xs +4, ]x3 (- mgg)zq‘v‘z, (A1)

where =~ symbolizes the asymptotic form of G,(A;x) for large —m;;.

Similarly, Eqs. (5.7a,b) and (5. 8a,b) are unified to the single result:

(max)
Hma(le @ OJ) [p-q 0 o ([q q 01) ([m] +[a}
(r,) (r) (r”) ,
(max)
b g O0\[[p-¢ 0 O 0
=1\ At a- A (r) ([qu?") ]) (P % 81, 1 +45)
A

5 (8, =20 1A, =2 ) 1(p—g = AD 1P g —A)!
23851 (A8 g = A]) (g - AD1(p - A)'(A +A,=2,)!

(xlz ‘f'Al”—A”)(xQ“}'A”—Az‘-l)'(xlz+A1”"q I)Y(xJL —A3)t
(X A =~ AN (%, +q - A‘Y'(xl2—A A =1)!

(A2)

It ;s this relation which is used to establish the identification, Eq. (4.4a), of the stretched pattern (now denoted by
r
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Let us now illustrate how this limit property is used to assign the minimal null space operator pattern Ty=Ty.
to be

PR E P _k>‘ (a3)
0

If we had not anticipated this answer, the Racah coefficient appearing in the left-hand side of Eq. (5.28) would have
been written

1
<k+1 (rk(fz)—k—l) 1(1)0 2_1 (k (I“k(jl)—k) , (A4)
0

in which I',,; and T,,, appear as symbols specifying minimal null space operators, but as yet unidentified with
numerical triangular patterns [the (°,°) pattern in the middle is already known from Ref. 3 to be the assignment
induced by limits].

The square-bracket function appearing in Eq. (5.28) is also known (from Ref. 3), and it has the value indicated
in Eq. (5.28). The idea now is to prove directly from Eq. (5.25) [We now replace the Racah operator by the one
given by Eq. (A4), having unassigned patterns] that the limit of the Racah function (A4) is indeed the numerical
value given in Eq. (5.28).

It is straightforward to determine from Eqgs. (5.24), (5.20), and (5.18) that

(T...) (B+1)1{E+1) JH/2 n
o, 57 ) < [E (a5)

for large —mg, [note that we would be using T,,, in the left-hand side of Eq. (5.24) had we not anticipated the assign-
ment (A3)]. By direct substitution of (A5) into the right-hand side of Eq. (5.25), we find that the limit m 4 - Of
the Racah function (A4) is indeed the value given in Eq. (5.28), i.e., we thus prove:

1

1 0
b+1 0 —k-1\[1 0 -=1]{r O =E\M[m]
m
m33‘~w 0 0 (de)
(Fk+2) 0

h+1 0 —k=1\f1 0 =1\/k 0 —k\|(mamy).
= 0 o 0 0 0 0
0 0 0 (A6)

We emphasize that the patterns appearing in the square-bracket invariant are not in question—these patterns are
already understood as U(2) patterns from the definition® of a square-bracket invariant. We thus induce uniquely the
pattern assignment (A3), using the same limit concept which identified the stretched pattern [and which eventually
will be used to establish the general assignment, Eq. (4.4b)].

APPENDIX B

The purpose of this appendix is to prove the multiplet averaging formula, Eq. (5.12).

The starting place for the proof is the product law [cf. Eq. (2.43) of Ref. 3] for Wigner operators, the following
product being a special application of the general law:

000 000 (a)
s s 5 {([k 0 —k]+[a(A)] ‘ kO -k ‘ P 0 -k
kko_];k kko_—kk —(%:)(%:M%( (M) ) r =k B -k X
0 0 0 0

2424 J. Math. Phys., Vol. 16, No. 12, December 1975 Louck, Lohe, and Biedenharn 2424



(A) (r)
« ([kO —k]+[A(A)])k 0-r\[r 0 -B\[/[E0 -r]+[alM)]\, (B1)
(r) 00 00 (M)
0 0

where we note that for each lexical pattern {(A) the sum is over those lexical patterns (I') such that

a0 =RI+AM) 540, (B2) (B2)
(r)
We now take the diagonal matrix element of Eq. (B1) between Gel’fand states having labels given by Eq. (3. 4a),
summing over all lexical patterns

om)=("2, Y (83)

We next observe that the trace of any tensor operator mapping of the irrep space [m,; m,, m,;] into itself (any tensor
operator having A=[000)) is zero unless the operator is the identity mapping, i.e., unless [k 0 —k]+4(A)=[000]
and (M) =(I')=(°) in the summation on the right-hand side of Eq. (B1). For this term, the summation over the
U(2) labels (B3) gives the dimension, /{[m]), of the irrep [m]. Thus, we obtain

0 -k
0 -~
‘<m]>/k000_k ([m])2: 0 0 0 E 0 -k E 0 =k
(2;“') (m) Y (m) 000 000 ko'k
0
-k
0 -k
X 0 0 O\lk 0 =k]fr 0 —=A (mDO(m]. (B4)
0 O 0 0 0 0
0 0 0

It remains to evaluate the Wigner and Racah coefficients in Eq. (B4). The Wigner coefficient may be evaluated
from the pattern calculus rules, and its value is [){k 0 —£)|*/2. The Racah coefficient has the value
I([m)) [D(k 0 —=2)]"*/2 (this result is proved below), so that the right-hand side of Eq. (B4) is

LOmD/Dk 0 =) Lp{[m]), (B5)
as stated in the multiplet sum rule, Eq. (5.12).

We still must prove that the Racah coefficient occurring in Eq. (B4) has the value I,{{m]) [D(k 0 = k)]*/2. One
method of showing this result is to appeal directly to the definition of Racah operators in terms of Wigner opera-
tors, given by Eq. (2.46) of Ref. 3. For the case at hand, we obtain

-k -k 0 0
0 -k O 0 O 0 -k k0 -k 0 o0 0 0
0 0 O\l O ~-R|[E O -k :% 0 0 E 0 ~f ( (M) ) B 0 ~kf\Ek O -k).(BS)
0 0 0 0 0 0 0 (M) (M) (M)
0 0 0

The right-hand side of this result may now be simplified by using the Hermitian conjugation properties expressed
by

~k\ k

0 -k k0

E 0 =k :(_._l)o(u)o-l/z B 0 -k 01/2’ (B7a)
(M) (#1)
0\ 0

0 0 0 O

E 0 =k =(=1)°" (r 0 -k, (Bb)
(M) (1)

where ¢(M)=M,, +M,, +M,, and /) is the dimension operator. The first result, Eq. (B7a), may be proved by in-
duction, using the proven relation for the fundamental Wigner operators [cf. Eq. (4.7) of Ref, 3]; the second result
Eq. (B), may be proved from the generator realization of these tensor operators [cf. Eq. (5.8)]. We omit the
details of these proofs.
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Equation (B7a) is now used to evaluate the Wigner coefficient appearing in Eq. (B6):

-k

00 0 ko O—kk B O —F (=1)° %
0 0 ™) ( 1) ) [Q(kO—k)]w—z
0

Operating on the state vector

i

¢ ")

(k(%)‘ ) =(-1)*" [k 0 -k)]12. (B8)

with Eq. (B6), using at the same time the results of Eqs. (B7b) and (B8), we obtain

~k

-k
0 0 O\l 0 -k
0 0

E 0 ~K\\(m)
0 0 (U]
o 0 0

1
= [k 0 —B)]/2 < > [m]
( 73 (m)

=[Nk 0 =R 21 [m

(B9)

Note added in proof: It is the norm of an operator which determines its null space and not its novmalization, the
latter being the significance of a denominator function. However, in the canonical splitting, the norm Ny and the
denominator Dy are related by Np.([m]) =Dp([m)) [D([m] +[a])/D([m])]/?, where /) is the dimension operator. Thus,

in making statements about the null space, we ignore the factor [)'([m]+

factor [D’([m]

does not vanish in the lexical region (x, >

)F/2 which occurs as a factor in the product over i <j. Since the factor J'([m])
1, x,5 -2, %32

[ADT?/? occurring in Eq. (1.2) and the
=D([m])/1121 -0 (n -1

1) of the intertwining number-null space diagram, this

statement is technically correct. We have added this remark to avoid any possible confusion on this point,
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Group theory and propagation of operator averages
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The propagation of operator averages, which is the basis of French’s spectral distribution method, is
reformulated in the framework of group theory. The concept of complementary groups is extensively used.
It is shown that the possibility of propagating averages is intimately connected with the absence of state
labeling problem. The construction of the propagation operators is examined, and for those cases where it
is not trivial, a new way of approach is suggested by establishing a link with recent group theoretical
advance in the construction of subgroup invariants in the universal covering algebra of a group. Finally the
discussion is illustrated by some examples taken, or not, from current literature.

1. INTRODUCTION

During the last few years, the spectral distribution
method mainly developed by French and coworkerg!=3
has proved quite useful in nuclear spectroscopy. Its
use has been based on the possibility of propagating the
operator averages, defined in-given subspaces of the
fixed number of particles spaces, from low to high
values of the number of particles (or holes). Although
it has been obvious from the beginning that this proce-
dure was intimately connected with group theory, the
precise relationship has not been clearly understood up
to now,

In this paper we shall reformulate the average prop-
agation in the framework of group theory. For this pur-
pose, the concept of complementary groups, introduced
previously by Moshinsky and Quesne,? turns out to be
useful and for this reason is briefly reviewed in Sec. 2.

Section 3 is devoted to the discussion of the average
propagation in the light of the concepts just introduced.
We show the existence of close connections between
some difficulties encountered in the propagation process
and classical problems of group theory, such as those
coming from the use of noncanonical chains of subgroups.
In particular we stress the usefulness of the construction
of an integrity basis for the subgroup invariants in the
enveloping algebra of a group when there is a state
labeling problem in the group to subgroup reduction.

This establishes a link between an interesting group
theoretical problem, whose solution was formulated re-
cently in general terms,® and some physical applications.

Finally, in Sec. 4, we illustrate the general discussion
by some examples taken from the current physical
literature or corresponding to new averaging processes.

2. NONINVARIANCE GROUPS AND COMPLEMENTARY
SUBGROUPS

In the second quantized picture, fermions are rep-
resented by creation and annihilation operators, 5! and
b, respectively, where o denotes all the quantum num-
bers specifying the one-particle states, In the case of
nucleons in a central field, « stands for nljm or nlm,mg
for identical nucleons, and nijmm, or nlm,m m, for neu-
trons and protons in the isospin formahsm All n-parti-
cle states can be written as linear combinations of the
states
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laya, s o) = b, by, * 28, |0), ey<a@,<:++<a, (2.1)
where |0) is the vacuum state.

When the number of one-particle states is finite and
equal to AV (so that 0<n<A), it is well known*® that the
largest noninvariance group that can be built is the group

U(2/), the generators of whose Lie algebra C“x“""gn
can transform any state (2.1) into any other one, "

Caighidr |aya) «+r apm)
=0 pelagap ** *Oalran, [0yt ). (2.2)

This group was called supergroup by Judd.® It is clear
from Eq. (2.2) that all n-particle states, 0 <n</N, be-
long to the irreducible representation (IR) [1] of U(2/V)

The supergroup contains a smaller noninvariance
group O*(2// +1), the generators of whose Lie algebra
are the one-particle creation and annihilation operators,
and their commutators.” A11 n-particle states, 0 sn </,
belong to the single IR [2 | of this group. The group

O*(2/N/ +1) contains all the symmetry groups, the uni-
tary group U(V), and its subgroups.

In general we are concerned with a chain of groups
veMsoreN+ 1) U)o 6,
m ™M o

below each one of which we give the corresponding IR
to which the states belong, The n-particle states can be
written as

(2.3)

onn |0, (2.4)

where u characterizes the row of the IR 1 of G, ¢ dis-
tinguishes between the various equivalent IR’s X of G
contained in the IR [1"] of U(/), and P* ,,, is an ap-
propriate linear combination of products of n creation
operators b;. The generators of U(Z/V) can be rewritten
in the basis (2.4) as C7%'}"** and are characterized by
the property

|noru) =P,

(2.5)

They are rather complicated linear combinations of the
operators

C;';;::x” - f n"cp")t"u") = 5n‘n"6¢‘ w"é).'h" 6;4' 754 ln(pA“')'

D w’l’u'_P

wx Pnl Ill “-'
neAu

(2.6)

neiu
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which can be inverted to give the latter in terms of the
former.* Here

pos_[p T (2.7)

The noninvariance groups UMy and O*(2N + 1) are es-
pecially useful when discussing the concept of comple-
mentary groups.* Two groups G and G¢, whose direct
product is a subgroup of a larger group H, are referred
to as “complementary” within a definite IR of H, if there
is a one-to-one correspondence between all the IR’s of G
and G¢ contained in this IR of H. All Casimir operators
of one of the subgroups depend linearly on the Casimir
operators of the other one in this IR of H.® In the fol-
lowing, we shall take for H either noninvariance group,
whose IR is unique, so that we shall not mention it any-
more and shall speak of “complementary groups within
agroup H.”

In Ref. 4, it is shown that any subgroup G of U(/),
including itself, does have a complementary group with-
in the supergroup and that its structure can be obtained
easily. We shall call it the trivial complementary

group of G and denote it by GTC:
veNyoexare, (2.8)

Its generators are obtained from the generators of
U2V} which are scalar with respect to G, and are thus

Crio = Z Cr o'xu, (2.9
G*C is a direct sum of unitary groups:
cTcz; SU(N), (2.10)

each of which is associated with a given IR A of G and
has a dimension equal to the number of times d()) that
the IR X of G is contained in the IR [1] of the supergroup.
All the states belonging to the various equivalent IR’s »
of G belong to the IR [1] of the group U(4()) and to the
IR’s [0] of the groups U{d(x’)) with A’ # A,

On the contrary all the subgroups G of U(A) do not
have a complementary group within the noninvariance
group O'(2/V/+ 1). When a complementary group does
exist, it is not trivial at all, and will be denoted by G°©:

O" (2N +1)D> GXxGC. (2.11)
The generators of its Lie algebra are obtained from
those of O"(2/ + 1), which are scalar with respect to G.

Known examples of complementary groups are those
associated with unitary,® orthogonal,’® or symplectic'!
subgroups of U{A). The corresponding chains of groups
are

0 (2N +1)D Ulg) X U(»),
4 I S

O* (2N +1)2 0" (2¢ + 1) x0O(27),
[%N] A A

N=gr,
” (2.12)

N=Q2q+1)r, (2.13)
and
O (2 + 1)D Sp(2¢g) xSp(27},
M A N
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Below each group we give the IR’s to which the states
belong. For the unitary groups, x denotes a partition

of n (0= n</A) into g integers not exceeding », and A

its conjugate partition. For the orthogonal and symplec-
tic groups, 1 denotes a partition into ¢4 integers not ex-
ceeding v, X’ is the partition into » integers not exceed-
ing ¢, whose con]ugate partition is such that X =~

- Aq,l i and 1" is the set of # half-integers defmed by
A=Atz L.

Whenever the complementary group G° does exist,
the generators of the Lie algebra of GT€ can be ex-
pressed as polynomials in the generators of the Lie al-
gebra of G, i.e., the algebra of G*° is a (finite-dimen-
sional) representation of the universal enveloping
algebra'? of G°, built in terms of fermion creation and
annihilation operators. Indeed the generators of GT¢
carry any state transforming according to a definite IR
of G into zero or a state transforming irreducibly in the
same way. But all these states belong to the same IR
of G¢, so that the transformation of any one of them into
any other one can always be produced by successive ap-
plications of generators of G¢. There is no such simple
prescription for the generators of GT¢ when G€ does
not exist, and in this case their explicit building is
generally quite complicated.

A special type of trivial complementary group will
play an important role in the following section, It is
associated with a subgroup G of U{/) defined as follows:
If G is a subgroup of SU(/A), then

G =U1)xG, (2.15a)

the single generator of U(1) being the number operator
N; if G is not a subgroup of SU(/A), i.e., if N belongs to
its Lie algebra, then

G =0G. (2.15b)
The IR’s of § are characterized by A= (n, ). The
algebra of

gTC:ZA) S U(d(A)) (2.16)
is generated by the operators

cg'AA_E Croe (2.17)
which are linear combinations of the operators

DIt =2 DI, (2.18)

It is made of all the scalars with respect to G which
leave the number of particles invariant, i.e., the poly-
nomials in the generators of U(/) which are scalar with
respect to G. Therefore, the algebra of G is nothing
less than a (finite~-dimensional) representation of the
subalgebra of scalars with respect to G of the universal
enveloping algebra of U(/A/), which representation is
built in terms of fermion creation and annihilation
operators. It contains itself as a subalgebra a repre-
sentation of the set of all polynomials in the Casimir
operators of G, i.e., polynomials in N {Casimir opera-
tor of U(A)], and in the Casimir operators of G.
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3. PROPAGATION OF OPERATOR AVERAGES

Let us consider the average of a k-body operator,

Ok)= 2 (koru|Ok) | ko' N u) Diol s, 3.1
wek u?

in a subspace of dimension dim(A) of the n-particle

space, defined as the representation space of an IR )

of a subgroup G of U(N), and specified by additional

quantum numbers ¢ if necessary,

O®)" = [dm(M)]2 23 neru |Ok) | noru). (3.2a)

“

Instead of characterizing the subspace in which the
average is calculated by some IR’s of the chain (2. 3) of
subgroups of O*(2// + 1), it will be more useful in the
following discussion to specify it by some IR A of the
subgroup § of O*(2/N +1), defined in relation (2.15). As
dim(A)=dim()), relation (3.2a) becomes
O) ** = [dim(A)]* 22{@An |0 | oA w), (3.2b)
where ¢ distinguishes between the various equivalent
IR’s A of § when necessary. As it will appear in the
examples of Sec. 4, this way of writing the average
gives a unified description of all the cases treated up
to now.

Introducing expansion (3.1) into relation (3.2b), we
get

Owp*r= I {@aru|0G)]¢"A"u")
w"A"i;

X[dim(A)]" Zi{pAu| DY

QA )}, (3.3)
where the summation over A’and A” is restricted to A’
=(k,1"),and A”=(k,\"). Only the part of the operator
D¢ 4" which is scalar with respect to § can contribute
to the sum over u and its matrix elements are inde-
pendent of p, so that

[dim(A)] 22 (AR | D" | oAm)

=80 400 0w (@A |[dim(AY) ] %?Dg,"ﬁ,'g,' (3.4)

oA).
Relation (3. 3) becomes

Onr= 2 {eA|Dg |on)

*[dim(ANT 2 (o A7 w’ [Ok) | @At w)},  (3.5)

where the operator D%/} is defined by Eq. (2.18).
Following French,? we say that the average of J(%)
can be propagated from its defining subspaces ¢’A’,
A =(k,)), if it can be expressed, for any ¢ and A, as
a linear combination of the averages of ({2} in its de-
fining subspaces. From relation (3.5), it is clear that
a necessary and sufficient condition for this to happen
whatever (J(2) may be is that

(pA DA |y

@rA?

:5v,w.<§0AlDw'Al

AT

o), (3.6)
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for any ¢, ¢, ¢”,A and A’ such that A’=(k,2’), because
then

OGN =21 (oA DYR | @ANOR) ™. (3.7
In this case, it is possible to define an operator

Ow=Z O®y*" D, (3.8)
which is trace equivalent to (J(¢), i.e., such that

Q) or = Ow) (3.9)

for any ¢ and A. The operators D44, of which it is a

linear combination, are called propagation operators.
The calculation of average (3.9) in any subspace @A
then reduces to the construction of the propagation
operators, and the determination of their diagonal
matrix elements.

At this point there arise two main questions. The first
one is to know in which cases the propagation is possible,
i.e., conditions (3.6) are satisfied. The second one is
to give prescriptions for building the propagation opera-
tors when these do exist. We now proceed to examine
both problems successively.

Conditions (3. 6) are trivially satisfied if there is no
need for additional quantum numbers ¢, It is thus ob-
vious that a sufficient condition for the propagation to
be possible for any k& is that any IR A’ of g be contained
at most once in the IR [4/] of 0*(2A/+1), or that any
IR ) of G be contained at most once in the IR [17] of
U(M). If this is not the case, and that additional quantum
numbers are necessary for some value of n, the prop-
agation is still possible for a given value of & if any IR
A’= (k,X) of § is contained at most once in [3/Y]. How-
ever, if for a given k and a given A/, the IR A’ = (%, )’}
is contained at least twice in [5/V], conditions (3.6) will
generally not be fulfilled because a state | ngAu) may
have simultaneously parents of the type | 2¢’A u’) and
[k’ u’) (some simple examples of this property can
be easily constructed). We thus see coming out for the
first time connections between the propagation procedure
and the state labeling problem. Other relations will ap-
pear later on.

When the propagation is possible, how can the prop-
agation operators be constructed? The operators D¢’4;
are linear combinations of the generators C%/#’ of
the trivial complementary group GT° of G. It is thus
clear that the study of the structure of this group is in-
timately connected with the construction of the prop-
agation operators. This implies that a procedure has to
be found to build the generators of G7€ in a direct way,
without constructing explicitly the n-particle states.

When the algebra of g TC coincides with its subalgebra
of polynomials in the Casimir operators of g , the prob-
lem is easily solved because the Casimir operators are
well known for all classical groups, as well as their
eigenvalues in all IR’s. Sufficient conditions for this
to happen can be found:

(i) g is the first step of a canonical chain of subgroups
of U(N) [therefore § =U(A -1)], because then the
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Casimir operators of the groups of the chain form a
complete set of commuting operators*®;

(ii) g is the direct product of two complementary
groups, G = GxG®, because then the generators of GT°
are polynomials in the generators of G°, and (€ is the
subgroup of GT€ which is left invariant by the transfor-
mations of G®, so that its generators are polynomials
in the Casimir operators of G {or of G as the latter can
be expressed in terms of the former);

(iii) G is the direct product of a group G and a canoni-
cal subgroup G’ of its complementary group G¢, =G
xG’, G’ G°, because then the generators of (7€ are
those polynomials in the generators of G¢ which are left
invariant by the transformations of G’, and are there-
fore polynomials in the Casimir operators of G¢ (or G)
and G’.

The construction of the generators of 7€ is not as
trivial when the algebra of polynomials in the Casimir-
operators of g is a proper subalgebra of the algebra of
GTC. In this case the propagation operators can be easily
built only for those ¢ values for which the number of
linearly independent polynomials in the Casimir opera-
tors of g is the same as that of defining subspaces
(B, ).

Such a situation may happen even when there is no
state labeling problem in the reduction U(N)> G for the
IR’s [17] of U(A/). In Sec. 4, we give an example of such
a case, corresponding to the reduction U(6)> 0*(3),
which occurs for identical fermions in a single shell of
angular momentum 5/2.

When there is a state labeling problem in the reduction
U(N)D G, the above-mentioned subalgebra is always
proper because the algebra of ™€ contains at least one
generator of the type C¢/'% (¢’ # ¢”), which cannot be
expressed in terms of Casimir operators of g as it con-
nects two different IR’s of G. In fact it is well known*
that in this case the algebra of g TC contains the sup-
plementary operators whose eigenvalues define the ad-
ditional quantum numbers which complete the classifica-

tion of n-particle states.

In both cases, the problem of building the generators
of G will be solved if we can construct an integrity
basis, i.e., a minimal set of operators of 7€ in
terms of which all the generators of GT¢ can be writ-
ten as polynomial expressions. This is a difficult prob-
lem to tackle, but some definite progress was made
recently in its general formulation and its explicit solu-
tion in some particular cases.® Therefore, there is
some hope that it will be possible in a near future to
build the propagation operators in their full generality
at least for some of those chains of groups for which we
are restricted now to low k values.

It is quite easy to generalize the results of the discus-
sion to the case of an operator () of mixed particle rank,
not greater than u,

O:Zu) Ok). (3.10)
k=0

We may distinguish two cases:

(i) When any IR A’ of g is contained at most once in
the IR [/V] of O*(2/V + 1), the average of any operator (/
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can be propagated from its defining subspaces A’ = (&, '),
0 <k =u, whatever u may be;

(ii) When « is the first value of » for which an IR A’
of § is contained more than once in the IR [5/\’/] of O*(2N
+1), the average of any operator () of maximum particle
rank » <y can be propagated from its defining subspaces
A’ =(k,)\'), 0<k<u; however, the average of an opera-
tor () for which «=> % cannot be propagated in general.
The problems encountered in the explicit construction of
the propagation operators remain of course the same as
before.

Finally, let us mention that a modification of defini-
tion (3.2) is used by several authors when dealing with
subgroups G of U{/) for which there is a state labeling
problem, **:!® It consists in taking the average of the
operator (J(k) over all the equivalent IR’s A of § con-
tained in the IR [/V] of O*(2// + 1),

Q)™ =[al8) dim(W)]™ ZipAu |0 @A),  (3.11)

Here d(A) is the number of times the IR A of § is con-
tained in the IR [§/V] of O*(2A/ +1) or [1] of U@2A), and
is clearly a member of the set of numbers which de-
fine the dimensions of the unitary subgroups of (*¢. The
average (3.11) is thus taken in the representation space
of the IR AX[1] of the subgroup § XU{d(A)) of U2N).
The operators D¢, % which contribute to such an average
are therefore linear combinations of the generators of
the subgroup T 4, ®U(A")) of GTC, Trivial changes
have to be applied to the relations derived above, and
all the main conclusions remain valid. Moreover, it
should be clear that whenever other scalar operators
enter the construction of the propagation operators in
addition to the Casimir operators, average (3.11) is
more natural and much easier to calculate than (3.2)
because in general those operators cannot be simulta-
neously diagonalized so that their diagonal matrix ele-
ments in the subspaces characterized by ¢ and A are
difficult to determine.

We proceed now to illustrate the discussion of this
section by same examples mostly taken from current
applications of the spectral distribution method.

4. DISCUSSION OF SOME PARTICULAR CASES

(i) There is no state labeling problem and the algebra
of G*C is generated by the polynomials in the Casimir
operators of G,

Let us consider first the case where = GXG®. Then
g is one of the three direct product groups of relations
(2.12), (2.13), and (2.14). Only examples of the first
type have been considered up to now because the other
two imply averaging over states with different particle
numbers. They correspond to » values equal to 1 (scalar
averaging'+?), 2 (fixed isospin averaging'), or 4 ({ixed
supermultiplet averaging'®)., Any operator can be prop-
agated, and the propagation operators are polynomials
in the Casimir operators of U(»), G,=N, Gz, Gs,. -.,G,.
For scalar averaging, they are thus polynomials in the
number operator, for fixed isospin averaging poly-
nomials in N and T?, and for fixed supermultiplet aver-
aging polynomials in N, G,, G;, and G,.
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Let us consider next a case where § =G xG’, and G’ is
a canonical subgroup of G°: fixed seniority averaging for
identical nucleons, the seniority being either that in a
single subshell, or the multi-shell generalized senior-
ity.1*” We have indeed § = Sp(2q) X U(1), where U(1) is
2 canonical subgroup of the quasispin group Sp(2), gen-
erated by the operator S,=3(N - ¢). Any operator can be
propagated, and the propagation operators are poly-
nomials in N and 8%, the square of the quasispin
operator,

(ii) There is no state labeling problem, but the al-
gebra of gTC is not generated by the polynomials in the
Casimir operators of G only.

An example of such a case is given by the quite trivial
fixed angular momentum averaging for identical fermions
in a single shell of angular momentum 5/2, correspond-
ing to the chain of groups

U(2%)2>0*(13) DG =U(1)xX0*(3). (4.1)

The IR’s of the last group are (0,0), (1,5/2), (2,0),
2,2), (2,4, (3,3/2), (3,5/2), (3,9/2), (4,0), (4,2),
(4,4), (5,5/2), and (6,0), and are contained only once
in the IR [3°] of O*(13). Moreover, it can be easily veri-
fied that the generators of GT¢ cannot be built in terms
of polynomials in the Casimir operators N and J° only.
However, it is sufficient to add to them the square of
the quasispin operator §” to get an integrity basis of
GTC in terms of which all the propagation operators can
be explicitly constructed.

(iii) There is a state labeling problem. Many examples
of such a situation are known. Let us mention the fixed
supermultiplet and SU(3) symmetry averaging,'® the
fixed supermultiplet, spin and isospin averaging,'® and
the fixed seniority, isospin, and reduced isospin aver-
aging for both types of nucleons. The corresponding
groups are § =SU(3)XU(4), § =U(g) xSU(2)xSU(2), and
G =8p(2¢)XU(2), and the state labeling problem occurs
in the reduction U(g) D SU(3), U(4)>SU(2)xSU(2), and
Sp(4)>U(2), respectively. Another important case cor-
responds to the fixed angular momentum averaging for
high enough // values.

The usefulness of the construction of an integrity
basis of G*C can be illustrated by the following exam-

2431 J. Math, Phys., Vol. 16, No. 12, December 1975

ple. Let us consider the fixed supermultiplet and orbital
angular momentum averaging for the p-shell nuclei.

The corresponding group is § =0*3)xU(4), where the
rotation group in orbital space is a subgroup of the com-
plementary group U(3) of U{4). The propagation opera-
tors for =2 operator averages can be built in terms of
the Casimir operators 1, N, N2, G,, and L?, However,
for # =4 operator averages, the full integrity basis is
needed. It was shown recently® that it includes the
operators N, G,, G,, L?, as well as a third-order
operator X'¥, and a fourth-order operator X', In
terms of these, the propagation operators for =4 op-
erator averages can be written as linear combinations
of 1, N, N°, N°, N*, G,, NG,, N°G,, G,, NG,, G, L,
NL?, N?L?, L*, G,L?, X®, NX®, and X“.
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The electromagnetic field on a simplicial net*
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The “Regge calculus” approach is extended to the electromagnetic case. To this end an “affine” tensor
formalism and associated exterior calculus are developed. The simplicial approach to linear field equations
is illustrated by the two-dimensional scalar wave equation, on which also a discussion of the treacherous

character of the continuum limit is based.

1. INTRODUCTION

A previous paper' developed the simplicial approach
to the purely metrical field (“Regge calculus”). Therein
the formalism was brought to a point where full-blown
computer calculations ought to be possible, but my own
attempts succeeded only in developing programs to cal-
culate all the basic quantities but not in solving effi-
ciently or reliably the basic set of equations for the
time evolution problem. (See Sec. IV B of Ref. 1).

This paper will extend the formalism of Ref. 1 to the
case of the coupled metrical and electromagnetic
thatches (“geometrodynamics”). Since the electromag-
netic part of the equations is linear, the new calcula-
tional problem is probably not much harder than the
old.

In working with tensors defined relative to an n-
simplex, it is convenient to use a system of coordi-
nates which reflects the (n+ 1)-fold character of the
vertices. Section II elaborates such a formalism, and
Sec. III develops the “exterior calculus” in those terms.
The key result which allows one to formulate the elec-
tromagnetic action is furnished by condition (3) of the
theorem, in which Sec. III culminates.

Section IV presents the equations for the electromag-
netic thatch and verifies all the formal consequences of
these equations that one has become used to in the
continuum.

Finally, Secs. V and VI discuss how the simplicial
approach works out in a particularly simple situation—
a “massless” scalar thatch on a two-dimensional net.
It appears that the simplicial approach will agree with
the finite difference scheme only “on the average.” In
particular, the investigation of the continuum limit by
Taylor expansion at a point is in general misleading.

The notations and terminology of this paper agree
with those of Ref. 1.

1. AFFINE COORDINATES
A. Affine coordinates

By considering a point P in the interior of an n-sim-
plex as the centroid of n+ 1 masses {/ placed at the
vertices v, - - - v, we can express it as an “affine sum”

P= Zt’v/Zt’

of the vertices v,.
write

Renormalizing the masses, we can
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P= ]Z:Otivj, (1)
in which

n N

s (2

and with all the // > 0. By relaxing this latter condition
we can express any point in the affine space S of the
simplex in the form (1), (2).% We call vy, v,,...,v, an
affine point basis for S.

A vector of an affine space is the “difference” of two
points which we write as @ - P or PQ Let V denote the
space of all vectors of S. If

P=7 phv;, Q=2 q'v,,
then we take for coordinate of 136 the differences
xi=q’ — p’. Then (2) implies

M:
||

(3)

Another way to explain these coordinates is as com-
ponents of PQ relative to the (redundant) “barycentric
basis” comprising the n+ 1 vectors

Z v, (4)

e.—=v
+1 2=0

i )i =

A simple computation verfies this:

= Z) (¢ = pHYo; [oy (3)]
=20 a'v; = 25 by,
:Q —P:lj_(j.

Corresponding to the basis (e;) for V, we introduce for
the dual space V* a basis (e') defined by

. —_ if ji=k,
i _Fiz=gi —
(e ,ek>-5k‘6k 71 (5)
- 1 if j#k
n+1 A
Notice that
2. e,=0, 2 et=0, (6)
k k
2, e, ek=1, (7
2
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Let us check the last relation, for exarpple, by apply-
ing its left-hand side to the vector a=}a'e;. First,
however, we point out the lemma:

Lemma: If for any quantities @,, 7=0,...,n, 2,Q,=0,
then
Q,=8%Q,. ‘ ()

Continuing with the check, we have

2 ek®e*~a:§) e (e, ;‘ afej>
k

= Z a’e; [by the lemma and (6)]

7
=a. QED

If T is any sort of tensor relative to the vector space
V, we define its affine components Ti...% by contracting
it with the relevant product of basis vectors e,, e*. Then
(7) guarantees the expansion:

T= ), Tiilte,®--®e, e -.ge, (9)
S
teeom
from which follows, with the aid of (6),
2 TikE=0
J

for any index j, up or down. This last result is the dis-
tinguishing featur= of affine components and, together
with (5) and the lemma, it guarantees that contraction
works as usual by summing on the contracted indices.

(10)

Finally, we derive the affine components of two
“special tensors. ” The “Kronecker delta tensor” & has
components formed as follows (in a slightly cumbersome
notation):

Bl =04 (e,) (e%), = (e,)(e'), =(e,, &%) = &,
which shows the consistency of our earlier definition
(5).

The other “special” tensor we will need is the epsilon
symbol, which strictly speaking is not a tensor but a
tensor density and thus defined a prio»i only up to an
overall factor. We fix this factor by setting

gl

from which it is easy to evaluate the other components
using the antisymmetry of """/ and the sum rule (10).
Thus, for example,

Rlee e _ e _
and

2023..",+~é123...n+~€'223..-n+ e +~é"23-..n:0

€023 " £ 140+ .-+ 0=0, S0 that 223" " =_1,

Let j,j, - - - j, be any permutation of the indices 01---n,
Then

?,-l...jn:{nt 1 if the permutation j,j, - - - j, is even,
-1 if the permutation j,j, - - - j, is odd.

(11)
We note without proof that our definition is equivalent
(for the contravariant ¢) to
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€= U0, A0 N - - - NTD,.

A final subtlety needs mention. Let n=3 for definite-
ness. Then under the usual definitions

Tl v, — AV [l
€MV o =0505 - 85 6%,

That the analogous formula apply to €/* and %,,,, re-
quires, as is easily checked, that %%, =3=1/(n+1).
Accordingly, we define the covariant € with components
of magnitude (n+ 1)™1:

€ 1/ (n+ 1)JE " n, (12)

e, =
With these definitions all the expected formulas obtain.

B. The metric tensor of a simplex

As pointed out in Ref. 1, to specify the n(rn+1)/2
edge lengths of an #-simplex is equivalent to specifying
a flat metric for the interior of that simplex. In this
section we calculate the affine components g, ; of this
metric. Let 2, be the length squared of the edge joining
v; to v;. Then, since, plainly, v;0,=¢,-e¢,,

5= 0;0;90,0,)
={(g,(e;-e,)(e;~-e,)
=(g,e,0e,) - 2(g,e,e,)+(g,e,Qe,;)
=§,-,— - 2§if+§ii
=Ay,.

By forming the combination §%5%A4,,, we can, in view
of (8) and (10) as applied to §, recover g,;:

gféjl'lilzo_zgif‘i_(): Eij="'%[ilg?g}a (13)

which says that g,; is just -3, “rendered affine” or
“projected into the affine tensors.”

Now suppose that A?* are the affine components of
some tensor. Then according to (13)

A
= - %Kkllit;
in other words, one has the general

Replacement vule: If g;, occurs with both indices con-
tracted against affine indices, then it can be replaced
by = 35,

C. "Geometrical’’ tensors

In this subsection we fix some normalizations and
derive a useful expression for the volume of a simplex.

Let the wedge product be defined in the usual way and
normalized so that, for instance, the wedge product
a/\b/\c of three vectors consists of six terms each with
coefficient + 1. Then we take the product a/\b to rep-
resent the parallelogram determined by @ and b, and
za b the triangle or 2-simplex spanned by them. In
general, the normalized product

w=(1/mblag/N\--- Aa,, (14)

will represent the m-simplex spanned by vectors
ay-++a,. We also introduce the more conveniently nor-
malized contraction
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(W] py=(w, p)/m!, (15)

where m is the rank of the forms w, ¢. For example, if
m=2, then

(wlp)=1w""3,,.

With these definitions the volume represented by any
rank m totally antisymmetric tensor is

vol{w)= | (w|w)|2= | w]. (16)

(The absolute value is needed because of the indefinite
metrie, i.e., the volume is defined to be a real num-
ber.) Thus, for example, the bone [012] of some 4-
simplex ¢ corresponds to the tensor

w=(1/21)Y0,0,N\v,7,
=(1/2!)e, —e, ) \(e, ~¢&,)
=(1/2!)(e;N\e, +e,/\e,+ e Ne))
=(1/2!)8,e;®e,,

where T ., is of course formed from the indices 0, 1, 2

in the manner of (11). In general the m subsimplex with
vertices &, - -k, corresponds via (14) to the tensor with
affine components:

511..-,',":(1/;445)e{giif';m,. (17)

According to (16) the volume V of this simplex is
given by

£+ V2= (w|w)=(m!) QI B @
By the replacement 52, p zl discovered in the pre-
vious subsection we convert th1s result to one expressed
directly in terms of edge lengths:
o~ dae g ~ ses m
£vol? =(=3)™(1/m!)@" Imh " 1T 2, (18)
a=1

To find the volume of any m-simplex of the net, we can
work within the m-dimensional affine space spanned by

that simplex and (calling its vertices 0 *m) write
W T im = (1/m )L I,
Then
£VOIP = (= 5)"(m! Y S & e g L (19)

To facilitate numerical evaluation of such expressions,

we introduce the concept of a “bordered determinant”
which has the form (with A representing any mXm
matrix)

Then the expression

’Ejl"'imzkl".kmAjlkl . 'Aimkm
can be evaluated as — m!B(A), the proof being left to
the interested reader. Thus we get the expression for

volume in terms of edges, as
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[

1
£volP= - (~3)"(m!)2| - , (20)

1
a result which appears in Ref, 3.

For a triangle we find (setting m=2, x="0,, v=10,,
Z= liz)

+A%=— (—

0

1
12091 y-2
5200
1

e v O~
N O R e
O N2

=~ =[x+ 92+ 2% - 2xy + 9z + 27)).

1. SIMPLICIAL EXTERIOR CALCULUS
Let
Z,=set of all 0-simplexes (vertices) of the net,
Z,=set of all oriented 1-simplexes (legs) of the net,
Z,=set of all oriented 2-simplexes of the net, etc.,

and represent a typical oriented 2-simplex, e.g., as
xvz), where x,y,zcZ,. Then we define*

a 0-form (scalar thatch) as a map ¢: ,—~R,

a 1-form (co-vector thatch) as a map A: Z,— R such
that A(xy) = - A( yx),

a 2-form as a map F: ,~ R such that F{xyz)
= - F(yxz)=F(yzx), etc.

To understand these definitions, one could think of

A(xv), e.g., as the line integral [YA  dx* of some

field A, along the leg [xv]. If, then, F=dA, then
Stokes’ theorem becomes

F(X,VZ)"" j;xyz]Fuu da*’ = ﬁ[xy]*[yzh[leAu dxl‘-
— A(xy)+A(yz) + A(zx).

Generalizing this relation to arbitrary dimension we de-
fine the operator “d” from m- to (m + 1)-forms as
follows:

m ~

dw(kyk, - - Z) Walke -k k),

3 m

(21)

where the “hat” indicates omission. It is easy to check
that

ddw=0: (22)
dda(ky -+ k)= Z( 1Y dw(k ﬁj...km,,)
m+l . m+d .
=2 (=1Y 22 (- ) sgn(l~))
=0 120
Xw(ko"';a""%b"'kmu)

[where a=min(j, ), b=max(j, )]

m+l

= 2. (=1)y*sgn(l -j)

J.1=0
xw(ko"'};a""}b"'kmd)
=0
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since sgn(l - j) alone in the penultimate expression is
antisymmetric in the exchange of j with 1. QED

The main theorem of this section is in part a partial
converse to (22).

Consider now a particular m-form w and a particular
simplex g € Z, and ask whether w “extends to the interi-
or of o, ” i.e., whether there is defined in the space of
o an m-form w(o) which agrees with w on all the m-
subsimplexes of ¢. By definition w{c) “agrees with” w
on [x,+ - x,] iff

(w(0), [x,

If w does extend to ¢, then we can form a simple ex-
pression [analogous to (13)] for the affine components
of w(o):

Tl =w(xg " %,) (23)

From above we know that, calling o =[01---#],
m! [k, - 'km]:’e—o’;1/\k_<)-’;2/\' r /\}Z’;m
:(e,,1 —eko)/\(ekz -eko)/\- ey,

In the expansion of the right-hand side, only terms
lacking or linear in e, survive since €, €,=0, and
one obtains, in a hopefully clear notation,

mllky - k,l=€, N--- Ae,
—Z e, N Ney, N---Ne, .

i=1
)
Because of (6) we can isolate e, A --

-e).

(24)

. /\e,z”l by summing

on k,:
m! kzj (ko -k, ]=(n+ De, A---ANe, ,
=0 m
° (25)
= ek k ]
ekl/\..o/\ekm—l+nko=0 oy Bple
Applying w(o) to both sides, we have
5 m! <
mLw(0)y e, = 75, k?’u (w(0), [ky+ kD,
|z (26)
w(o)kl...km ={+n k:/_:a wlkyk, -+ < k,).
In order to study this condition more closely, we
make the definition (relative to the simplex o)
Swilk, < k,)= T k,) (27)
so that (26) can be expressed in the droll form
G(o)kl...km:Sw(kl <ok (28)

It is easy to see that Sw is an (m ~ 1)-form (on ¢) when
w is an m-form, and that

S2=0, (29)

We can also verify the important relation (relative to
o as always)

Sd+dS=1. (30)
Proof:
dSwlky ™« k) =2, (= 1VSwlky -+ -k, k,)
7=
:Zm:(—l)’ 1 SLw(lk cerkee k)
=0 1+n T 0 4 b
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1 m n
= k- k
1+n§o§ow(0 ) n:
1 n
S dw(k, ==— 2 dwllky -k
duw( ) Hn’Z:% w(lky "+ * ky)
L ke ek)
1+n T [+ m
~ 2 (1Y wl(lky* k- - k)
i=0
ol k) - T
= Wt B T 1+n9
XEw ok

(J )

Comparing the two expressions completes the proof.

Returning to the question whether w extends to o, we
note that the formula for w(o) given in (28) or (26) will
define a form in the space of ¢ whether or not w ex-
tends to o. If we call this form p, then the condition
that p agree with w on ¢ (which is just that that w extend
to o) becomes

(p, ko -k =wlky- - - k).

But by (24)

(p, [k~ - By D)

1
—;n—!<p,ek1/\---/\ekm>

Z_; ekl e’zo/\' ekm>
. G
=p -Z: P “hyteok
i=1
)
> w(lk )—i 1
m j=1 1+n
X200 wllky =+ ko~ k)
1=0 (¢
= liw(Zk -k)+1 if)w cleek )
1+n 1=0 ™ 1+n =1 I=0 ) "
1 n m
w(k, k
1+n,ZO ZO (J) m)

Comparing this with the proof of (30) furnishes the con-
dition for w to extend to ¢ in the form

dSw=w. (31)

We can now prove the following fundamental theorem
which has been the goal of this subsection:

Theovem: Let w be any form defined on a net includ-
ing the simplex ¢ and set @ =Sw, as defined in (27).
Then the following three conditions are equivalent:

(1) w=4dQ,
(2) dw=0,

(3) w extends to o, the extension being furnished by
(26).

Proof: We just saw that we can replace (3) by the
condition

(3') dSw = w;
we already know by (22) that (1) =(2), and (3’)=(1) is

Rafael Sorkin 2435



obvious. To complete the circle of implication, we
need only (2)=%(3’) which follows immediately from (30)
applied to w. QED

By the way, @ becomes unique through the condition
SQ =0, which follows from (29).

{V. THE ELECTROMAGNETIC THATCH

(All components in this section are affine compo-
nents—but the tilde (7) will usually be omitted. )

A. The source free thatch equations

In this section we assume a net £ with fixed metric
thatch 2, and the associated metric tensors g(o) for
eachoeZ,.

The “vector potential” A is a 1-form on Z, as defined
in Sec. III, and F =dA is the electromagnetic thatch. By
the theorem of the previous chapter F extends in each
cell 0 2, to a tensor F;,(0) given by (26). Calling V(o)
the volume of o, we take for the action

S,==% L V(OXF(0)|F(o)),
0624
= - % Za: V(O’)F”(U)F”(o)
= -1 7 V(0)g(0)*g(0) P F(0); ,F(0),y- (32)

The thatch equations equate to zero the variation of S
with respect to the thatch A:
oS

A =0 for all legs [ij]leZ,. (33)
Well,
8S,=~% 2. V(O)FY(0)oF (o).
But according to (26)
F,{0)=3% 2 F(kij)
kS0
=120 (A3 +A(iR) +A(RD)]
=A(ij) +—;k2 [A(jR) + A(ki)) (34)

Because F,; are affine components we can also write

(35)

where the remaining terms vanish because of (10) ap-
plied to 5. Just as for Z,, one discovers from (35) the
replacement vule

FNjk —~A(jk)
whenever F,k occurs with both j and % contracted against
affine indices.

(36)

This allows us to express 58S, directly in terms of

8A:

8S,= -3 2. V(0)F(0)BA(ij)

g

There is thus one thatch equation for each leg of the
net:

2. V(0)F¥(0) =0,

o
where, of course, ¢ ranges only over those 4-simplexes

for which the expression has sense, i.e., for those of
which [i] and [j] are vertices.

(37)

(38)
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We can also express F'(¢), and thereby the thatch
equations, directly in terms of A:

FH(0)=g'(0)g""(0)F,, = g"*(0)g " (0)A(ab)
Fi(0) = h*%(g)A(ab),
where

i jab :giagjb _gibgju.

(39)

B. The equations with a source—Charge conservation

If there is prescribed a source J, then the action has
an additional term
Si= 2 AU,

40
1ij1€ 5, (40)

in which J(ij) should be considered, not as a 1-form,
but rather as a “vector density” or “current.” In place
of (37) stands (half of)

= 2 V(0)FH(0)3A (i) + J(i)8A(i))

so that the thatch equations become

22 V(0)Fi (o) =J(ij). (41)
o

The natural interpretation of J regards J(ij) as the
charge flowing “along” leg [ij] of the net. It is as if &,
were an electrical network, A the potential drop, and J
the current. Then the conservation of charge (like one
of Kirchhoff’s laws) reads

X J(ij) =0 (42)

and follows from (41) because of the rule (10).

We can also cast the conservation law in an “integral”
form as opposed to its “local” statement (42): Let
QT %, be all the vertices in some region of the net and
form the two expressions

2 2 J(ik) and 2, J(iR).
iCQ REEg i,kCQ

The first vanishes by the equation of conservation (42)
and the second by the antisymmetry of J. Then

0= 2 2. J(ik)
1EQ kEEO
-z 5 %) -
—0+ I fég J(ik),
S 2 J(ik)=0.
iZQ kEQ

In words: “The total charge leaving the region £
vanishes.”

C. Gauge invariance

As usual, F=dA determines A only up to an addition
of the form d6, for arbitrary O-form 6. Since A does
not occur explicitly in S,, we are free to require in-

variance under the “gauge transformation”
A—A+de (44)

as long as the interaction term (40) is unatfected. But
under (44) S, acquires an additional term
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3 ;j do(ij)J(ij) ®
[6( ) - 6(i) W (ij)
= -2 6(2) @ J(i7)

whence gauge invariance requires

22 J(ij)=0 (45)

since 6 is arbitrary. This is exactly the familiar con-
nection between gauge invariance and charge
conservation,

Since the gauge freedom of A introduces a free num-
ber for each vertex of the net, one can remove this
freedom by imposing one condition at each vertex. One
which suggests itself is

2 A(ij)=0 atallicZ,. (46)
i

This looks something like the “Lorentz gauge,” but it
is not, since A is a 1-form rather than a current.

D. Coupling to the metric thatch—The energy-momentum
tensor

Equation (38) already includes the effects of an
arbitrary background metric. To find the reciprocal in-
fluence of the electromagnetic thatch on the metric, we
must evaluate

0Se

T(ij) = - = - (47)
Writing (32) in the form

S,= > L(o)

L(o)= - $V(0)g""g"F , (0)F , (0), (48)

and, varying the metric g(o) interior to o, one finds
20L = -30V(F,F) - Vgh#6g"F  F
=-30V(F,F)+ Vg, ,bg,, F*"F*",

If we express this in affine components, then 6V
assumes a simple form which follows readily from the
method of Sec. IIC:

— LV iiog, (49)
whence
20L = V§,,6%, FFY — LVFF,, 576F,
= Vog (FVg, F' - LFF , 519
= V(0)88,,(0)T7*0), (50)
in which
T4 (0) = F*(0)F ,(0) - $F®(0)F ,,(0)%7,, (51)

is the well-known formation in terms of F,;, g;,. Apply-
ing the replacement rule of Sec. II B converts (50) into

0L =-§813,VT*
so that, finally,
88 =2 8L(0)
g

=1 Ek 62,V (0)T*(0)
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12 8B, 2 V(0)T*(o)

1.k

=- 25 OBT[jk),
U RIELD,

where T (jk)=3% 2, V(o)T'%o). (52)

Thus the thatch equation (4) of Ref. 1 becomes for the
present case

G(jR)=T(jk). (53)

V. EXAMPLE: THE WAVE EQUATION IN TWO
DIMENSIONS

To develop some feeling for the behavior of simplicial
equations, we can study a particularly simple, linear
case: the two-dimensional wave equation.

If ¢ is the basic scalar thatch then, in analogy with
the continuum theory, we choose for the action

S= ; L(o)V (o) (54)
where
L(o)={d¢(0) | do(o))
=52'(0)dd () f0). (55)

Here, of course, g{c) and d¢(o) are defined as in Secs.
IIB and I, respectively.

There is also a replacement rule for d<5,.. Explicitly

dd(0) = 7 +n 2 do(ki)
1 .
Tin & ¢@) - ¢(k),
ddy(0)= ¢(i) - (¢),, (56)

where (¢), is the average value of ¢ in the simplex 6.
Then, since 3,g'/ =0,

70145, 0) = T F(@)e())

and

Lio)= 2 38"(0)8(i)e(), (57)
whence

S=3% Z) g"(0)¢(z)¢(J)V(0) (58)

v] -

oCEn
[The sum is naturally over only those values which
make sense—those for which i< o and j= 0. Equiva-
lently one can define g'/(g)=(0) for all the nonsensical
values. |

Varying o(2):

5¢(2) = Z) gH(0)(§)V(0), (59)

the vamshmg of which constitutes the thatch equation
for vertex i.

So far everything was general. We now specialize to
various two-dimensional nets with flat metric. To
evaluate g%(0), the following formula, which can be
proved by the methods of Sec. IIC, will prove very
convenient:
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v
B
AT a
Y : 3 FIG. 1. A rectangular
A ol net for a two-dimen~
o < stonal flat space—time,
£ AN The diagonal lines are
5 | % S lightlike.
6 F ™
4 E
(F(i),F(j)):[gr/(n—1)!]5“: tunl Vg, (60)

Here everything relates to a particular n-simplex; F(7)
is the oriented face opposite to the vertex ¢, V the
volume of the simplex, and

nlgr:?"'fgw---gjb?""b, (81)
of course.
Work first with the net of Fig. 1 (without the dotted

line), and consider the equation of vertex A. Because
all the cells have the same volume V, Eq. (59) becomes
2. 22 §H0)p(i)=0
o j€o
or, in view of (60),
2 Z (F@,F()¢(1)=0. (62)
¢ jCo
There are two types of cell in the net, of which o and

B are exemplars. For « one finds from (60) (order:
A B C)

-1 1 0
g9a)= 1 0 -1, (63)
0 -1 1

and from this gi/(8) must be (order: A D C)

1 -1 0
gig)=~-1 0 1, (64)
0 1 -1

The equation of A is then
[24%(a) + Z44(B) + 244 (y) + g44(8) + §44() + 44 (1) 19(A)

+[Z43(0) +g48(a)1p(B) + [E4%(a) + g2°(B) 19(C)

+ee [+ g2 (D)|p(H) =0

or
a
Yo/ |\~
f b
FIG. 2. A simple net in two
LEl dimensions.
e [
d
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(=1+1+0-1+1+0)p(4)+ (1+ 1)¢(B)+(0+0)p(C)
F(=1-1)¢pD)+ -+ (-1-1)$p(H)=0, (65)
®(B) - ¢(D)+ ¢(F) - ¢(H)=0, &(B)+ ¢(F)=¢(H)+ $(D),

which is exactly the equation used by the method of
finite differences, in place of 0%2¢ =0 (in two
dimensions).

It is remarkable that ¢(A), ¢(C), $(G) drop out of the
equation completely. It is also odd that the vertices of
the net fall into two variationally unrelated subsets,
but there seems to be no way to set up a net which
avoids this and still has basic equations of the type (65).
The net indicated in Fig. 2, for example, relates every
point to every other, but through the typical equations

@la) +2¢(h) + d(d) = d(0) + ¢(c) + ple) + ¢(f), (66)

which could be thought of as the sum of the two
equations

Pla) + ()= ¢(f) + d(b) and @(d)+ d(h)= d(c)+ ¢(e).

The most disconcerting phenomenon implied by (62)
is that of the totally unrelated vertex as illustrated by
Fig. 3. The subnet pictured, which might be the re-
finement indicated by the dotted line in Fig. 1, con-
sists of four cells (triangles). According to (58) their
contribution to the action is a sum of terms in
PX)o(X), ¢(X)P(A), ..., ¢(A)p(F), --. From (63) and
(64) the coefficient of p(X)- ¢(X) is

§ 2 B () =8(-4+4-4+4)=0,

4
=1

I

while that of ¢(X)p(A), e.g., is,

ajr
1)

¥ (H=12-2)=0.

=1

.

In other words ¢(X) drops out of the action completely!
In fact the expression for S is the same for both nets:
The dotted line makes no difference.

Lest all these surprises give the impression that the
simplicial approach is especially productive of
anomalies, we should add that for any other than the
1—1 ratio of sides, the net of Fig. 1 reproduces
exactly the equation of the usual finite difference
approximation. And, though we have stuck to flat
space—time, the simplectic scheme comes into its own
only with a curved background metric—which it handles
with no extra trouble.

As a final example we take the two-dimensional po-
tential equation. Using a “square” net with the topology

A D
FIG. 3. A refinement of the net
- a of Fig. 1. ¢(x) makes no contri-
bution to the action.
3
F E
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pictured in Fig. 1 one finds for vertex A, e.g., the
equation

4¢(A)= ¢p(H) + ¢(D) + ¢(B) + ¢(F), (67)

which just says that ¢(A) is the average of the neighbor-
ing values. And, of course, this is the well-known
characteristic feature of a solution of V¢ =0.

V1. THE CHARACTER OF THE CONTINUUM LIMIT
A. General considerations

All the thatch equations discussed above or in Ref. 1
share this feature: The thatch represents a true field
but one of a very simple (possibly singular) type. Thus
A(jk) corresponds to a piecewise linear electromag-
netic potential, while I?( jk) defines a piecewise flat
manifold. In terms of these fields one defines the action
in the usual way; then the thatch equations just assert
the stationarity of the action—but only for variations
which maintain the correspondence of the field to some
thatch. By using ever finer nets one allows for ever
more delicate variations of the field so that, in the lim-
it of an infinitely fine net, one expects the solution
thatch to correspond exactly to the true field.®

On the other hand, as we will see below in particular
examples, it is in general false that the limit of a
particular thatch equation is the correct field equation
at that point. In other words, the discretization of an
exact continuum solution will not produce a solution of
the thatch equations, even in the continuum limit!

To understand this better, remember that A(jk), for
example, corresponds to a piecewise linear field. At
any given point this can agree with A (x) only to terms
of the first order in dx (precisely those involved in the
definition of the action!); it can reflect the second
derivatives of A, only on the average over a small re-
gion. Thus one can expect A, and even F,,, but not
9, F,, to become exact in the continuum limit. The field
equations 9,F, =0 can become exact only after

averaging.

We can arrive at this conclusion again by a somewhat
different argument. Let § be a region of spacetime and
consider for simplicity the scalar thatch ¢(j). In the
continuum limit 8S must vanish for any smooth variation
dd(x) of the field ¢(x). In particular, it must vanish for
the variation §¢ =const within Q, ¢ =0 outside. But
for such a variation 6S is just the sum

oS

6 N7 N .

¢ i€a 9¢(J)

(The boundary terms are negligible if the net is suffi-
ciently fine. ) We conclude that even though the thatch
equations 3s/2¢(j) may fail individually, their sum

aS
P (68)

over any finite region Q will be valid.

For the thatches A, [? the same argument applies
except that, in place of 6¢ = const, one must put a
variation of the /%(ij) [respectively 5A(ij)] which corre-
sponds to 3g,,=const [resp. 64 =const]. There will be
ten [resp. six] linearly independent such variations.
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B. Nustration

The simplest example of these considerations is the
flat scalar wave equation in two dimensions. We will
examine the thatch equation (59) for various nets and
show that while the continuum limit of (59) is always
a homogeneous second order differential equation, it is
sometimes the wrong one. As expected, however, an
appropriate sum of these equations (over a “unit cell”
of the lattice) always reduces to the correct equation in
the continuum limit.

Let us write {59) for the vertex [0]c £, in the form

; u{k)p(k) =0, (69)
where
w(k)= 22 g°%%(0)V(o) (70)

and k ranges over &,(&,([0])). If we expand ¢(x) about [0]
(assuming flat space—time recall), then

$(7)=d(0)+ ¢'(0)-0j + 5 ¢"(0)- 07 R Oj ++++,  (T1)
and (69) becomes

SOV k() +¢(0)- 2 (k)%
+59"(0)+ 2 p(k)OE D Ok + - - -=0. (72)

Since one can prove in general (flat space) that

§ u(k)=0, EJ; u(R)[R1=0, (73)

("72) becomes, to second order in 61:,

$6"(0)- kE u(R)R]® [R]=0. (74)

[ The notation of the second equation of (73) makes sense
because of the first, just as that of (74) in turn makes
sense because of (73). ] In the continuum limit this has
the form

a**a,3,6(0)=0. (75)
Unfortunately, a“*+#g"" in general.

Consider, for example, the star shown in Fig. 4(a).
The corresponding equation (75) works out as

1 2¢ 1 1\a2¢
—2(1+q)—a?—§(1+ E>7y3~0, (76)
in which

g=oall —a)/B(1-3).

©) ()

@B

(olo) e
(a) (b)

FIG. 4. (a) A star in flat two~dimensional space—time. The
vertices are labelled by their rectangular coordinates. (b} A
complete net made up of repetitions of this star.
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(For convenience we deal with a positive definite
metric.) This differs from the correct V2¢ =0 unless
g=1, i.e., unless (a, B) lies on one of the diagonals of
the square.

On the other hand, for a vertex such as B in Fig. 4(b)
(75) becomes, with the same normalization,

x2 T 2

_ %(3—(1) ¢ _ l(3 - l)az—¢=0- (7

q/ 3*

Since on the average there are equal numbers of ver-
tices of types A and B, the average thatch equation is
the average of (76) and (77):

- V2¢ = 07
which is the correct continuum equation.

Notice that, in forming the average thatch equation,
it was enough to consider one equation for each type of
net vertex. In a net where all vertices were equivalent,
each individual equation would already be completely
typical. This explains why the nets of Part V produced
the correct continuum limit without any averaging
process.
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The study of the relationship between thermodynamic and local dynamic stability that has been developed
in the previous papers is further extended. The dynamical systems considered include the multicomponent

fluid dynamics and the two component Enskog—Vlasov dynamics.

I. INTRODUCTION

Nonequilibrium statistical mechanics introduces a
family of dynamical systems §. Every element s § of
this family can be regarded as a sum of the experience
obtained from measuring and observing the time devel-
opment of a class of physical systems Cs. The set of
observations and measurements (), used, i.e., the em-
pirical base of the dynamical system s, has the property
033608, if and only if s #s’. Only results of the measure-
ments 0s can decide whether the time development of a
given physical system is described by the dynamical
system s, i.e., whether the given physical system is an
element of C,. In order to distinguish the physical sys-
tems inside C s 4 set of phenomenological quantities /38
is introduced by every dynamical system s< §, Thus,
in fact, every s € § is again a family of dynamical sys-
tems parametrized by 7. /; is an element of a set {/}.
The map between the elements of {/93} and the elements
of C, can be obtained again only as a result of measure-
ments and observations (..

Two questions arise naturally. The first question is
as to whether there exist some properties common for
all se §. These properties could be then used to charac-
terize § in a space of all dynamical systems. Two argu-
ments supporting the existence of such common proper-
ties can be mentioned. Experience shows that one can
find, for every physical system ¢, the sets of observa-
tions and measurements 0% and O‘c’, such that ceC, ,
ceC, sp and sy is the Hamllf{)man dynamlcs and s is i
thermodynamics. In other words, the experience seems
to indicate that for every physical system ¢ there is
O‘C’ such that the time development measured is the
time development derived from a Hamiltonian dynamical
system (e.g., classical or quantum mechanics) and also
O;CT’ such that the relations among the time independent
properties of the system ¢ measured are the relations
derived from thermodynamics. The second question is
as to whether and how the dynamical system s,; asso-
ciated with 0, can be derived from s, associated with

0,., it C, _C NC,  is not empty and (J, consists of
observatlons amdI measurements that are more detailed
than the ones that are elements of 0 . In particular,

one is interested in finding a characterlzatlon of C
CC,, in terms of some restrictions in {/ } and in
finding the map {/; g VoA qrforeeCy .

These two questions have been studied in Refs. 1,2,
and the study is continued in this and in the subsequent
paper,® for the family of dynamical systems consisting
of three elements: fluid dynamics (the dynamical sys-

s1,11

244 Journal of Mathematical Physics, Vol. 16, No. 12, December 1975

tem sp;), dynamical systems introduced by kinetic
theory (the dynamical systems s;), and thermodynamics.
In Sec. 2 of this paper a dynamical system is intro-
duced and some of its properties are studied. Two par-
ticular cases of this dynamical system, namely the
multicomponent fluid dynamics and the two component
Enskog—Vlasov dynamics, are discussed in detail in
Secs. 3 and 4. Thermodynamics is obtained as a result
of (A) the restricted problem of fixed points, (B) the
local dynamic stability of some fixed points, and (C)
compatibility of the problems (A), (B). We say that the
problems (A), (B) are compatible if there exists a real
valued function W such that the problem (A) is equiv-
alent to the problem of critical points of V and the
problem (B) is equivalent to an investigation of con-
vexity of V. The function WV evaluated at its critical
points is the thermodynamic potential. The conditions
(in the form of restrictions in the phenomenological
quantities) that guarantee the compatibility are found
for all cases discussed. The theory naturally unifies
and generalizes some results known in nonequilibrium
thermodynamics, hydrodynamics, and in the theory of
the Boltzmann equation. The results of physical nature
come hand-in~hand with the results of mathematical
nature (existence of solutions, etc.). The subsequent
paper?® uses the results of this paper to investigate in
detail the relationship between the two component
Enskog—Vlasov dynamics and the two component fluid
dynamics.

2. A GENERAL THEORY

This section supplements and improves the general
discussion developed in Ref. 2. The dynamical systems
introduced here include as special cases all dynamical
systems of fluid mechanics and kinetic theory discussed
in Refs. 1,2 and Secs. 3 and 4 of this paper.

Let a state of the physical system considered be fully
(with respect to the given set of measurements and ob-
servations) described by f. All admissible states (again
with respect to the given set of measurements and ob-
servations) form a set //. The structure (algebraical,
topological, etc.) of # should not be a priovi postulated,
It should appear as a result of the comparison between
the properties of the trajectories of the dynamical sys-
tem and the observed time evolution. It is necessary
however to start with some structure. We shall assume
that #/ is a smooth manifold, locally topologically iso-
morphic to a complete Hilbert space H with the inner
product (¢,¥), ¢, ¢ < H. In all cases discussed in this
and the subsequent paper, H will be the L, space and
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{, ) will denote the standard inner product in the L,
space. The norms of the tangent spaces T,/ of #/ at f
are not necessarily equivalent to the norm in H. A gen-
eral inner product in T, His {o,p= (<p,A ¥), where @,
ve T, #, and Ayis a bounded self-adjoint p051t1ve def-
inite 11near operator Information about A will be ob-
tained from the discussion of dynamics in 7L/ Moreover,
an involution ¢: // =/ is defined. In order to simplify
our notation, we shall also use the same symbol ¢ for
the linear map induced by ¢ on the tangent spaces of 4.
The subset of #/ that is invariant with respect to ¢ is
denoted //*, its complement //~; thus /= {//*,/}. We
shall assume that ﬂAfﬂ:Af for all fe#. As reflection
of the fact that all dynamical systems introduced by non-
equilibrium statistical mechanics are related to
Hamiltonian mechanics (see the Introduction), we can
consider ¢ as inherited from the involution ¢__ in clas-
sical mechanics defined by reversing velocities of all
particles composing the system considered. Besides /#,
we shall need another smooth manifold, #/* that is de-
fined as an image of /# under the transformation 7: #
~/f*. The transformation 7 is a part of the phenomeno-
logical quantities /. Let T, 7 denote the first derivative
of 7 at fe/. We shall assume that ¢7,79 =T,7 for all
feH. Any vector field R: / — TH, where TH denotes
the tangent bundle of # , can be split into the even and
odd part R*=3(R+¢RY). We shall assume that the vec-
tor field generating the time development of f has the
following form:

—f-Rp_f)+Rp*f)

2.1
— D%
R -
The phenomenological quantities {/9} introduced by (2.1)
are {P}={/, P}={P*,/-,T}. For later use, we introduce
also /** that denotes the complement of /* U P~ in P*. The
Eq. (2.1) defines a family of vector fields parametrized
by /. Not all of these vector fields define a dynamical
system, in particular then, not all of them define a
dynamical system introduced by nonequilibrium statisti-
cal mechanics. We shall find {7}, < {P} such that (2.1)
represents local dynamical systems and these dynamical
systems are elements of §, i.e., elements of the family
of dynamical systems introduced by nonequilibrium
statistical mechanics. By the local dynamical system,
we mean the dynamical system generated by the linear-
ized vector field at a fixed point of the vector field. The
meaning of the statement that a dynamical system is an
element of § will be made precise in the Secs. 24, 2B,
and 2C.

(£, %)+ R, (1),
5Ht /O(f

First we shall restrict ourselves to a subset {/}, of
{P} such that the following conditions (2.4a) and 2.4b)
are satisfied:

The solutions of RX}(f**)=0, where f*" e /*",
consist of a family of submanifolds H’g'q of #*
parametrized by a set of parameters gq. Hg,q is in-
dependent of /**. /1%, is not the whole manifold //*

(2.4a)
Let Pt* denote the vector field R"—‘: linearized at f%

for any g¢.
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=T77,; f* is the solution of R/:g: F* =0 independent of the

position coordinates of the system considered. H} =
=T, #* is isomorphic to H and H*° denotes the comple-
menf of Tfoz‘/?,"q in Y. We shall assume that

P(.;+

tive definite operator in H%°.

is a densely defined, closed, self-adjoint, nega-

(2.A4b)

We shall see that (2.4a) and (2.4b) are closely related.
Their physical meaning will become clear in the Exam-
ples at the end of this Sec. and in Secs. 3 and 4.

It is well known from experience that for every physi-
cal system there is a set of observations and measure-
ments OT, such that if OT is applied to the system pre-
pared before (in most cases the preparation consists in
leaving the system unperturbed from an outside influence
for a sufficiently long time) then the experience obtained
results in the theory called thermodynamics. The state
of the prepared system is called an equilibrium state.
Thermodynamics postulates the existence of the equilib-
rium state. Other dynamical theories introduced by non-
equilibrium statistical mechanics have to be able to de-
rive the equilibrium state and thermodynamics in terms
of their description of states and the time development
equations. In our case the structure of thermodynamics
must be obtained from (2.1), and expressed through the
phenomenological quantities 2, One can think of several
possibilities. For example, thermodynamics might ap-
pear as a theory of fixed points of (2.1), supplemented
possibly by some restrictions, boundary conditions,
etc. The fact that thermodynamics does not include the
time dependence does not mean that it must appear only
through a study of fixed points. A study of invariant
manifolds or a study of ergodicity-type properties of
trajectories (as it is widely used in the case of the
Hamiltonian dynamics) might replace the study of fixed
points.

In the context of (2.1), (2.4a), and (2.4Db), concretely
then in the context of fluid mechanics and kinetic theory,
thermodynamics can be obtained as the result of solu-
tions to the following three problems: (A) restricted
problem of fixed points, (B) local dynamical stability of
some fixed points, (C) compatibility of (4), (B).

A. Restricted problem of fixed points

The equilibrium state f, is defined as a solution of the
following restricted problem of fixed points

feft,
R+f+:
Rf*| =0.

Rtf+tz0

(2.2)

The last equation means R°f" =0 restricted to the solu-
tions of R*f*=0. By f, we denote the solution of (2.2)
that is independent of the position coordinates of the
system,

B. Local dynamic stability of £,

The tangent space H,= T, # is by assumption a Hilbert
space topologically 1somorp%1c to the L, space. The in-
ner product in H, is denoted by (¢, =(e, Ay), where @,
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Y€ H,, and A is a bounded self-adjoint positive definite
linear operator, i.e., H,—~ H,, $A¢ = A. We shall say
that f, is locally stable if and only if there exists a
unique solution ¢, to the initial value problem

2¢

3 =P

(2.3)

(pt=0: ¢o ED(PD) C HO,

ll@,ll is bounded,

for all 0< ¢<e and Il @, = ({¢,, ¥ ,))'/? bounded for all 0
< t<eo, P, denotes the vectorfield R linearized at f,,
D(P,) denotes the domain of P,. By using the Hille—
Yoshida—Phillips theory,* the necessary and sufficient
condition for the local dynamic stability of f, is: (i) P,
is densely defined and closed; (ii) both P, and its adjoint
P! are dissipative, i.e., (¢, P,@) <0 for all ¢cD(P,),
and {¢, Pl¢) < 0 for all ¢ c/)(P}). Equivalently, there
exists an operator A satisfying the properties listed
above such that (¢,AP,@)< 0 for all ¢ c(P,), and

(¢, (AP @) <0 for all p e D(P}).

C. Compatibility of the problems 2A and 2B

We shall say that the restricted problem of fixed
points (the problem 2A4) and the problem of the local
dynamic stability (the problem 2B) are compatible if
and only if there exists a function V: #/xU—~R, UCR",
m is a positive integer, such that the problem 2A is
equivalent toc 5V/6f=0 and the linear operator A: H,

— H, that solves the problem 2B is equal to 5°V/
8F(ISF(f), where F:# —# is an invertible transforma-
tion. We shall be able to find {P}, c{P},<{P}, such that
the problems 2A and 2B are compatible, and also the
functions V for all the special cases of (2.1) discussed
in Secs. 3 and 4. In all these cases the function V ap-

pears to be linear in the variables o=(c,, ...,0,)c U,
i.e.,
V(£0)=S(N+2 00,1, 2.4)

where S and v,, i=1, . ..,m, are functions #/ —~1R. The
function ¥V,,: U~ 1R is defined as V restricted to the
solutions of 6V/5f=0. V,, is interpreted as the thermo-
dynamic potential of the physical system considered.
More precisely, o, ...,0, are the intensive thermo-
dynamic parameters (thermodynamic fields in the termi-
nology of Griffiths and Wheeler®), o,_,,=0,_,,(0;--- 0 )
=V(f (0, ...,0,), 0,...,0,), and f, denotes a solu-
tion of 5V/6f=0 (we shall not discuss in this paper the
case when this equation has more solutions, physically,
the case of phase transitions). From (2.4), we have:

(i) Let s;, i=1,...,m, denote the thermodynamical
conjugates of 0, i.e., s,=0V,,/30,, i=1,...,m.
From the definition of V,, and from (2. 4) one obtains
immediately s, =v,(f,). This equality provides useful
information about the relation between f and the thermo-
dynamic observations and measurements. (ii) Let V

be defined as in (2.4) and let V:/ —R; (¥, Y2 V(f,0)
reaches its nondegenerate maximum at f, for all oe U,,
where U, is an open neighborhood of o,cU,, 0< U,.
Then V,,: U, ~ 1R, and is convex at g,. Indeed V(J, voy}
o+ 01) = V(S 0300) + W (J, 0300) < VIS, 300+ V(£ 50y);
O,y 0y, 05+ 0, € . In view of the thermodynamic in-
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terpretation of V,,, we have shown the relationship be-
tween the convexity of the function V with respect to its
dependence on f and the convexity of V,, with respect to
its dependence on o, or equivalently the thermodynamic
stability condition for V,,.

The general considerations developed in this section
will be used in Secs. 3 and 4 in the context of fluid
mechanics and kinetic theory. An additional interesting
illustration of the general considerations of this section
can be obtained from the following two examples.

Example 1

The classical Liouville equation describing the clas-
sical dynamics of N identical particles can be considered
as a special (degenerate) case of (2.1), The assumption
(2.44a) is not satisfied since the solution of R¥*/** =0 is
the whole manifold //. The manifold // is the linear L,
space, /* =/ is its dual (i.e., 7/ is the identity map).
The phenomenological quantities P are the Hamiltonians.
The involution ¢ is defined by f(r;,v,)=—Ar, -v,), i
=1,...,N, where (r,v,) denotes the position coordinate
and velocity of the ith particle respectively, and /> f:
R3¥ xR* —~R. By using Stone’s theorem (Stone’s theo-
rem may be considered as a special case of the Hille—
Yoshida—Phillips theorem used in Sec. 2B*), we find
that any state fe/) C//, where [ is the domain of the
Liouville operator, is locally (and in this case also
globally) stable. Thus, the function V can be for exam-
ple V =K(f,7), where K is a positive constant, but the
restricted problem of fixed points (2.2) is not equivalent
to the problem of the critical points of V. It is an easy
exercise to see that if in (2.2) R*’f* =0, which is trivial
in this case, is replaced by an ad hoc restriction f=/f,,
=N(B) nlr, - -ry), exp[-38(v; ++ -+ + %) ]and £, are
called thermalized functions®, 3 is a positive constant,
n(ryee-r,)>0, and /(B is determined by the require-
ment [ @®v, > = -d’, f,, =nlr, < -r,), then there exists a
single function

Vo (fiB, @)= [V, -« d®, [d°r o d’r [ finf
+ 'vaot(rl o 'rN)f+ éﬁ(l’?+ M '1’§v)f" a ]

that has the required properties, i.e., 5V, /6f=0 is
equivalent to (2.2) where R*f*=0 is replaced by f=f,,
and
_ 62V,

5o f"

fo

The quantity Vpot
particles.

A
denotes the potential energy of N

Example 2

Let /# be n-dimensional manifold, #/-=0, (£, ...,f)
L AF(N,...,F(f), R"=0 and R** satisfies (2.4a)
and (2.4b). For example, R**f* = —grad V**, where V**
is a real valued function that has one nondegenerate
minimum at f¥, determined by Fi()=q,,...,F ()=
= a,. The equilibrium state f,=7"'/* is locally stable
if and only if the matrix B=(B,)=(aF,(n)/af)!, , is an
invertible, self-adjoint, positive definite matrix.

[Proof: The linearized vector field is P,=R*'B. By
using the Liapunov theorem,’ or the Hille—Yashida—~
Phillips theory, the equilibrium state s, is locally stable
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if and only if the equation ATR**B+ BTR**A=KA'R**A (K
is a positive constant) or equivalently R**(BA™!) + (BA™)!
XR*' = KR** has a unique solution A that is a symmetric
positive definite, nonsingular matrix, Clearly the only
solution of the above equation is KA =2B]. Thus, we see
that the requirement of local stability of f, restricts the
choice of 7 and brings a natural inner product for H,.

3. n-COMPONENT FLUID DYNAMICS

The state of a system in the n-component fluid dynam-
ics is completely described by f=(C,, .. .,C , E, N,
U), where Cy, °°+,C,,, E, and N are functions & ~R’
of class at least C? and U: @ ~ 7 Q=0 x R®) also of class
at least C2. © is a bounded open subset of IR® in which
the physical system considered is confined; IR* denotes
the positive real line. We shall assume that @ has a
smooth boundary 9§ and the volume of Q equals to one.
Elements of &, position vectors, are denoted by r. TQ
denotes the tangent bundle of 2. The physical meaning
of f, that will appear later from the study of thermo-
dynamics is the following: C,, . . .,C , are the local
concentrations of the components 1, .,n—1; E is the
local inner energy; N is the local density and U is the
local velocity. The involution ¢ is defined by (C,, . . .,
C,., E,NU)-(C,,...,C,,, E, N, -U). Thus, H* is
composed of all quantities that behave as scalars under
an orthogonal transformation of coordinates in ; -
is composed of all vectors. The importance of the in-
volution ¢ and of the corresponding decomposition of H
is thus evident in this case.

We shall introduce the following family of the time
development equations for f:

9{NC,) a2
__.L____._ — %
=y (UNC)+ZLikaraV Cx
82
%
+L’"a1f 3, £
NE) 3 ¥ 0 8%
o\wve) 3 o« "
ot a7, (U.NE) - N a 7y E Lugray, G
62
lomgrar, £ (3.1)
oN d
T 57(UaN),
ANU,) 3 aN* 92U%
3t 9r (UBNU"‘)_a'ra ’7875873
22U%
+{gn+ n)aT 37

Only terms linear in first- and second-order deriva-
tives with respect to the position coordinates are con-
sidered in (3.1). Quadratic terms, etc., in derivatives
of U do not influence our discussion at all. Terms
quadratic, etc., in derivatives of f* can be included
provided the solution to the problem (2.2) [see (3.2)] is
not changed. The equations (3.1) are not linear since
the transformation T:H—H+, (C,...,C,4, E, N, U)
(¥, ...,C,,, E*, N* U*) is not linear. Moreover,
we assume that Fx(r) depends only on f(r) at the same
position vector r. This assumption can be relaxed in
expense of complications in the following calculations.
The last two terms on the rhs of (3.1) correspond to
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R**(f*), the rest is R*(f,/*). The phenomenological
quantities /** are L,,, i,k=1, ~°°,n, 0, and 7, consi-
dered as functions of f**. There are no other phenome-
nological quantities (except ** and 7) introduced by
(3.1). The assumption (2.4a) is satisfied if we assume
that

’m~ xi=1,...,n-1, E*(aQ_B*,where
where of, . . .,a*,,8* are constants. Moreover,
L, i, k=1, . »7, 1s a nonsingular positive
definite matrix for all /* ¢ 4/* considered. (3.4a)

If we assume moreover, that
o= n|f?; and (3m,+ 1, ,) are positive, (1, ;= n”'f’g)’
and the boundary conditions for the local dynamics
are taken as such® that P** is self-adjoint,

then also (2.4b) is satisfied. (3.4b)

3A. Restricted problem of fixed points

If (3.4a) and (3.4b) are satisfied, then R*'f** =0 is
equivalent to aV*‘(f**)/af**:O, where

**—EZ )L, = (CF)

1,021 51’ 'ka

(we have used the notation E* EC:)A The only critical

point of V¥* is (8/37,)C¥=0, i=1,...,n. The family
of sets //%’ is thus H* ={of; ..., 0%, B%, N*,0}. In-
deed /7% , is independent of /** = Liws My TMyy Gyk=1,

. ,n} “The set of parameters ¢ is now g={o¥ -~ ¥,
#*}. The equation R'f" =0 restricted to /}" is aN*/27,
AN*/3r, lH =0. Thus, the problem (2.2) is now

q

Um:();
Cr=aof, i=1,...,n-1, (3.2)
E*:b‘*’
f\/’* * '—‘P*
He =
where af---a*,, £*, and P* are constants. The posi-

tion coordinate independent solution £, of (3.2) is f,
:(01,0, cee :Cn-l,o,Eo,No:O)'

3B. Local dynamic stability of #;

The linear vector field P, obtained by linearizing (3.1)
at f, generates the time evolution of ¢ ¢ H,,

¢

57 = Dot (3.3)

where H, is the tangent space of / at f,. One can check
that P, can be written in the form

P,=IM,
where
n+1 3 n+l 3
e P
/- E{ [_11 le M E{ 11 12
B m{ Lzl Lzz ’ B m{ /nzl /nzz ’
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L, 0
Ly= 0 2 L= | Dt
17N, Aredr, * T ° Ly,**+L, |,
0.-.0 0
acr .00t
M, m 9C, oE
My, = M,= s
my My B | 3E*
aC, 3E
oC*
1
aN " [aN* aN*] m AN*
my = ’ 2 °°® ’ 3= ’
e ac, oE aN
oN
0 0 0
0 0 0
[ 11 0 0 0
127 "N b ’
DA O R B
szm Paf F873
2 0 2 0 2 0
(0)5;1— ﬁ’ (1\,0)‘8)}’_3
0 0 o
0 0 0
Mp==m | 3 3 _3
L_arl 0r, ory |’
l
0o 2]
o7,
1 3
Lle_FO 0--- EZ » Myu=0,
0.0 O
07y
100 . 100
L= T M=k
2=N, T l0o10 |arar,” "2 010
001 001

The quantities L, M,, m,, m,, m, are understood to
be evaluated at 7 f,. We have also used the notation 7,
=n|Tfor m=Gn+nl7fy ky=0aU*,/3U,| Tf,. The

operator P, is thus

Py= (Pl (Po)ya Lumu Llamzz
(PO)ZI (P0)22 L 21/n11 L 21m12 + L 22/n22
Clearly,
P:;: (Po)u 0 , Pr= 0 (Po)w
0 (P (P 0

Following the discussion in Sec. 2C, and in view of the
the assumptions in (3.4a), and (3.4b), we shall look for
an operator A,

4, 0

A= ,
0 A,

(3.4)
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that is invertible, self-adjoint, position definite and

AP} is self-adjoint, dissipative and AP; is skew-adjoint.

The operators A,, and 4,, in (3.4) are zeros because of

the requirement ¢4 ¢ = A. For the purpose of the calcu-

lations, we introduce
ot

Ay, pe1
Ap= A, *
Aps1yn
A1, °° " Gl Gpaiynn
L —
Using the notation introduced above, we have
AllL ll/n 11 AIIL 12/” 22

AP, =
Ayl 21/”11 A22L 21/}1 12t Asal 22/” 22

By using basically the same arguments as in Example 2
of Sec. 2, we deduce from the requirement that AP is
self -adjoint, that A,=KM,, and that

100
Ap=Qk,|010],
001

where K and é are positive constants. From the require-
ment that AP; is skew-adjoint, we have

(AuL 12/”22)1-: ‘A22L 21/}111; (3. 6)
or explicitly
~ ~ -~ ON* .
KPG,, +K(N,Ya, . =Qky5zs i=1,...,m-1,
i
- -~ ~ ON*
KP;"" + K(No)za"m*l _ Qko-a—E— ’ (3' 7)
~ N

—~ * - 2
KPa,,, .+ K(NV @y = Qk0~a—1\-]- .

Equation (3."7) is a system of (x+ 1) equations for (n+ 1)
unknowns, a; .,;i=1,...,n+1, that can be readily
solved. Finally, we have

ac*  acr 1 ( AN* ac*) W
1l coommih — Iz 1
aC, 3E N \Eko aC, P a2/ 0 0
dE* 0E* 1 oN* JE*
A= ac, 3E R(Kko—af__lyﬁ) 0 0 0 |
aC* oE* 1 IN* JE*
hid R L pe i
AN AN N (Kko N P N ) o 0 0
0 ese 0 Qko 0 0
0 <+« 0 0 0 Qk, O
\0 sea () 0 0 0 éko
- - (3.8)
where K=Q/K>0.
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4. COMPATIBILITY OF THE PROBLEMS 3A AND 3B

Our problem now is to find {/} such that 4,>0, A>0,
k,> 0 and the problems 3A and 3B are compatible, thus
to find explicitly the function V introduced in 2C. We
shall look for V in the form

V(C,, .. .,Crp, E,N,Usat, ... %, 85 7)

:[ dSr[s<c1, . C L E /N
Q

*1

n=1
-24 afC, - B*E - Y5t %kOUaUD].
i=1

If the transformation 7 is defined by

B _ox B g 38

B—C-i: H = NtE* =TU*,

E 2(1/N) ’ aU

then indeed the necessary condition for an extremum

of (3.9) is equivalent to (3.2), and (3.8) is equivalent to
the second variation of V provided ¥*/8* = P* and - 8*
=Kk,>0, @=1. Thus {/ , }is defined by (3.10), (3.4a),
3 Ab and by the requirement that V reaches its non-
degenerate minimum at f,.

Now, if we require that Eth_f &y E(r), =/, r[1/
N(r)] and Ci =1 &rCy(y), then'g* = - 1/T Thaf im-
plies E* = - 1/7' % is the local temperature and 7 is the
thermodynamic temperature; P* = P implies N* =p,
where p is the local pressure and P is the thermo-
dynamic pressure; of =~ (1/ T)(ui,th - umth) implies
Ct=—(1/7)y, ~ 1,), where y, is the local chemical
potential of the ith component, and y, ,, is the thermo-
dynamic chemical potential of the /th component. On
the other hand, from the thermodynamic meaning of

at, B*, P*, we would obtain the physical meaning (in
the relation to the thermodynamic observations and
measurements) of C,, E,N,U.

The time development equations (3.1) together with
Cr=-(/mp;-n,), EX=-1/7, N* =p are the well
known equatlons of fluid mechanics. Our considerations
served basically two purposes. (i) We have illustrated
the general theory developed in Sec. 2 that applies to
other dynamical theories of nonequilibrium statistical
mechanics, namely to the kinetic theory discussed in
the next section. (ii) The mathematical problem of the
existence and uniqueness of the solution to the system
of the linear partial differential equations (3. 3) has
been solved. In fluid mechanics, our discussion can be
compared with at least two other, different, approaches
to fluid dynamics. The first is the classical standard
approach that starts by generalizing thermodynamics
to the local thermodynamics,® the second is the ap-
proach developed by Coleman and Noll. '” None of these
alternative approaches to fluid mechanics has been fully
extended to other dynamical theories of non-equilibrium
statistical mechanics. |

5. TWO COMPONENT ENSKOG-VLASOV DYNAMICS

A state of the system in two component kinetic theory
is completely described by f=(f,, f,), Where /;: @XR?
~R’, (r,v)f{r,V), i=1,2, R’ is the positive real
line, r = @ is the same as in bec. 3, and v denotes the
velocity. The necessary differentiability of j will be
assumed. All admissible f form a smooth manifold //.
The involution ¢ is defined by (/,(r,v), f,(r, V) ((r,
—V), fa(ry ~V)).

The family of the time development equations for f
considered in this Sec. is a straightforward generaliza-
tion of the Enskog—Vlasov kinetic equation discussed
in Ref. 1. The even part R* of R consists of the Boltz-
mann collision operators for hard spheres.'! By using
the well known properties of the Boltzmann collision
operators, we easily obtain that the requirements
(2. Aa), and (2. Ab) are satisfied, provided

F¥=Inf+ FE (),

where F¥(f) is an arbitrary element of /* that is given
by

(4.1)

¢y (0) + 28(0)m,v*

He -
° Do(r) + 3 8(T)m 0’

(4.2)

where ¢;: 7 IR* and 8: @ ~ R’ are arbitrary, and i,
is the mass of a particle of the { —th component, F:(f)
will be expressed later through the phenomenological

quantities introduced in the vector field (see 4.16). The
vector field R** is in full detail
JE U+ T L )
R**(f*}: 8 a\J1 B,2\/1,/2 , (4.3)
I S+ Tk o ()
where
J*g,,.(f{"): 9?[”1(1‘)9 na(r)] j.’lxvl exp(~- F:,1 - F(;.‘,I,I)
X j (lzfc(gaica)[exp(fi*' + ¥y —expl/f HfT, 1,
where 1% =¥ (r,v1); /% = ff (r,v)), ete., and (v,v,) and

(v,v}) are related by the two parameter family of linear,
invertible, volume preserving transformations 7,: R’
XIR* =~ R® X R®, where v/ =v+«(g,x,), Vi=V,~ulg,x,),
g=V,; -V, k is a unit vector, and 67 are positive real
valued functions of n,(r)= [ d%v f,(r,v).

Jg,ij(f? sf?‘): 9?].[721(1‘)’712(1")] J ([31’,» eXP(—
x [ (gl Mexp(fFr +7%") —exp(f¥ + /)],
where (vi,v

i»v;) and (v,,v,) are related by the two-param-
eter family of hnear, invertible, volume preserving
transformations 7y, ,: R* X R* = R* X R’: v{=V,

+NK( g8k ) Vh=v, = Nyk(gPle,), 82 =V, -v,, N,=2m,/
(m, +m,), and 87, = 67, are positive real valued functions
of n,(r) and n,(r).

Fg,i _Fn*,j)

The odd part R~ of the vector field R is given by

- Uaaf1/a7”a + JE,I(fl) + Jv,l(f1) +JE,12(f1,fz) + JV,lz(fl,fz)

rR-(fl=

E,1 1 sz j
gk
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b

— 0,3/ 37 + JE,z(f.?) JrJv,z(fz) +JE,21(f27f1) + Jv,21(fz, S

1 908{ I

.0 Fln (0, () o, ., i
d° vy o'yK'r)K [ ["1(r),nz(r)]<f1 91, ,,I+fi51,_afi,1> +—2_ };V& i (fi-/i,l'*-/ifi,l)]y
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R L e (AN XSS

(4.4)
where Vi(r) is the long range part of the two particle
potential of the ith component,

JE,u(fufj):IdZK j d"vj(gyii,c,,)fca
(i >0

X 0F (ny(r), ny(r)) f,a——f, +f*ay J;

1 30F (5, (1), n, (1))
it 7 A bt Rl R AL Y
*t3 ar, (Fifi+ 11

9
Jv'”(f"f’):;;_ > i

d
3
a’r; I

x V|2, =2, NS (x;,v,),

Vis=V,;=V,, is the long range two partial potential be-
tween the partlcle of the 7-th and j-th component, and GE
and 67, are positive real valued functions of #,(r) and
ny(r). Thus the phenomenological quantities / intro-
duced by the two component Enskog—Vliasov dynamics
are

P={, ¢

i’

6F, 65, Vy, Vi, my, i=1,2, i#j}

4A. RESTRICTED PROBLEM OF FIXED POINTS

The submanifold /** has been obtained already in
(4.1). From'R'f‘|H*+:0, we have
o}

Br)=8,

where B is a positive constant, For n,(r) and n,(r), we
obtain

(4.5)

any ny 36f
O=-v ~20 6Fp, — ~v 2
@37, @ i Moy, 3,
8n 6%
- 20,080, ~v, ar” nn;

o

d
- B”“"f—ar fd'"’r,Vi( |7 =1 Dn,x))
[+3

i,j=1,2, i#j. In order to keep the notation as simple
as possible, we have absorbed in the symbols 6% in

(4. 6), the multiplicative factor (2/3)7. One can see
easily that (4. 6) can be written in the form v 3/ 37,
®,(n,(r), ny(r))=0, thus in the form &,=&,, that

does not include derivatives with respect to the position
coordinates [«, are constants and ¢, are functions of
n,(r), n,(r)] if and only if

5 _ 097

U Bndm, (4.7)

where OF is a real valued function of »,(r), n,(r) of
class at least C® and 6F,= 67. By using (4. 7), one can
write (4.6)

E
+—— +"195+5(fd3r'[vi( [r—x|)n,(r?)

E
Inn; + 8/n,

+V12(|r_rr|)nj(rr)]>:&“ i,j=1,2, i#j. (4.8)
The constants &, are independent of n,(r), n,(r) but they
can depend on 8. The position coordinates independent
solution of (4. 8) is thus
no’l(BmI/ZW)S/Zexp(— %ﬁmlvz)
Jo= R (4.9)
no,z(ﬁmQ/ZW) /2 exp( - % Bm,v?)
where n, ,,7,,,, B characterizing f; in (4.9) are related
to o,, a,, Bintroduced in (4.8) by requiring that (4.9)
is a solution of (4. 8).

4B. LOCAL DYNAMIC STABILITY OF £,

By linearizing (4.3) and (4. 4) at £, [taking into account
(4.1)], one obtains the linearized vector field P, govern-
ing the time evolution of f,¢< H,

¢

3 (4.10)

= P9,
where H, is the tangent space of // at f,. P,= P+ P;,

From the standard properties of the Boltzmann colli-
sion operator,!! we obtain that 4,F;, is a self-adjoint

non-positive linear operator, i.e.,

ad (A, 2),, (A,F)
_Bvaniwjdsrlvlz(‘y_rll)nj(rl)y (4.6) AlP(“): o 17012 , (4.11)
¢ (AIP(;)ZI (AIP:;)ZZ
no,1(Bm,/2m)*/ % exp(- 3 m,0°) 0
1= . , (4.12)
0 no,5( B/ 21)°/ % exp(— 5 Bmy0?)

(A,PY) ®:= (Bm,/27)* 2 exp(- 3 Bm v D)n, ;

(A F){j¢)‘: (Bm /277)3/2€XP( zﬁn’l vz)no'J O,iJ(ng) -
K(1)¢ fdzlffds
}'{(2)¢> fdefd3

K@ ¢, =0, [ &k [ dv,(v,

%',(Kgl) + ng) _K§3) _K§4))¢i + nO

,j;(K(S) _K(7))¢) ]

k(is))(pj’
(v, = V) oo (Bm/ 21 2exp(~ 3 Bm,02) o, (v}),

v -V ) Ka(Bmi/Zw)”z eXp(—%Bmivf)tbi(V,'.),

= V)ako(Bm /21 2 exp(- 58m,v3),

KP¢,= [dk [ @V, -V,) k,(Bm,/2m° /2 exp(- Lm0, (v,),

K ¢,= [ dk [ dV,(v; =)k, (Bm,/2m)* /2 exp(-

LBm,1%)$,(v}),

i'aa
¢
K,G’cpj:fdzxffvj(vj = V)oK (Bm /21 /2 exp(- 5 Bm;v5) ¢, (V)),
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K¢, =¢,(v)) [ &k [ dV (v, =)k, (Bm,/ 21/ exp(= } pm,v?),

K¢, = [ & [ dV,(v, =V )k, (Bm,/ 21 12 exp(= 3 m,v2)0,(¥,),

i,j=1,2, i#j. The transformations T, relating (v,,v,)

and (v, v!) are used in K" . . . [K¥ and the transfor-

mations T, , are used in K{3, . . . ,K{®, 6] = 651 4,
By linearizing R" at f,, we obtain
(P3)y (Pp)
Pr= 0’11 0/12 , (4.13)
(Po)zy (P5)s,
where (Pg),; =D+ Q,, (P}),; =€,
@ =10,[05,(DG(P - GD) + 85 DG
+(3/4m) 65 DV + DGV G{P],
Qy;=n, (02, (DG!? - GIPD) + §F, DG

+(3/4m)6F D + BDGI G,
We have used the notation
0

D=-vem—,
o

3/2
g, - j @9, (B2) " expl- Ymado e,v),

GPo,= derLVi( 17 =7 )gley, v);

3/2
Dg”(pi:af /dZKIdSVI (————”5?)

xexp(= gm,Boplv, = V), k,$(r, V1),

GiY ¢, = fd3r1V1z( [t —r, ), (r,,v),

@ zf 3 (mjﬁ’)a/z
074 fdx ai\s,

xexp(—zm; BV, - V), kK, 0(r,v,),
s 06,F

(
DiZ)d)i:

E __ E E _ pE
90.i‘9? fo gn,i— on, \fo, eoyii”eia‘ 0’
~ E

E _GE _— ‘I'LEL+5_€L

0,7 70,1 én]_ 571,- 4

i,j=1,2, i#j. In the operators D'’ and D'® the trans-

formations T, and Ty, , are used respectively.

Following the arguments of Sec. 2B, taking into ac-
count the properties of the Boltzmann collision operators
(4.4a), (4.4b), we shall look for the nonsingular self-
adjoint positive definite operator A, (JA ¢=A) such that
AP, is self-adjoint and nonpositive and AP; is skew-ad-
joint. Since we know already that 4, P} is self-adjoint
and nonpositive, we look for A=A A,, where

(AZ)ll (AZ)IZ
(A2)21 (A2)22
(A);;=1+A,, such that A,,P;=0 and (4,),,P;=0.

A= (4.14)

From (4.12), one obtains
(A,),,=1+n, [205  + 6+ BGV ]G,
(Ay);, =no ;[26, ,; + 68+ BGV ]G3,

0,45
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One can check easily that indeed AP} is self-adjoint and
nonpositive and AP} is skew-adjoint,

4C. COMPATIBILITY OF THE PROBLEMS 4A AND 4B

Qur problem again is to find a function V such that
Egs. (4.2), (4.5) and (4. 8) are equivalent to the neces-
sary condition for extremum of V, and the operator 4
obtained in (4.11) and (4. 14) equals the second deriva-
tive of V at f,. It is easy to check that the function V
satisfying these requirements is

V(flyfz;)s, @y, /12):: L(F‘!‘f v 22 (f1 hlfi
1,5=1
b0F

on,

+/i +%ﬁ'niv2fi—aifi+%'8[dzrl
Q

{4.15)
desvl[vi('7_71‘)fi(r,v)fi(ruvl)

+ Vlz((r "r1l)fi(r>V)fj(r1’rx)L

&,= a,; +3In(fm,/271). The necessary conditions for V
to reach its nondegenerate minimum at f, is equivalent
to positive definiteness of A. We would like to point out
that the two component Enskog—Vlasov dynamics has
the structures introduced in Sec 2 only if ij are gener-
ated from one function, ©F. The choice of V, and V, is
restricted by the requirement that Gi® and G{3’ are
bounded. By comparing (4.15) with (2.4), we have

& 50
S(A :f d3r/ AVE fIng, + f, (4.16)
Q i=1 b,
The transformation / (see 4.1) is now defined as
88(/)
. J
= (4.17)

Thus, the unknown in map F%(/) (4.1) is now obtained
in terms of ©F_ If we assign to §, «,, «, the usual
thermodynamic meaning, [i.e., p=1/T, o,= /T,
where T is the temperature and u, is the chemical po-
tential of the 7-th component] then V,, = ¥=p; p denotes
the pressure, and the thermodynamic inner energy
equals

2
L2 [ &r [ VG, + 36 ]QrISrl

1,572
[ av[v,([r-1.]) £, ,0,9) /(0,7
+ V1z(’r -r ] )fO,i(r’v)fO,j(r17v1)]’

and the concentration of the ith component equals

2 -1
fd3rfd3vf0,,(r,v)(]§ [ ar fd3vfo'j(r,v)) .

This section basically served two purposes. (i) We
have illustrated the general theory introduced in Sec. 2.
(ii) We have proven the existence and uniqueness of the
solution to the system of linear integro-differential
equations (4.10). Results of this section will be used in
the next paper® for an investigation of the relationship
between two component Enskog—Vlasov dynamics and
the two component fluid dynamics.
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Fluid dynamics is obtained from the study of the long time behavior of solutions to the two component
Enskog-Vlasov kinetic equations. Both thermodynamic and dynamic phenomenological coefficients of fluid
mechanics are expressed in terms of the phenomenological quantities entering the Enskog-Vlasov-type

kinetic equations.

1. INTRODUCTION

The general discussion of the relationship between
thermodynamic and local dynamic stability developed in
Ref. 1, is used in this paper to investigate the relation-
ship between the two component Enskog—Vlasov dynam-
ics and the two component fluid dynamics. The method
developed for the one component systems®™* is followed
closely. Since the problem is well defined from both a
physical and mathematical point of view, it can be dis-
cussed rigorously. No ad hoc relations among the state
variables of kinetic theory, fluid mechanics and thermo-
dynamics are needed. This type of relation appears as a
result. A single calculation gives both dynamic and
thermodynamic phenomenological coefficients of fluid
mechanics, expressed as functions of the phenomenolog-
ical quantities of kinetic theory. The results for the one
component systems® reproduced the van der Waals type
critical phenomena for dynamic and thermodynamic
phenomenological coefficients. The critical phenomena
derived from the results of this paper will be discussed
in a subsequent paper.

If the Enskog—Vlasov type kinetic equations are re-
duced to the Enskog equations only, then our results can
be compared with the results obtained by using the
Chapman— Enskog method. % ®

2. DESCRIPTION OF THE METHOD

In order to explain the main idea of the method, we
do not need all details of kinetic theory and fluid
mechanics. The general description immediately sug-
gests a possibility of applying the method in the context
of other dynamical theories of nonequilibrium statistical
mechanics. All details of the two component kinetic
theory and fluid mechanics can be found in Ref. 1; all
details needed in this paper will be introduced in Secs.
3 and 4.

Let /¢ completely describe a state of a class ( of
two component physical systems. The complete descrip-
tion means complete with respect to the set of observa-
tion and measurements ()‘?’, the results of which form
the empirical basis for the dynamical system indexed by
7. The index i=1, will denote kinetic theory; i=2,
fluid mechanics. All admissible states (with respect to
) form a set /{1, We assume! that /¢’ is a smooth
infinite-dimensional manifold locally topologically iso-
morphic to the Hilbert space L,. It is assumed more-
over,! that an involution ¢¢: /9 — /(4 ig defined for

2450 Journal of Mathematical Physics, Vol. 16, No. 12, December 1975

i=1,2. The subset of //‘¥ that is invariant with respect
to ¢V is denoted 4/ ¢ ¥+, its complement 4 ‘¥)-.

The experience from the set of observations and mea-
surements () ‘¥ is summed up in the time evolution
equation,

?%:R(i)f({)’ (1)
where R is a class of vector fields (i.e., the maps
HEO = THD  THY denote the tangent bundle of 4 ¥)
that generates the time development of £¢? parametrized
by a set of phenomenological quantities 2, We shall
define(R‘“*:‘;(R”’i_ﬁ/‘“R‘“_y(”).

The complete solution of (1) consists of the set § % of
all trajectories passing through all £ < £/ for all
/9 e p@ | Intuitively, the mathematical procedure
involved in the derivation of fluid mechanics (i =2) from
kinetic theory (i=1) is the “pattern” recognition in §@
The “pattern” in §‘V will be characterized by f®, its
time development will be governed by R®. The phenom-
enological quantities 2 will be expressed in terms of

/9(1)‘

We have shown® that thermodynamics is obtained by
recognizing the pattern of locally stable fixed points in
S® or §® Discussing this pattern recognition, a
function V'O 4/ xU—~R; VO (f 50, ..., 0,)=SH (W)
+37 0080 (f9), is naturally introduced.® SV 49
—~R, vi": 49 ~R, i=1, 2; Uis an open subset of R™
{m =3 for two component systems); elements of U are
the intensive thermodynamic parameters {thermody-
namic fields in the terminology of Griffiths and
Wheeler”) characterizing the equilibrium states. The
thermodynamically stable fixed points f{!’ are identified
with the dynamically stable fixed points that appear to
be exactly the nondegenerate critical points of V', The
thermodynamic potential g,,, =0, ,,(0,,...,0,) is defined
as 0, =V (fio;,...,0,)50,...,0,), where f{!) is a
critical point of V¥ (i.e., V' reaches its maximum or
minimum at f""). The thermodynamical conjugate s; of
0, is defined as s;=39,,,/00;, thus, from the definition
of 0,,,, s;=v{P(f¥). The identification of »{*’(f ") and
v'®(f®) immediately leads to information on the rela-
tionship between ) and £®. All details of this pattern
recognition can be found in Ref. 1.

Let £ be independent of the position coordinates and
represent a stable (both thermodynamically and dynam-
ically) equilibrium state. H{" denotes the tangent space
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of 4/ at £§#. The time development of the elements
¢ of H{P is governed by

)
agt =P oW, (2)

where P{? denote the family of the linearized vector
fields R‘¥, evaluated at f{¥ and parametrized by Q¥
and by the parameters o;, j=1,...,m, that are needed
to specify £, From (2) and the requirement of the
local dynamic stability of 2 (fi? is locally stable if and
only if the norm of ¢‘# is bounded for all positive
times), the linear operator A"): H{P — H{# is obtained.
AW equals the second derivative of V¥ with respect to
f@ evaluated at f,*?. The operator A‘? is bounded,
self-adjoint, positive definite, i.e., ¢DAW G =AW,
Moreover, if H" is equipped with the inner product
(¢, =(p,A"), where ( , ) denotes the standard
inner products in L, space, then P{"* ig self-adjoint
and nonpositive and P{"" is skew-adjoint.

Let §&¥ denote the set of all trajectories of dynamical
system (2). The pattern recognition in §}* leading to
the local fluid dynamics is the following. Let H{"®
C H{V have the following three properties: (i) H"'®
~ H{®, where ~ means isomorphism such that the norms
in H§"? and H® define an equivalent topology, but the
norms themselves are not necessarily equivalent. (ii)
H{Y? ig invariant with respect to the time development
generated by PV . (iii) H{»? is asymptotic in the sense
that H§{"?® characterizes the long time behavior of tra-
jectories; if for example, the part of the spectrum of
P{Y that is closet to zero consists of the point spectrum,
then the corresponding eigenfunctions will be used to de-
fine H{*®. The local fluid dynamics is obtained as the
local kinetic theory dynamics restricted to H{»? and
represented in H{*? that is completely isomorphic
(i.e., also the norms are equivalent) to H{?’. The only
difficult problem of this pattern recognition process is
to find H{***', Everything else, including the problem of
finding the space H{*"), is in principle, a simple prob-
lem. It should be pointed out that the space H{'® with
the properties (i), (ii), (iii) introduced above does not
necessarily exist. The spectral theorem for the Fourier
transform of P{’ (Sec. 3) guarantees the existence of
H{"® and also shows a method for finding it.

3. THE LOCAL TWO COMPONENT ENSKOG-
VLASOV DYNAMICS

A state of the class ( of two component systems is
described in kinetic theory by f ¥ =(f,,£,), f,:R*xR?
—R*, (i=1,2); (r,v)—~f,(r,v); r,v denotes the position
vector and velocity respectively, IR* denotes the positive
real line. The involution ¢® is defined by (f,(r,v),
LE VLY (f, (e, - v), f,(r,~V)). The function V® ap-
pears to be’

V(P 6,ay,a,)

2 60 1
= fam [ DT (rann 55 s komets, -y,
itk (3)
s36 faoe, [y, (e -n)) 50,075, w)

+V,(r- r,| )fj(r,V)fk(rl,Vl)]>
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We have used the notation n,(r) =/ davfj(r,v). The non-
degenerate critical point £’ of ¥¥ that is, moreover,
independent of the position coordinates is f{!

= (fo,1:00,2); fo, ;=70 (Bm;/27)°/% exp(—3B,0%); j=1,2.
The quantities », ,, 7, ,, £ are positive constants. Since
£ is a critical point of V', we obtain relations be-
tween n,,,, n,,; and o,, ¢,. The thermodynamic potential

7=7’(B;d150’2) is

v= V(l)(fél)(buau aa)} By, 0‘1:0[2): ijz? (’Zo,j + (nO:J)zeo'l
1=
+ 580y, 2V, ; + 5By, o,V ) - (4)

The thermodynamical meaning of 8, a,, v is the follow-
ing: 6=1/T, T is the temperature; o, =fu;, L, is the
chemical potentiai of the jth component; y= 8p, p is the
pressure. By using (3), the thermodynamical conjugates
of @;, B, and ¥ are expressed in terms of . Thus,
the kinetic theory state variable f !’ is related to the
thermodynamic state variables. The phenomenological
quantities 2V introduced by the two component Enskog—
Vlasov dynamics are PV ={0,V,,V,,=V,;, m,, and the
phenomenological quantities introduced of the hard
sphere Boltzmann collision operators; j,k=1,2, j+k}.
© is a real valued function of n,(r) and n,(r) of class C3,
The quantities 6, and 6,, appearing in RV~ [see (6)] are
defined by 6, =(5°0/6n,6n,); 6,, = (6°0/6n,6m,); j,k=1,2,
j#k. V,, are the long range interaction potentials be-
tween the particles of the jth component and the particles
of the first and the second component, respectively. The
mass of the particles of jth component is denoted by m,.

The two component Enskog—Vlasov dynamics is
linearized at £/V. By ¢’ we denote elements of the tan-
gent space HM of /Y at £ on which the linearized
dynamics [Eq. (2) with i=1] is defined. By o¢(k,v)
=(¢,(k,v), ¢.(k,v)), we shall denote the Fourier trans-
form of

o(r,v)=(o,(r,v), ¢,(r,v)), i.e.,
¢,(k,v)=1/(2m)%2 [ a°r exp(~ ikr)o,(r,v);
7=1,2 and 7 denotes the imaginary unit.

The vector k is fixed, k= (0,0,%). In order to simplify
the notation we shall write ¢,(v) instead of ¢,(k,v). The
space H{", on which the linearized Fourier transformed
(with k fixed) two component Enskog--Vlasov dynamics,
is now defined as a complex Hilbert space whose ele-
ments are ¢;: R~ C; (v) — ¢,(v), j=1,2. The inner
product {(p, )" in HY is defined by (¢, )V = (¢, AV y),
where (¢, )= (d,,9,) +(6,,9,) denotes the standard inner
product in the TL, space. Instead of considering P!’ in
H{, it will be convenient to consider AV PV in the

€L, space.

The operator A® ig!
1 1
A{l) A{Z)

AW -
(1) {(1y]»
Azl Azz

where

AP o, = (bm;/2m)%/? exp(- 3 bm,v?)
x[ng,; + w,(no, 2 [ @ (pm,/2m)3/2
X exp(~3bm,; 03 ¢,(v,)],
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A ¢, = (Bm;/ 213/ exp(—~ 3 Bm,; vy, g, w0, [ @V, (B, /21)%/%  where v, (») are real valued functions such that v,,(v)

XeXP(—éﬁ’m,’Uf)‘P;(V;),
w, =26 ;+8 ,+ 5V, ,,
Wy =wy =260, + 00,5, +BVo, 5, 5, 1=1,25 j#1.

The operator A is bounded, self-adjoint and positive
definite if and only if f{* is locally dynamically stable.
The operator AY P equals the sum of the odd part
AWPM-=pA, and the even part AV PN =4 .

(A(I)P(()ll-)u ("4(1)1)31)-)12

AW pi- — 6
0 (Amp((’n-)21 (Ampz()”')zz ’ (6)

where:
) pQy=- (1)
(A 1 )u ®;

=kf,=(Bm;/21)*/2 exp(- 3 Bm v?)(~ ikny,)
X[vy$ +my (6, +50,j +6Y,,,) I d*v,(Bm,/2n)*/?
xexp(= 3 pm,v2) v, + V), 0 (v,) + 3/4mn,, , 8, , [ P«
x [ d®,(Bm,/2m)%/2 exp(~ 3 fm W2V = V) KoKy 61
X{v, — k(v =),k )];
AW PM) &Y = (bm,/ 20)3 2 exp(= 5 b, v* )= ikngy, 1, )
x[(6y, 5, + ge,n + 5Vo,jz)f &y, (pm, /2n)*/?
X exp(—4 Bm, v2) (v, + V)6 (v,) + (3/47)6,, ,, [ &K
x[ dv,(pm,/27)%/? exp(—% m,v?)
XV =~ V,) Kok 0V, = @m, /my +m)[v, = V) k, TH;

j,1=1,2, j#1. In (6) we used the notation 6, ;=5%0/

on,om,, By ;=06%/6n,6n,6m,, 6y, =6, ,,=50/6n,bn;,

T, = 0,,,; = 05°0/5m,0m,0m; +5%0/6m,6m,5m, .

All derivatives are evaluated at (n,,,,7,,); j,1=1,2,
j#l Ve, =@ v (ir-1'1), Vy =]V, (Ir-2'1).
The operator AV P{- is a skew-adjoint (in €L, space)
linear operator.

The operator AW P+ ig the symmetric linearized
Boltzmann collision operator for the two component hard
sphere gas.! We shall not need its explicit form,? only
its properties that can be easily obtained from the well
known properties of the Boltzmann collision operator®
will be used. (i) The nullspace H, of AV P{"* (i.e., H,
={pc HM; AV P+ ¢ =0}) is the six-dimensional Hilbert
space spanned by

1 0
0 H 1 b

m,v? m,v

mat? 1 \myv |

(ii) The operator AP+, is self-adjoint and negative
definite in the complement H{V¢ of H, in H{V. (iii)
AWPp+ =K~ N, where K is a bounded and compact
linear operator.

I\Y(b —
Ro, 1 U1, 111, () + 120 ,01,(0)) 0 oA
0 no,z(no,zyzz(v) + g, 11/21(1))) b,
2452 J. Math. Phys., Vol. 16, No. 12, December 1975

~nr for p— =,

Now, we can prove for AV PEY | the familiar spectral
theorem,**"1° The residual spectrum of AV P{Y is emp-
ty. The halfplane Rew > 0 belongs. to the resolvent set;
in the region -y, <Rew <0 there can lie only points of
the point spectrum,

0 <vy=min{n, ,[n, v, (0) +n, v, ()]}
Y

If % is sufficiently small then the sixfold degenerate
eigenvalue w=0 of AW P{V* = (AW P{L)I,_, splits into six
eigenvalues, w,, i=0,1,...,5, that are the closest to
zero spectral points of A?P{V. The values of w, and
the corresponding eigenfunction y,, i=0,1,...,5 can
be calculated by using the standard perturbation method.
The perturbation series is convergent for % sufficiently
small.

The proof of this theorem follows the arguments used
first by Wing® and McLennan.? The arguments are based
on the theorems of Weyl, Kato and Rellich® (see also the
proof of Theorem 3 in Ref. 10).

4. THE LOCAL TWO COMPONENT FLUID DYNAMICS

A state of the class (( of two component systems is
described in fluid dynamics by f®' =(C,, E,N,U), where
C,, E, N are functions R*—~ R*, (r) — C,(r), etc., U:
R®—- R?, (r) !-Z}J(r). The involution ¢ @ is defined by
(C,,E,N,U)*~"(C,,E,N, —VU). The function V® appears
to be!

V(Z)(f(z); B’.y,é):fdar‘S(Z)(f(z))+BE+y(1/’N)
+Q/2)pY,U, +5C));

where B,y have the same meaning in thermodynamics as
the same symbols introduced in the Sec. 3, § =a,~a,.
By using (7), the thermodynamic conjugates of 8,v,5 are
expressed in terms of £ thus, f® is related to the
thermodynamic state variables. The position coordinate
independent equilibrium state {2’ = (C,,,, E,, Ny, 0) is the
nondegenerate critical point of V. Thus, we have the
one to one relations between the positive constants

Co,.s Eyy Ny and 8,7,5. In order to simplify the nota-
tion, we shall write = (C,, E, N, 0). The phenomeno-
logical quantities ©2® introduced by the two component
fluid mechanics are 2 ={7,L,n,n,}, where7 is a
map

(€0, E(), M), UGe))

e, B, M@, ). L[] )
12 22

7

is a nonsingular positive definite matrix, its entries are
functions of f2'; ,n, also depend on £ and n >0, (37
+m,)>0. The map 7 is related to $*! by the relations
38@/3C, = C¥, a5 /3E=FE*, pS®/3(1/N) = N*E*,

The two component fluid dynamics is linearized at
2. By ¢, we denote an element of the tangent space
HE® of H® at £{®' on which the linearized and Fourier
transform [with fixed k={(0,0,%)] is defined. H{® is a
six~-dimensional complex Hilbert space. The inner pro-
duct {¢,$)® in HY? is defined by (¢, HH® =(¢,Ay),
where (¢,9) denotes the standard inner product in a six-
dimensional €L, space. The operator A® is'
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3 3
3fA® 0
A®) — ,
3{lo 1 (8)
Acl Ae An
Al(f)z A, BT, ﬁTn

A pr A/ (- |

T==1/E*, A=(1/8)C%, p=N*; the indices c,, ¢, n
mean differentiations with respect to C,, E, N respec-
tively. All derivatives are evaluated at £{* . The opera-

tor, P{¥* equals 3 3
—— —~

BL,AR 0 |13

()¢ _
PO ==% 0 Lpps’ ©)
where
d A, O tn+n, 00
Liy=[2z 2 O, Lgp= 0 n 0
0 o0 O 0 0n
The operator, P~ equals
™ n
0 0 0 O 00
0O 0 0 v/B00
ikJ]0 0 0 M2 0O
P(Z)-=_l_ . 10)
0 M Pe, P Py 0 00 (
0 0 0 O 00
0 0 0 o 00
e —

5. SPACE H, "2

In addition to the notation introduced in Sec. 3, we
shall use

o1t o =0, Mty =My, Many,=M,,

M, +M,=M, M,=MC,, M,=MC,,
Ny=2m (m; +m,)", i=1,2, N=2mym,(m; +m,)?,
ri=mg, g, Swy, i=1,2, 1=, =7y,

Yy ¥
~r':det[2 12], 7,C,~7,C, =R, (11)

Y12 V2
712C, = %,C,=R,, C,R,~CR,=D, ay==-MR,/7,
aZ:MRl/Y.

The nullspace H, of A% P{Y* is the six-dimensional
Hilbert space spanned by (see Sec. 3)

_/a /Gy _1[§m1v2—3/25
h0_<a2)5 h1_<_cl)’ h2_n %m292_3/26 ’

1 ), R
r=g (), i=1,2,8.

MU,

(12)

i

The vectors k,, i=0,1,...,5, form an orthogonal basis
in Hy, i.e., (h;,h)=4 ;b;,, where/ =[(M?/7)D,D,
3/2@n, 1/pM, 1/8M, 1/8M]. Hereafter( , ) means(, ).
The spectral theorem (see Sec. 3) for AVP{! allows us
to find H{"?’ by applying the standard perturbation
method. The perturbation z43,=:kA‘VP{"" (k is a small
parameter) will bring about splitting of the sixfold de-
generate eigenvalue w =0 of 8, =AVP{"* into six eigen-
values w,, wy, ..., w; that are the closest to the zero
spectral points A‘VP§V, The corresponding eigenfunc-
tions will be #,...,¥. We shall calculate wy,...,w; up
to order k%, and y,...,%s up to order k. The calcula-
tions are simple in principle, so that we shall write only
the results.

ofty
o)’

1 X0 + L paf X (2D

Bxhz:’i_

= VC) __ifv
Bk, =iM| 24C, I By ==1i v

”
vsxéz,O) +%‘U3’UZX§2'1)
X0 42X + 302X S (13)
Blk3 = - iﬂ >
X330 + 22X 3D + 302X (3
3,1 (3)1)
1 v3v2X{ 'H 1 VU X7
81h4:—iM bl Bth:_ZM o
VU X3 vau X
where

X0 = — (1/28)[3n, +n26, + N,N,n,n,6,,
+2N,(1 = N )nn,6,,],

X0 =, (n, + 3028, + SN Nynym, 6,,),

X0 = (1/B)n3(6, + 8, +BV,) +nyny(6y5 + 8,5+ BV,5)
- (1 = N))nyn,6,,],

XD =, (n, +En26, + IN,mn,6,,),

X@0 =m (3n26, +ENnn,6,,), i=1,2, j#i.

We have simplified the notation by writing n,, 6, ...,
etc., instead of n,,, 6, ,,..., etc. By using (13) one
gets

Wy =(h¥, Biky) =Wy,
W, =0 except for Wy =-i{1/8),
Wys=—i(l/BM)(R, +R,),
Wy =~ i(1/nMB*)(n, +n, + 126, +n26, +mn,6,,).
The eigenfunctions ,, {=0,...,5 that span H*'® are
w,-=d)§” +k‘r”§m+k¢§m)' 15)
»{P lie in H, and are written in the basis {#;}, i=0,..

5:

A

— P = (4, 42/4 I Wes, 4 2 WisWogs £ WasWog, ANsyh Wy O, 0),

() _
—Zpl”—((4142/40)wg3; 42W13W03, /{1W23W03, ‘AA I‘A 2W03, 0, 0),

l[’é”:((z»by))l, (wél))z’ (d)?fn)s’ 07 0’ 0)’
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9P = (@), W), W)y, 0, 0, 0),

where

(Zptm)szm"(Ki'Mzz)'ﬂWls 031 (11) D), =(k, = Mpp) (4 W3+ 4, WE), W)y = = My Woy/ Wog ~ (K, — M)W W,

¢§I)=(0, 0; 0,0, 1’ 0)’ (I)

=(0, 0,0, 0,0, 1),

i=2,3,

23>

A=—i(Wio/ho Ao+ Wi/h A3+ Wie/4 14 )% and M, ,, k, (i,j=2,3), are defined in (16). From (12) and (15a), we

have
1 Ak 1
(d)gn, d)j“)>=‘1’45”, ‘I/0=\I’1=ﬁ_2 2/{11{2( éoz Bz
V= M2 4, Ky = Myp)2h g, W, =W =4 ,= 4 +?‘7,°34
23

Continuing the calculations of §;, we have

PV = By, (15¢)
where

xo=(—AA—81)%, x1=(AA-Bl)¢1, (154)

X2 =—B1¥2, X3=-81¢3, X4:—81¢4:X5’

and ${I are orthogonal to H,. The functions y, can be
written explicitly by using (13). To obtain 33y, one has
to solve the system of integral equations involving the
Boltzmann collision operators. The term kyp{1D in (15)
is an arbitrary vector of H,. We shall write
pem _tE gid)(l) (15e)
where gi=0 for {=3j, and for ¢=4,5 and all j, and j
=4,5 and all i. The twelve remaining coefficients gi
are unknown and will be specified later in Sec. 8.

The eigenvalues w, ...

W, = wk?—1ikA,

, Wg are

w, = wk% +ikA,
W= (4o hs) Myphg+Mys /s +0),
We=(4 o4 ) Myp 4 3+ Mggs o= 1),

{16)

w,=w, = W,)M,,,
where
M, =(X;, BX,)=M,;, ,j=2,3,
= Batxy), 1=4,5,

Xi= —Bik; i=2,3,

hy=(1, 0, = Wys/W,s, 0, 0, 0),
- 7‘3 = (4 ,WosW s,
(B, hy=45,, i,j=2,3,

D?=ME 13+ M L3 +2 54 s(2ME = MypMyy),
w= (Te)"(Xe,B5%0) = (¥, (x1,B85'x1)-

The last equality follows from ¥,=¥, and from ¥,

= gWy, = g™y, where ¢ is the involution defined in
Sec. 3 and ¢’ is the transformation induced by A —
—A. In (15), we used Kk, = £ ,w,; K== 4 ,W;.

6. SPACE H, ‘"

Now, we look for H{* with basis ¢,, i=0,...,5

2454 J. Math. Phys., Vol. 16, No. 12, December 1975

-4 0W223—42W§3, /‘OW12W23y 0,0, 0),

+ 4, Wht4 W23> Wy =Mid,+ (k= M)l 45,

(15b)

_ﬁ A2W2W2 +A (A W )+/2Ho )2+A2’43W123W223'

[such that the time development of a,=( ¢'"’, ¢,), derived
from d¢™/di= PP ¢V restricted to H{»®, will be iden-
tical to 9@ /5t =P» ¢® with P® in (9), (10). More~
over the inner product in the space spanned by {a,}, i
=0,...,5, induced from the inner product in H{Y’ will
be identical to the inner product in H{?’, thus (A®)?
=(¢,,¢,)). In order to identify H® to the space spanned
byi{a}, i=0 ,5, we have to find {#4, i=0,...,5,
such that the mvolutlon &Y induces the 1nv01ut10n g®
(notice also that H{®- is spanned by vectors, H{®* by
scalars). By using (13), we easily obtain &k,¢®')/0t

= —ikM(h,, o'*?). These considerations suggest the
following choice of {¢,}:

¢, =(K,,K,,0,0,0,0),
¢, =(K;,K,,wM,0,0,0),
$,=(1,0,0,0,0,0),
$,=(0,0,0,1,0,0),
¢,=(0,0,0,0,1,0),

¢.= (0,0,0,0,0,1).

The functions ¢ in (17) are written in the basis {hz} de-
fined in (12). The four coefficients K, ..., K, will be
specified later. The matrix A™=({¢,, ¢,)) is readily
obtained

! 08
where
100
wslsed)
and
K, + K3 KKy + KKyt K,

o AWM v n
A =2 KK KK, K34 o (K3+§E;M,ZA)K

K, K, 1

The inverse A, of A-! that should be identical to A® is
All 0
a=[5m%.)

where

19
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100
A,=pM|010 |,
001

A (28%/3)Mr
BTK (K, - 1) +Ki(r/M)

3 =

282 M24,
X "Kqu Kg
(All)l K1K2K4 - Kzsz

K?: + (Au)1
K1K2K4 - K22K3 H

(Au)z

_K2K4

(All)l =K,K K, ~ K1Ki —3n/2f2M% 1
(Au)z :sz’KE +K22K§ - 2K, K.K.K, + (3n/2B2M%4 1)
X [K2 + (/MK — (/ MKZKZ].

We have to know how to express {¢,} in terms of {1}
and {y;} in terms of {¢,}, i=0,...,5. Since we know
both {¢,} [see (17)] and {4;} [see (15)] we find

5
¢,' = _Z%)a;"pj’
j=

5 (20)
b, =241,
i=0
where
(a;')Eoz —a® 4 paan (&‘11)5&'(1) +REID,
CX(II)I—iOZg, &(II):ig&
[we have used the notation g= (gi) —see (15¢)] and
(I)) 0
o _[@P)y
’ *[o <>]
ag ag af ag
% % x5~ i 1. (D)
(O‘(I))u: ag Oté ag 0 ’ a;:(\lit) <¢1 s ¢,>
al a; aZz 0
Using (15) and (17), we obtain
ag: (‘I'o)-lé 1/‘2(K1W023 +K2W03W13)’
ag= )" 4 z[Ka Wos + K Wy W, + ("/M)W03W23]’
ag= (lIlO)-lé 1/12W023’ ag: (‘IIO)-lA 1"21 3AWO37 etc' b

10
ag’= [0 1]!

a(r):[(am)u O~ « ]
0 (@®),, )’

_
a0 &0 az as
LR
N B
52 -320 0
(&ﬂ»zzzr; ‘1’]

The quantities @ can be readily obtained since &V is
clearly the inverse of o>, We mention only that &
=-1/2a}. The two component Enskog—Vlasov dynamics
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restricted to H{""? and represented in H{»" is now

— :B(l,
dt

or in components

—1=B,,a,, 21)

the bar means the complex conjugation.

7. COMPARISON OF 8~ AND P &'

We shall see that the comparison of the odd parts of
B [see (21)] and P{® [see (10)] allows us to find K,, K,,
K,, K, and thus to find A®® (i.e., the thermodynamic
phenomenological coefficient of fluid mechanics) in
terms of the phenomenological quantities of the Enskog—
Vlasov dynamics. The comparison of B* and P{?* that is
done in the next section will allow us to find the twelve
so far unspecified coefficients gf, and the dynamic
phenomenological coefficients of fluid mechanics in
terms of the phenomenological quantities of the Enskog~—
Vlasov dynamics.

By using (20), (16) and (21), we obtain
Bo,=(1/4 K Wy, +K,W,,),
Biy=(1/4 YK Wy + K W,y + (n/M)W,,), (22)
By,=(1/4 )W, B;,=2A0%3,

- vory3
By, =2Aa]a],

By, =2Aa%0d.

All remaining B}, (i.e., B,, proportional to k) equal
zero. By setting (22) equal to (10}, using (4), (8), and
(19), one obtains five equations for four unknowns
K,,...,K,. This system of equations has one solution
(one equation is redundant which serves also as a check

of our calculations). The solution is
K, =~ (1/MD)C,C,(R, +R,),
K,= (1/D)C,C,,

k, R
— M2 1 1
Ky=-(1/M D)det[kz RJ, (23)
B C, b
K,=-(1/MD)det [Cz kz]’

where we used the symbols introduced in (11) and
By=[(t =N/ Mlnn,(m, +m,)
+(B/2)[(L + C,)V, 12 = C Vi +2C,V ynyn,),
ky=[(1 = N,)/Mlnn,(m, +m,)
+(B/2)[(1 + CPVnk — C,V m2 +2C, V nm, ).
Combining (22) with (17), we have obtained the relation
between the state variables of kinetic theory and fluid
mechanics. The relation obtained should be consistent
with the relation obtained by comparing the correspond-
ing terms (staying by the same thermodynamic fields) in
VO [see (3)] and V@ [see (7)]. Indeed, the relation ob-
tained from (22) and (17) is identical to the relation ob-
tained from
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Ci(r)['jl—:)lmjf d3vf].(r,v)]:mifc?vfi(r,v),

E(r)= [ a2 (1/2)m %, (24)

isd=1

+ [, S v lr=nis).

By using (23) and (19), we obtain all thermodynamic
parameters entering fluid dynamics (the “stiffness
matrix” in Tisza’s terminology!!) expressed in terms of

/j)(l)'

8. COMPARISON OF 8+ AND P2 *

In this section, we obtain the twelve unknown coeffi-
cients g}, the matrix L and 7, 7,. By putting B}, and Bj,’
i=1,2,3, equal to zero, one obtains

5=8=0, #+g=0, H+g£=0,
S+82=0, #+g=0, H+ga=0.
From (25) and (15), we thus have (4,, ) =¥,6,, + O(%?).
From B}, and B},, one obtains

== (1/R)M,,. (26)

From B, by using (26), (15), and (9), 0, is obtained.
The last problem is to solve the equations

b=L,A%, (27
where

B By Bse
b=|Bj, By, By,
B;, B3 B,
and the matrices L,; and A are defined in (9). The en-
tries of the matrix b are
B, =D, +E,, (28)
where
5
D,, :,Z=:§ a(I)Ii&;’a(I)[’
& denotes the part of w proportional to %2, and
E,,=2A (@5 D0 2g 4 o Wiy 02gl 4 o Di5 M0g2
+a “’{,a‘”‘;’g‘s +aDE “’Sgg)-
The matrix A{? is known from Sec. 7, thus
L, =blA@)1, 29)
By putting (L;),; and (L,)y;, i=1,2,3, equal to zero
[see the definition of L,, in (9)], we have five equations

for five unknowns g3, g3, g%, %5, g. The rest will give
L.

9. CONCLUSION

The local two component fluid dynamics (8)—(10) has
been derived from the local two component Enskog—
Vlasov dynamics. The map 2 — P is materialized in
the formulas (11)—(29) of Secs. 5--8. The map becomes
explicit after solving the system of integral equations

2456 J. Math. Phys., Vol. 16, No. 12, December 1975

(15¢) and after performing the corresponding simple
arithmetic manipulations that are involved in the nota-
tion used in Secs. 5—8.

Finally, we want to summarize the motivation for this
paper, the results obtained and the possible applications
of the results obtained.

(i) A general structure of the non-Hamiltonian dynam-
ics appearing in nonequilibrium statistical mechanics
has been suggested in Ref, 12, The structure has arisen
from the study of kinetic theory, fluid mechanics,? their
interrelationship,? and their relationship to thermody-
namics. The closest more general dynamical systems
of nonequilibrium statistical mechanics are the two
component kinetic theory and fluid dynamics. Indeed, we
can imagine that the system considered is still the one
component system, but our approach to the system
(through the observations and measurements) is more
detailed. The elements composing the system are not
indistinguishable as they are in the one component sys-
tem but they belong to one of the two {distinguishable
by our more precise measurements), kinds of elements.
We have shown' that the two component dynamical sys-
tems of kinetic theory and fluid dynamics possess the
structure suggested in Ref. 4 (formulated in a better
way in Ref. 1}, provided some relations among the
phenomenological quantities introduced by the dynamical
systems are satisfied. For example, in kinetic theory,
the phenomenological quantities 6;; [see (6)] must be
derivable from one functiona! . The unity of the struc-
ture is well demonstrated by comparing the explicit cal-
culations in Secs. 5—8 and the corresponding calcula-
tions for one component systems.*

(ii) A very interesting problem is the behavior of the
map P — 2@ pear the critical (in the sense of thermo-
dynamics) points. For one component systems, we have
reproduced the van der Waals dynamic and static criti-
cal phenomena. In the next paper, we shall derive the
dynamic and static critical phenomens based on the map
B DO ghtained in this paper. We are also now in
position to approach the problem of dynamic and static
critical phenomena, indirectly, by using the scaling
hypothesis of Green.'® The one component system is
considered as the two component system, the scaling
parameter is the ratio of the concentrations of this “ar-
tificially created” two component system. The map
P 52 from the phenomenological quantities of
two component kinetic theory to the phenomenological
quantities of one component kinetic theory (obtained by
putting togethe r the results of this paper and Ref. 4)
will depend on the scaling parameter. The fixed point in
the dependence on the scaling parameter defines the
critical values of the thermodynamic parameters o, 3
(so-called scaling hypothesis).

{iii) The experimental values of 2@ can be compared
with the values of /@ obtained from the map 2@ —~ P ®
derived in this paper, provided the experimental values
for P are known.
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For a dust-filled space-time possessing cylindrical symmetry, the field equations form an underdetermined
set. As demonstrated by King [Commun. Math. Phys. 38, 157 (1974)], by carefully selecting a function

it is possible to generate solutions which are either well-behaved or are characterized by one of a number
of different types of singularity. The three particular choices for the functions we take produce two

nonsingular solutions and one with a Weyl singularity.

1. INTRODUCTION

The gravitational field equations for a cylindrical
stationary dust model can be derived by using the tetrad
approach of Ellis.' We pick an orthonormal tetrad field
{e.} in which e;=u, e,-e,=—=1, e, +e;=0,5 and e,- e,
=0(a,B=1,2,3 and a,b=0,1,2,3). The commutation
relations of e,, ¢, define the quantities v, by

leas 5] =vaee (1)

The nonzero components of the vorticity vector
a :%nabcllubuc;d’ (2)

and the shear tensor

Oap = Uasp) —%uc;c(gab +ugu,), (3)
can be written in terms of the y§, as

w=w'=—-3ys, =Acosh), (4)

0 =0y = ~5¥es =Asinhi, (5)

where A and A are functions of ». As King® has shown,
the field equations, which form an underdetermined set,
can be written in terms of an unknown function a(r).
These give us:

p=4A*=-2a"/a, (6)

e?=aa”/[2(a’ -1)]=A%?/(1 -~ a'), (M

yi=vis=1/a)a’-1), (8

v.=1/a, (9)
where

v=, Lo, (10)

and p is the matter density.
The form of the metric one obtains by this procedure
is
ds®=exp[2 [y,dr][= (f* = c?)dt* +(b* - e*) d§*
+2(fe ~beydpdt] +dr? +exp[2 f’yl dr|dz®, (11)
where ¢, f, b, and e are functions of 7 satisfying:

db
T =20e,

ie- = zwb ~Y2€,

dy (12)
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@_Zzof,

o (13)

df
ar = 2we ~y5f.

Upon specifying a(r), both the cosmological solution
and o7) must satisfy several conditions imposed by the
symmetry and the field equations:

(1) p>0, e*>0for 0< < some 7,.

(2) As =0, a(r)=7+0(r%).

(3) p, w, and o must be even functions of 7.
(4) y, and y, must be odd functions of ».

(5) B, the “boost” to a parallel propagated frame,
is finite, where

B=~ fr;(o +w)dy=—fr;Ae"dr. (14)

(6) The elementary flatness condition (the circumfer-
ence of an infinitesimal circle about the axis v =0 equals
27r), which is expressed as

lim(1 /) exp( [ 7,d7) (b = €2)'/2 =1,

must be satisfied.

(15)

By carefully selecting a(#»), we can arrange it so that
the fluid flow lines are incomplete because the vorticity
and shear diverge at a finite value of the proper radial
coordinate. If p is finite in this frame at that same
value of 7, then we encounter a Weyl singularity.

2. NONSINGULAR SOLUTIONS

Suppose considering the cylindrical nature of the
symmetry, that we choose a(¥)=2J,(r), where J,(7) is
a first-order Bessel function of the first kind. Then,
from (6) and (7),

p=3% —3J(n) [J,(N]7, (16)

P = [ J3r) =5, (") (M) [1 = Jo(») = T(n) [ 7. (17)

For 0<% <3.2, p>0and ¢ >0, Applying I’Hospital’s

rule yields
lime® =3, {18)
r=0

thereby excluding the existence of a Weyl singularity
or an intermediate singularity.

The remaining conditions on the solution are easily
checked. Because Bessel functions of order J,,()
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(n=0,1,2,3, - .-) are even functions and J,,,,(7) are odd
functions, Conditions 3 and 4 are fulfilled. The state-
ment of elementary flatness requires some calculation:

() =7 -1 + 0(®) =7[1 = /8 + O(r*)], (19)

fyzd’}’: f(l/oz)dr:ln(r) +7%/16 + O(r?), . (20)
so that

exp(fyzdr):rexp[rz/l(i +0(rY)]. (21)
Now, from (4) and (5),

w=1/NZ)[1 -7%/96 + O(+%)], (22)

o=(1/2v2)[1 -7*/48 + O(+*)], (23)
which when substituted into (12) give

Lo (24)

de_ 2.2, (25)

after dropping terms of order 7* and higher. The solu-
tion is:

e(r)=Q1/VZ ) +0(r), (26)

b(r)=1+0(?); 27
(15) is therefore satisfied.

We have constructed an example of a nonpathological
solution for a general cylindrically symmetric station-
ary dust model. Our selection for a(7) is a simple
function of » which appears to be an obvious choice
because of the symmetry, i.e., a Bessel function, and
it has given us a well behaved model.

As a second choice, let p be a constant,? or,

p=-20"/a=4A%=2B%=const. (28)
Then

a =(1/B) sin(B7), (29)
so that

e =% sin®Br/(1 - cosBy). (30)

Take the limit as » — 0. Because ¢? is an indeterminate
form at this limit, we need to apply 1’Hospital’s rule.
Then,

lime® =1, (31)

That this limit is nonzero can also be seen by making
a simple expansion of ¢** for small ». We get

e?=1-1B%" - 0(+*). (32)

In Ref. 2, this was accidentally given as an example of
a solution demonstrating a Weyl singularity. It does,
though, possess the pathological behavior of having an
infinite number of axes ¢ =0, and also for »—0, w is
constant and o goes to zero. This can be seen from the
definitions of w and o and the expansion in (32). These
show that for small values of 7,

w=(1/V2)B, (33)
o=—(1/8V2)B%2 + 0(+%). (34)
2459 J. Math, Phys., Vol. 16, No. 12, December 1975

Here, the solution of (12) is:
e(r) =v2r + 0(»%), v (35)

b(r)=2/B + O(+"). (36)

Proceeding as before, the elementary flatness condition
is fulfilled.

Although the solution (29) does not give a Weyl singu-
larity the choice o =CsinB7», where C and B are con-
stants satisfying CB <1 does give a Weyl singularity
with the same density (28).3

3. AWEYL SINGULARITY

Let us assume for the form of p, an oscillating matter
density which under suitable conditions (to be specified
later), never vanishes or becomes negative. Set

p=Fk ~4q cos2r, (37

where k and g are constants. Then from (6), a(7) must
satisfy

a” +3(k +4gcos27)a=a"” +(a -2gcos2¥)a=0. (38)

Here, a=%/2 is referred to as the “characteristic
number” and can be calculated once g is set. We recog-
nize (38) as Mathieu’s equation. * This equation has

both even and odd solutions. Because of Condition 2,

we will pick the family of odd solutions, and in particu-
lar, ser,q), a first-order sine-elliptic function. Then,

a(r):sel(r,q):sgzo B,,..(¢)sin(2s +1)r, (39)
where:
B, =1,

L 2 1 3 11 4
Bi=-50+ 40" -5’ —-sem gt e,

By= iz q ~mw? ~ b T (40)

Bi=-mw ¢ tmmd tor,
By= "73—71%‘14"'"',

up to orders of q*. Now,

e = SZ({ B,,.{q)sin(2s +1)r;);6 By, a(g) (27 +1)% sin(2¢ +1)r

x271 (1 —;BZ,‘,I(q) (2u +1) cos(2u +1)7>-1. (41)

To go any further in our study of this solution, we
need to choose a value for g. Let ¢=0.1. Then,

a=1-q-3¢"+ &q" -~ wz q* =
=0.8988. (42)

Substituting this ¢ value into (40) and using these results
to investigate (41), we find that, for ail 7,

e >0, (43)
and

lime®=0. (44)
From (4) and (5), we see that this solution possesses a
Wey!l singularity. That this singular behavior of w and
o, and therefore the components of the Weyl tensor, 2
has a logarithmic structure, can be seen by noting that

e =k + kbt + 0(7"), (45)
or
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A =3 In(k,) +3 In(»?), (46)

where %; are constants, and terms of order #* and
higher have been dropped. Then

w=ky +R[In(?)]Z+- .-, (47)
and
o=k in(r?) +.. -, (48)

For the value ¢ =0.1, the matter density never
approaches zero at any multiple of 7. However, if
¢=0.32, then a=1.3354 and the dust is clumped into
periodic separate groupings. Therefore, to prevent the
occurrence of a negative density,

0 <q <0.33. (49)

The first five conditions in Sec. 1 are easily verified.
However, because of the logarithmic singularities in
w and o, it is difficult to investigate the metric functions
b(7) and e(7) and to draw any conclusions concerning
the elementary flatness condition.

4. CONCLUSION

The underdetermined nature of the gravitational field
equations for a cylindrical stationary dust model allows
us the freedom to generate a cosmology having either
singular or nonsingular behavior. The choice for the
unknown function a(r) must satisfy six conditions

2460

J. Math, Phys., Vol. 16, No. 12, December 1976

stemming from the symmetry and the field equations.
Using this choice to form the quantity ez‘, the nature of
the solution is determined from

13_:13&*. (50)

For both a(r) =2J,(r) and a(») =B sinBr, we find that
this limit is finite. This implies a nonsingular solution
(though pathological in the latter case). For a(r)
=CsinBr where 0 <BC <1, a Weyl singularity results.?
If a(r)=se,(7,q), the density oscillates and the limit of
(50) vanishes, producing an example of a Weyl singular-
ity. Since the Weyl components diverge as a logarithmic
singularity, further investigation of this solution
appears difficult due to the singular nature of the equa-
tions determining the metric.
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We investigate a structure of continuous invariance transformations connected to the identity
transformation. The transformations considered do not necessarily form a group. We clarify the
relationship between the infinitesimal invariance transformation and the finite invariance transformation by
showing explicitly how the infinitesimal transformations are woven into the finite one. The analysis leads to
a new method of finding generators of the invariance group transformation. The results are useful in the
study of symmetry properties, or group theoretic structure, of differential equations. We use the results in
studying the group properties of the sine-Gordon equation u,, =sinu, and indicate that the equation is
invariant under an infinite number of one-parameter groups; the groups obtained are of a more general
type than that dealt with by Lie. These findings are used to prove the group theoretic origin of the well-

known conservation laws associated with the sine-Gordon equation.

INTRODUCTION

The discovery of the puzzling behavior of nonlinear
wave “solitons” in various fields of applied science has
triggered extensive study of nonlinear dispersive
waves.! One of the basic properties of the system which
admits a soliton appears to be the possession of an in-
finite number of conserved quantities. As has been
shown by Lax, ® the existence of such conserved quanti-
ties is closely related to the soliton behavior of the
waves. In spite of their importance in elucidating the
nature of nonlinear waves, it seems that no one as yet
has obtained a clear understanding of the origin of such
conserved quantities. ®

It is well known that both in classical and quantum
mechanics the conservation law reflects the existence
of symmetry in the system. In classical mechanics,
Noether’s theorem associates one conserved quantity
with each invariance group of the action integral. In
quantum mechanics, we can associate one conserved
quantity @, which satisfies the equation [@, H] +i0w/81
=0, with each invariance group of the time-dependent
Schréedinger equation. * From these experiences, it is
natural to wonder whether there exists an invariance
group associated with each conservation law of nonlinear
waves,

In the present and in future communications, we will
investigate this question by applying Lie’s infinitesimal
analysis® and its generalization®® to the differential
equations governing the waves. In this paper, we ap-
proach the question by studying the group theoretic
aspect of continuous invariance transformations, which
has been proved useful in systematically deriving a
series of conservation laws.

In Sec. II, we analyze continuous invariance trans-
formations (not necessarily a group transformation)
connected to the identity transformation, to clarify the
relationship between local and global invariance
transformations. The results will be used in Sec. Il to
elucidate the group theoretic aspect of continuous invari-
ance transformations of differential equations. In Sec.
IV, we apply the generalization of Lie’s theory to find
some invariance groups of the sine-Gordon equation,
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u,, =sinu. In Sec. V, by using the result of Sec. III,

we develop a new method of finding generators of an
invariance group of differential equations. The method
will be used, with the aid of the Béicklund transforma-
tion, to show that the sine-Gordon equation is invariant
under an infinite number of one-parameter groups. In
Sec. VI, we investigate a relation between these groups
and a series of conservation laws of the sine-Gordon
equation,

I. PRELIMINARY

We consider a partial differential equation of the form

F(Zia Uy Ujy Upyy * ° ) :03 (1)

where z'=(z',2%,...,2"), u; = (Q,u,...,3,u), etc.

Let’s suppose that there exists a solution u = u(2?, @),
which depends on a parameter a continuously. Assuming
that it is analytic near a =0, we expand the solution in

a Taylor series in a,

W= B, = (0 b @

Putting this solution into equation (1), we obtain a se-
quence of partial differential equations which will suc-
cessively determine a possible form of the «*. In parti-
cular, the first term #° must be a solution of equation
(1). If the equation is linear, all the #*’s must also sat-
isfy the same equation. In the case of nonlinear differ-
ential equations, however, all the equations are differ-
ent. First, the differential equation for «' becomes
homogeneous linear and involves the first solution u°;
we then obtain a nonhomogeneous linear equation for
the #*, £ > 1, which has the same homogeneous part as
the #'; the nonhomogeneous term depends upon the u°,
ut, ..., u*! and their derivatives. By a deductive argu-
ment, we expect that if only the nonhomogeneous solu-
tion is taken for u%,4%...,u" , the nonhomogeneous
solution for «* will have a strong functional dependence
on the #°. We consider the sine—Gordon equation »_,
—~sinu =0 as an example. The equation for «°, u?,

and #® is found to be
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0 3 0.
g, — sinu®=0, u}, - u'cosu’=0,

2 2 Q 243
uy ~uPcosu’ = — (u')sinu®,

It is surprising that we can find many solutions for !
and «® which can be expressed as simple functions of
#” and its derivatives; a few examples are

r_ 0 2__,0
w=u;, and uw'=u,,

or (3a—~d)

w ="+ 5(u°)® and

+9uu u®

u - uxxxxvx + 3(u2)2u2x1x + g(u ) xx Y xxx + 3(ng)3.

The existence of such solutions is directly connected to
the origin of the infinite number of conservation laws,
and the study of the origin of such solutions will provide
a key in understanding the origin of the conservation
laws. We ask how a nonhomogeneous solution for »* will
depend on the «° if we take only the nonhomogeneous
solutions for #»°, ..., u*!; this problem requires a care-
ful analysis of invariance transformations.

il. RELATION BETWEEN AN INFINITESIMAL AND
A FINITE INVARIANCE TRANSFORMATION

We have considered an example in which one solution
it is continuously connected to another solution «°
through a parameter «. This may be considered as a
continuous transformation of u® to u; it is a special
case of the continuous invariance transformation which
is connected to the identity transformation.

We consider a set of transformations of the coordi-
nates of the n-dimensional vector space R"(x*,...,x")
which analytically depends on the parameter «, and
becomes the identity transformation for o =0:

= T=X(xv o), xi=X(x?,0). (4)

We also consier an equation F{x!)=F(x',...,x™) =0
which is defined in the subspace R™(x*, x™ of R",
The equation F(x!)=0 defines a manifold S, or hyper-
surface in R™. We define the invariance transformation
in the following way:

Transformation (4) is a continuous invariance trans-
formation of the equation F(x?}=0, if the condition
F(XHx?, a)) =0 is satisfied for the continuous values
of « on the manifold S defined by F(x!) =

Geometrically, this implies that an invariance trans-

formation carries a point on S into another point on S.
We first investigate this invariance condition in detail,
and will come back to the invariance transformation of
the differential equation in the next section.

Under the condition we have imposed on the trans-
formation, we can expand X'(x’, @) in a Taylor series in
a by:

_ i T O i 5
=X, a)=xt kzi AR P=1@ )X, a)f 4o
(5)
Defining the differential operator U, by
Ue=2888, (6)

we can write {5) as
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(1+34:k' k) . (7)

We analyze the effect of this transformation on an analy-
tic function f(x‘) defined in R". Expanding f(¥') in a
Taylor series in «, we obtain

= gk A
SR =23 57 Bale), =0 E) o= A0,
where
Ay=1 and

aq; i 44
R T e
=1 j=li=1 i
where p; and ¢, are the integers satisfying the
conditions
?quj:k’ Lsp,<p;, <k for i<j, 1=gq,.
=
Here, we apply the summation convention with respect
to the indices 7. The choice of the sets (p,,...,p,)
and (g, ..., q,) satisfying the conditions is not unique,
and the sum in (9) is to be taken with respect to each
of such sets. Using the differential operator A,, we
can write the effect of the coordinate transformation
on the function f(x*) as

AE) = (1+i @y

Ll (10)

A =T,
We note that 7(a)x=x' +agl+ sa? i+ - =% recovers
the definition we started with,

Now we suppose that the continuous transformation
T(a) leaves the equation F(x*)=0 defined in R™ invari-
ant in the sense defined above. Then, the following
statement will be obvious:

The transformation 7(a) is a continuous invari-
ance transformation of the equation F(x?)=0, if
and only if A, F(x*) =0 on the manifold S defined
by F{x)=0.

(A)

Although this provides the condition for a transforma-
tion to be an invariance transformation, it is very diffi-
cult to get any clear view of the structure of the trans-
formation unless a considerable simplification of ex-
pression (9) is made; it is crucial to oberve that we can
re-express (9) as

A=kl ) 0 (Us)"s

pl "l(ql') Cpslg, D)
where we take the same rule of summation as for (9).
The remarkable feature of this expression is the fact that
all the T,’s are first-order differential operators. We
write down the first four generators in this form:

= Un Ay = (—01)2 + _Uz; As = (—01)3 + 3ﬁ1 Uz + 373,

(11)

=(T,) +6(T,)*T, + 3(0,) +40,U, + U,, (12a)—(12d)
where
T]1:U1:£1iai’ U U, - 151: i

—5’3: U3+(“ 35;5% i +2£1»1 151 k+2£1 151 zk)
TLL: U, + (- 45&%,1’ - 35252,1‘ +9£1£1,i£2,k +6£1E1£é. ik
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+ 35&55.&5{.1; + Sgég’fﬁi.uz - 6&:&1.:5?.@1.&
- 3eieiel utl
—12gleleh el - Beleiehe] 09, (13a)—(13d)

The importance of the decomposition into this form will
be recognized if we remember the basic lemma used in
the theory of continuous group transformations:

If two first-order differential operators U, =£}39,
and U,=t,, i=1,2,....,n, satisfy the conditions
Uf(x') =0, j=a, b, on the manifold defined by f(x*)
=0, then we have U,U, f(x!)=0 on the same manifold.

Successive applications of the lemma to the invariance
condition (A), lead to the conclusion that all the opera-
tors T, in the expression (11) must satisfy the
condition:

TU,F(xi)=0 on the manifold S defined by F(x*) = 0. (B)
This allows us to draw the following conclusion:

All the A.’s are constructed from first-order
differential operators @, which satisfy the condi- (C)
tion @F(x')=0 on F(x!)=0.

In Lie’s theory of group transformations, the operator
which satisfies condition (B) is called a generator of the
invariance group. We suppose that the largest invariance
group of the equation F(x')=0 is an y-parameter group
with generators @,. Then, all the operators which sat-
isfy condition (B) can be written as
=20, . a9
1= .
In particular, if we let =0 for k> 2, we obtain A,
=(T,)* from (11), and the operator T{a) in {10) reduces
to an exponential operator,
© a" . -
T(a) =2 25 (@) =ePs. (15)
k=0 *
Result (C) is significant in studying the structure of in-
variance transformations because it clarifies the con-
straints on and arbitrariness of an invariance trans-
formation. The vital fact is that if we have a complete
set of generators of the invariance group of the equation
F(x*)=0, then any continuous invariance transforma-
tion connected to the identity transformation can be
constructed from these generators.

Now, the problem is how to find such generators for
a given equation F(x')=0. The basic idea of deriving
the generators was established by Lie, and we will
illustrate it briefly after the discussion of differential
equations.

I1l. INVARIANCE TRANSFORMATIONS OF
DIFFERENTIAL EQUATIONS

We have considered a set of coordinate transforma-
tions in R" which leave the equation F(x*)=0 defined in
R™ invariant. We now introduce some functional rela-
tions among the coordinates, which are compatible with
the equation F(x')=0; such relations will restrict fur-
ther the domain of manifold S.

We consider a function u(x?) defined in the (¢ —1)-
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dimensional space R*!(x%,...,x*!) with k<m, and
assume the following:

The coordinate x* is determined by the relation
x*=u(x'), and the coordinates x*'!,...,x" are
determined as the derivatives of w(x?) with re-
spect to the coordinates x*,...,x* !, For in-
stance, ¥**'=3,u, ... ,x* =9, ,u, x**=20,0,u,

x2k¢l=alazu’ e,

(16)

We suppose that R" is chosen in such a way that if it con-
tains a coordinate corresponding to a jth derivative, then
coordinates for all the other jth derivatives also appear
in R", The condition we have imposed are compatible
with the equation F(x?)=0 only if the function u(x*) is

a solution of the equation F(x')=0, interpreted as a
partial differential equation by considering x%’s as de-
rivatives defined by (16). Each solution will define a
submanifold S of the manifold S, called the solution
surface.

Now, we consider a continuous coordinate trans-
formation (4) under which a manifold satisfying condi-
tion (16) is always mapped onto a manifold which also
satisfies condition (16), with x*=u(x’, o). In analyzing
such transformations, it is convenient to introduce the
following definitions:

Basic coordinates and jth order coordinates

We call the coordinates x',...,x* basic coordinates;
and the coordinates corresponding to the jth order

derivatives, jth order coordinates. For instance, in
(16), x*1,...,x%* ! are first-order, and x*, x%*! are

second-order.
Basic space and jth extended space

We call the vector space {x',...,x’), jth extended
space if it consists of all and only the basic coordi-
nates and a complete set of the first through the jth
order coordinates. In particular, we call the Oth
extended space (x',...,x*), the basic space.

Basic transformation

We call the transformation of a set of basic coordi-
nates, the basic transformation,

Basic operator and jth extended operator

We call the operator &=3_,¢3, of the transformation
in the jth extended space the jth extended operator. The
Oth extended operator Q=z¥=,g‘a,, will be called the
basic operator.

It is clear that under condition (16), the transforma-
tion of the basic coordinates will determine the trans-
formation of the rest of the coordinates. In particular,
if a basic operator is given, we can determine all the
extended operators. Now, we require that such trans-
formation leaves the equation F(x) =0 invariant. The
geometrical meaning of the invariance transformation
is more important; the invariance transformation
maps one solution surface S to another solution surface
S (or onto itself), both of which are on S. A discovery
of such a transformation will lead to a new solution of
the differential equation. The transformation studied
most extensively is the group transformation. Lie con-
sidered an invariance group transformation of the form
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M ext=e i =xi + atix) + oo, i=1,...,k,
(17

in which infinitesimal terms of the basic transformation
depend only on the basic coordinates. It is important to
note that, under such assumptions, a finite transforma-
tion of the coordinate x? does not involve any coordinate
whose order is higher than the order of x?. This guar-
antees that the jth extended space is closed under the
transformation. The existence of such a closed space
enables us to elegantly construct a finite group trans-
formation, via the method of characteristics, from a
generator of the group.

x = (x', ..., x%),

Anderson, Kumei, and Wulfman, however, found that
there exist invariance groups of time-dependent
Schridinger equations which are not of Lie’s form,*
They generalized Lie’s theory by allowing infinitesimal
terms ¢* of the basic coordinates to depend on the co-
ordinates of higher order:

- xl=exiz=xi+agix)+ -, i=1,...,k,

x=0 . 0,xY), 1=k (18)

Here, the order of the coordinates in ¢ is not re-
stricted, and coordinates of any order may appear.®
We note, however, that we no longer have any closed
finite -dimensional space under such a group trans-
formation.” Although this does not cause any problem
in finding generators of invariance transformations, we
can no longer apply the method of characteristics in
finding a finite transformation. This generalization,
however, is absolutely necessary to uncover all the
invariance groups inherent in the differential equations.
Before we show that the sine—Gordon equation admits
such invariance groups, we answer the question raised
at the end of Sec., I. To put the problem into our present
language, we rewrite (1) as

8

F(x)=0 with x* =2}, i=1,...,n,

Xz, A=y, a1
and (2) as

X=xt i=1,...,n,

P = X @) =2 4+ g™+ Aa % (21
From a transformational viewpoint, the statement that
% is a solution of equation (1) is equivalent to saying
that transformation (2’) leaves equation (1’) invariant,
For such a transformation, as we have found, we can
write £7*'=A,x™! (or u*=A’ in the old notation). This
leads to the conclusion,

If a differential equation F(zf,u,u;,u,,, - -)=0 admits
a solution u(z?, @) =35, (a*/ k1 )* (z') which depends
analytically on o near « =0, then «* is always
written as #*(z%) =A,u’(z%), where «° is a solution

of the same equation and the operator 4, is con-
structed by (11) from the generators @ of invari- D)
ance group transformations of F=0 by which the
independent variables z* are unchanged. In par-
ticular, «!'=Qu’. Furthermore, if only the in-
homogeneous solution is taken for every u*, &

>1, then «* = (Q)*°, and a resulting solution is
expressed as u(z?) = e*%u’(z?).
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IV. SOME INVARIANCE GROUP TRANSFORMATIONS
OF SINE-GORDON EQUATION

We now go back to the analysis of the solutions
(32)—(3d). According to result (D), these solutions clear-
ly indicate the existence of invariance groups, or sym-
metries, of the sine—~Gordon equation. We will system-
atically determine generators of the invariance group
transformations and will reveal new symmetries of the
equation.

We first specialize the general formulation given
above to a case in which we have three basic coordinates
x', x%, and x3, and F(x') is chosen as

Fxt, 2%, 2%, x*, %%, 5%, &7, x®) = x7 - sinx®.

As stated in (16), we establish the following constraints
on the coordinates:

=uld, 2, xi=u, P¥=u, 1=y,

X' =y, X =ty X =uy,, XC=uy,,
A=y, XUy, X =gy, XM=,
X =1ty100, X0 =000, XM =5, =00,

19 _ 20 _ 21 _ 22
X =Uyaay X =Upgpeey, X = Uypoony X7 = Uppao,

X% = U500, (19)

where subscripts 1 and 2 indicate the derivatives with
respect to x* and x*. We now consider a transformation,
of the generalized form (18), in which x* and x* are un-
changed and the infinitesimal transformation of x* de-
pends on x® and the first through the third-order
coordinates:

2

1 ;CZZX,

¥=x!,

523sz+a£3(x3,x4,xs,xs,xg,xg,xlz). (20)

We note that the inclusion of the coordinates x”, x*°,

and x'! is redundant because we can replace them by

the coordinates in £3 after we have introduced the condi-
tion F=0, The infinitesimal transformation, induced by
(20), of the coordinate corresponding to the derivative
8,)™(@,)"u is calculated as®

H=xt+a@)™@,)  =xt tatt. (21)
Here, the partial derivative should be interpreted as
@)m@,)E% = (@)™(@,)"

5 E3 (e, 2%, 0, (0, 22, - o, Mo, 27)) (22)
For instance
=gt R HERT B FE o H e, (23)

where &2 is the derivative of £° with respect to the coor-
dinate x! contained in £°, and should not be confused with
the same notation used in Sec. II. As in Sec. II, we
write the infinitesimal transformation in the jth ex-
tended space as

. . 1
=1 +odxi, §=2¢i, with £ =£>=0. (24)
i=1
Now, we assume that the equation F'=0 is invariant
under the group transformation whose infinitesimal
form is given by (20); the condition is

éF:g7—£3cosx3:0 on x" - sinx®=0, (25)
Sukeyuki Kumet 2464



which is the partial differential equation for £3. The
equation HF =0 will split into a set of partial differen-
tial equation because some of the coordinates which
appear in the equation are independent from the coor-
dinates in t® (Appendix). By solving these equations, we
find four independent solutions:

gi=xt, E=2"+3(", (26a)

(26b)

Obviously, the last two solutions can be obtained from
the first two, by interchanging the roles of x' and x°.
The second extended operators associated with £ and
£3 are calculated from (21) and (24) as

1
Eg ==X5, §3=x12 + E(xS)S.

Q, = x*0, + 2%, + x73, + %0, + %%, + 1113, (27a)
2
Q, = 1° + 3(x")%}9, + {x** + 3 (x*)x%}a, + {x™

+3 () 2%x"}05 + {x'® + 3 (r%) + 3 (1?2},

+ {xlg + 3x4x6x7 +%(x4)2x1°}87 + {xzo + 3x4(x7)2

+ 3 (¥ }3,. (2b)

We can easily check that they satisfy condition (25);
thus, the sine-Gordon equation is invariant under the
group transformations generated by these operators.

This result explains the origin of the solutions
(3a)—(3d); they are obtained from result (D):

Uy = 82,1963 =x* (282)
and
==, (28b)
wy= Q0 =20 + L) (28¢)
and
3
1= (Q,)% = % + B(r" + 3"
+9x%8%% + 3(x%)3, (284)

We note that we need the extended operators Qz and Z)b
for calculating the second term »®. As we stated in Sec.
III, this is the general character of the generalized
transformation (18) and we need the k(n ~ 1)th extended
operator to calculate the nth term #" if the basic trans-
formation contains the k-th order coordinate.

V. GENERATING FUNCTION FOR GENERATORS

We have obtained four generators of the invariance
group of the sine-Gordon equation by considering a
generalized Lie transformation (18). However, if we had
assumed a more general form for £° we might have
been able to produce more generators, It is unfortunate
that we have no theory which tells us which coordinates
we need in £ of (18) to obtain a complete set of gener-
ators, hence we must make some assumptions on the
form of ¢*. In practice, it is not possible to retain too
many coordinates in ¢* because the determining equa-
tions for £ become too huge to solve. Therefore, it is
highly desirable to have another method for producing
the generators, which does not require either such
assumptions or the construction of the solutions of
determining equations., Here, we provide one such meth-
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od although the completeness of the set of generators
obtained is still not assured.

The idea of the method is to reverse the result in
Sec, II. We found that the operator @ which satisfies
a condition @F =0 on F=0 is the building block of any
invariance transformation connected to the identity
transformation. By reversing this, we argue that if we
have an invariance transformation connected to the
identity transformation, then we can find at least one
such operator. More precisely, we proceed in the fol-
lowing way.

Suppose we have an invariance transformation of the
equation F(x?)=0,

) LS ok ; &K at .
i‘:x‘+2—k—,Akx‘=xl+EF£;, i=1,...,n, (29)
p=l V¢ k=l

in which all the £} are known, Using the result (11), we
can wrife,

gi=Apxt= lei s 5;:A2xi:{(ﬁ1)2 + _Uz}xi’
5§:A3xi = {(Ux)3+3_U1TJ2 + Us}xia Ty

where all the T, are first-order differential operators.
From the first equation, we obtain

(30)
i=1
Feeding this into the second, we get U,xi=¢i~ (T,)%,
which provides
n
-ﬁz = ZE [ei- {(Ul)zxi}]ai .
i=
Next we substitute these for the U, and U, in the third
equation to determine l73. Continuing this process we
can obtain a series of operators Uk, all of which satisfy
the invariance condition “QF =0 on F=0.” We note
that if the starting transformation (29) happens to form
a group, then we only get U, and all the others are
equivalently zero for the reason discussed in Sec, II.
We may consider the starting transformation (29) as a
generating function for generators of an invariance
group. The upshot of the method is that only algebraic
computations are involved in the process and a computer
can be used, whereas the construction of the solutions
of the determining equations by computer is very diffi-
cult, Obviously, this method can be used to find gener-
ators of an invariance group of a differential equation if
the constraints (16) are faken into account. We apply the
method to the sine~Gordon equation to find additional
generators.

(31)

We start with the well-known Bicklund transforma-
tion of the sine-Gordon equation, !

o x*=2asinz(®3 +x°), @(®® +x°)=2sin3(x® - x?),
(32)

with the convention established in (19). This transforma-
tion guarantees that if x® is a solution of the sine-Gordon
equation then so is % for a continuous value of o. A
principal use of the Bicklund transformation is to con-
struct a new solution ¥® from a known solution x° by
solving a set of first-order differential equations (32).
We assume that the new solution %°, is an analytic
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function of a in the neighborhood of & =0, and so are its
derivatives. Then, it is clear from (32) that the trans-
formation is connected to the identity transformation;
%¥*—~x% as a —~ 0. The analyticity assumption allows us
to expand the solution %® in the Taylor series in «

near o =0. Such an expansion is found in the paper by

Scott ef al.,* and we rewrite their result:
= Do, (33)
with:
£3=24% E3=4x% £3=12x°+2(x*),
£3=48x" +48(x*")%°,
£3=240x"" + 360 (x*)’x° +600x*(x°) +18(x*)°,
£3=1440x> +2880(x*)*x"®
+12 960x*x5x° + 3840(x%)® + 1440 (x*)*x®
£2=10080x" + 176 400(x°)%x* +95 T60x*(x°)?
+ 141 120x*x5%*2 + 25 200 (x*)°x!® (34a—g)
+ 63 000(x*)3(x®)? + 18 900(x*)*x® + 450(x%)7, -
where we have adopted the convention (19) and x3!
=uy;;111:+ In this specific Bicklund transformation,
the coordinates x* and x* are unchanged, i.e.,
F=x, ¥=x® or £i=ti=0foriz1. (35)

The transformations (33) and (35) form the basic trans-
formations, and they provide all the necessary informa-
tion to follow the above prescription to find T,. We list
the results up tc U

U,=U,=U,=0, U,=2x%,, U,={4x®+2(x*"}2,,

T, =1{48x* +120(x%)%"® + 120x*(x®)? + 18(x*)%}3,,

U, =1{1440x%" + 25 200(x®)%x° + 15 120x*(x°)

+20 160x%x%x'% + 5040(x*)?x"® + 12 600 (x*) (x°)?
+6300(x*)*x® +450(x")7},. (36a—e)

Here, we have given the operators in the basic form;

the operators in the extended form can be obtained from
(21) and (24). By continuing this process, we will be
able to find an infinite number of operators which satisfy
the invariance condition (25). We can associate one in-
variance group transformation of the sine-Gordon equa-
tion with each of these operators.

VI. A SERIES OF CONSERVATION LAWS AND
INVARIANCE GROUPS

In this section, we use notation (16}, hence x* repre-
sents a solution of the differential equation F{x*)=0

We consider an eguation F{x!)=0 which can be put

into a conservation form:

Ea‘.fizo, Fimfiled, .o, w1, (37)

i=1
where the derivatives are to be taken by considering
x%,...,x" as functions of x*,...,x*!, The vector {
=(£,f% ...,f¥") establishes a divergent free flux in
the space R*(x', , x*"1) for each solution of the
equation. Now, we assume that the equation F(x*)=0
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is invariant under an r-parameter group with the
property:

=T (oz)x'—x' for i=1 , k-1 with

Ta)= exp(éoz"QJ.

We suppose that transformation (38) exists if {a <5,
Here, § is a positive number, Under such assumptions,
X* represents a new solution of the equation and a corre-
sponding flux, f=(f,f?, ...,7% ) is written as

Fr=fild, ... Y FE LR
=T (a)f (e, ..., 0 X, (39)

The implication of the new flux is the same as the old
one, except that it is now for the new solution. However,
its power series expansion in a tells us something new
about the starting solution x*; because we have assumed
that the transformation Tg(a) exists at least for some
range of |a(, it acts as a generating function of fluxes;
each term of the expansion of (39) in a!, ,a” also
forms a divergent free flux. We state this as follows:

(38)

L, xh),

If a differential equation F(x?):=0 admits an in-
variance group with property (38), and if a flux

f of the form (37) exists, then, for any polynomial (E)
function G(Q,, ..., ,) of the generators of the

group, the vector Gf forms a divergent free flux.

Here, we see two basic patterns for a series of diver-
gent free fluxes to arise: one associated with a series
@f, i=1,...,7 and one associated with a series (@),
n=1,2, -+ . It will be reasonable to say in general, that
the former is more fundamental than the latter because
the series of the second type can be mechanically con-
structed if @, is known, although the reverse is not
possible. One, however, should not think that the fluxes
of the second type are trivial.

We now apply this analysis to the sine-Gordon equa-
tion, F=x" - sinx®>. The equation can be put into the
conservation form by multiplying by x%

3, f1+8,/2=0 with f=(r*, %) =(G(x%? cosx®),

and the generators (36b)—(36e) can be used to derive
new fluxes. We list a few of them, (using the notation

f,= bif):
£,/ =24%", f2=-2x"sinx®,
£:fi=1dx" +6(x*")’x"x°,
£, fL=24{2x% +10x*x"x® + 5 (x*)*x™ + 5x7(x°)?
+ lox‘ixﬁxl() + ‘lzs(x‘})‘ix?}xs

fe=—24{2x'0 +5(x*)%x° + 5x*(x%)* + §

fi=— {4x° +2(x*)% sinx®,

x*%)°} sinx®,

4
f3'3:f§,3=(v3)2f 16[9{5 32+3(x4)2x5 19+(x14)2
+ 13 (xH)%x7 + 9xtxPx® 't + BatxOx"xt?
+ {ng (xﬁ)z + 9x4x5x9 + %(x4)4x5}x10 (403'-_(1)
+9x5x0x7x° + 9 (x*)3x5x 0% + Z(x4)4(x7)2] .

Here, we have listed only the first component for

£, .. Among these fluxes, the first flux, {, is trivial
because it is the derivative of f with respect to x*'.*?
We analyze the known results from our viewpoint. Our
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results are clearly different from the fluxes given in
the paper by Scott ef al.!! Their results, however, can
be obtained by taking a linear combination of fluxes
with the form (T,)%(T,) - -+ (U.)1. In fact, by using (11)
and (36a)—(36e), we find that A,f and A f recover their
results, For instance,

A fl= {(Ux)s + 3U1v2 + Us}f‘ =6{2x5xM + 4xtx'0 + (x4)2x5x7}
= 6{2“2u1112 + 4wy, + (ux)zuzuxz}y

where we interpret U, as a generator extended to a
necessary order. Now, we ask which fluxes are most
basic among these.

Although this question is very important in analyzing
the nature of conservation laws in general, the answer
depends on the measure one uses. However, as we have
indicated above, the hierarchy becomes quite clear
within the framework of group theory; we classify fluxes
into two categories:

(1) Basic fluxes: f, Qf, i=1,...,7,

and
(2) Associated fluxes: (Q,l)"x(Q,Z)"z ces (Q;’)"Pf
with i, =1,...,7r, and n, +n, +-<+ +n,>1,

and we use the basic fluxes to characterize the con-
servation law associated with a solution. The remark-
able feature of the sine-Gordon equation is that it
possesses a series of basic fluxes.

SUMMARY

To conclude this paper, we briefly summarize the
results obtained in the present study. In Sec. II, we
studied a structural aspect of continuous invariance
transformations connected to the identity transforma-
tion, and we stated the explicit relation between a con-
tinuous invariance transformation and a continuous in-
variance group transformation [(A), (11), (C)]. In Sec.
IlI, we used the result of Sec. II to analyze invariance
properties of differential equations and we uncovered
the group theoretic structure, inherent in any solution
which depends on a continuous parameter [(D)]. In
Sec. V, a new method was given for obtaining generator
of an invariance group and it was used to find a series
of new generators of an invariance group of the sine-
Gordon Eq. [(36b)—(36e)]. In Sec. VI, we gave a group
theoretic criteria for the existence of a series of con-
servation laws associated with solutions of a differen-
tial equation [(E)], and this was used to provide a group
theoretic explanation of a series of conservation laws
of the sine-Gordon equation. The results (40a)—(40d)
explicitly indicate that there exist conservation laws
whose existence is inexplicable within the Lie’s frame-
work of group theory, but still can be explained by
group theory if the generalized theory (Ref. 5d) is used.
In the next papers, we will show that the conservation
laws of the Korteweg~deVries equation and the cubic
Schroedinger equation are also related to invariance
groups of the generalized Lie type.!®

Note added in proof: The transformation (10) with A,
defined by (11), (12a—d) has been found to be the power
series expansion, in «, of the expression
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APPENDIX: DETERMINING EQUATIONS OF
GENERATORS

Although our transformation is more general than
that of Lie, the basic idea for obtaining the differential
equations (determining equations) for ¢! is the same
as Lie’s, and for a detailed discussion of the Lie method
we refer the reader to the book by Ovsjannikov®® or the
book by Bluman and Cole. °¢ Using f for £3, the deteter-
mining equations for our problem are the following:

fs. 127 0,

fs, e +fa, 12%° +fs, 12X +fe, 12" +fs, 12t +f12'12x16 =0,
F3,6%° Hfa, 0% +o,08° o, 06"+ fo 00" + £y 2! =0,

f3x7 +f4x10 +f5x11 +f8x14 +f8x16 +f9x19 +f12x22

- 5 7 8 10
S'Z;'s (fs,fx Fha % TS5, % tSe, % +fs,ix12
6, 8,12

+f9. lx“) =0,

i

with supplementary conditions:
x"=sinx®, x¥=x%cosx®, x'=x%cosx?,
x'=x%cosx® - (x*)2sinx?,
2 =x%cosx® — (x°)? sinx?,
2 =x°cosx® - 3x*x®sinx® - (x%)® cosa?,
¥ = x"? cosx® - 3x°x® sinx® - (x®)° cosx?,

where f;=9,fand f; ,=33,f.
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5t has been suspected that some transformation property of
the differential equation governing the wave motion is respon-
sible for the existence of a series of conservation laws. In
fact, the restricted Bicklund transformations (R. B, T.) have
provided a systematic way of deriving a series of conserva-
tion laws, However, the derivation involves a process of
power series expansion of a golution with respect to some
parameter, Such a method only exemplifies the existence of a
series, but does not explain the origin of individual conserva-
tion law. On the discussion of R. B, T. in the theory of soli-
tons, we refer to (a) G.L, Lamb, Rev, Mod, Phys. 43, 99
(1971); (b) D, W. McLaughlin and A, C. Scott, J. Math. Phys,
14, 1817 (1973); (c) H.D. Wahlquist and F, B. Estabrook,
Phys. Rev. Lett. 31, 1386 (1973). We add in proof the follow-
ing papers on the Bicklund transformations: G, L. Lamb, Jr.,
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transformation is not a group transformation in general,
whereas our generalization allows us to construct a group
transformation, We should consider that a Lie type trans-
formation and the Bicklund transformation are complemen-
tary in the sense that neither of them subsumes the other.
Lie’s infinitesimal approach, however, will be superior in the
structural analysis of continuous invariance transformations.
%The general formula of the expression of the extended opera~-
tor will be found in the paper by R.L. Anderson and S,
Davison, J. Math. Anal. Appl, 48, 301 (1974).

0we define “trivial” flux in the following way. We consider a
set S{fl,fz, ...,f;} which consists of divergence free fluxes,
f;,...,f; and their derivatives of any order. We note that the
derivatives are also divergence free. Now, a flux f is said
to be trivial with respect to the set S, if f can be expressed
as a linear combination of the members of the set S. In this
sense, the flux @™ is, in general, nontrivial with respect to
the set S{f,Qf,Q%,...,Q"'f}. For instance, the flux f3,5 of
(40) is nontrivial with respect to the set S{f,l_féf}.

UEq, VI. B.7 in Ref, 1,

12This is due to the special character of the operator ﬁl; the
operation of Uy on the variable x*, i >2, is equivalent to the
differentiation of the function » with respect to x1. For in-
stance, Uxd=x1, (TH23=x% and Ulx®=x" are the transforma-
tions u —~wuy, u —~wuyy and uy w9, Because of this property,
the fluxes obtained from (U )™ are all trivial.

133, Kumei, “Group theoretic studies of conservation laws

of nonlinear dispersive waves” (II, III, IV) (submitted for
publication).
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Matrix mechanic methods are used to find approximate equations and solutions for quantum anharmonic
oscillator problems. A series of hypotheses are introduced that truncate and partially decouple the infinite
set of coupled equations that specify the problem in the matrix mechanics formulation. The dependent
variables or unknowns in these equations are the matrix elements of the coordinate and momentum
operators. The independent variables are the matrix indices and coupling strengths. The equations
themselves specify that the off diagonal matrix elements of the Hamiltonian and the commutators expressed
in terms of the unknowns vanish and that the diagonal commutator matrix elements vanish except for
canonical pairs in which case they are equal to — ih. The truncation and decoupling hypotheses offer an
orderly procedure for dealing approximately with the vast array of equations of the exact problems. Only
the leading behavior of the coordinate and momentum operator matrix elements is found in terms of the
matrix indices and coupling parameters. Although general techniques are presented to find the equations,
the solutions discussed and the applications are brief extensions of problems that have already been treated.

I. INTRODUCTION

In the earliest formulation of quantum mechanics by
Heisenberg is implicitly in terms of matrices.' The
subsequent clarification by Born and Jordan explicitly
formulates the problem in terms of matrices.? In von
Neumann’s codification the matrix mechanics method
appears first. ® Despite this priority there are very few
attempts to directly solve quantum mechanical problems
by matrix methods. Anharmonic oscillators are treated
in both Heisenberg’s original paper and that of Born and
Jordan.

The matrix formulation of a problem is simple. Given
a Hamiltonian H that is a function of n coordinates and
n momenta, it is required to find 2» matrices py, ...,p,
and x{,...,x, such that Hp,...,p,, %, ...,%,) IS a
diagonal matrix and that the 2#* — » commutation rules
[pa’pb] =0, [xa’ xb] =0, [pa’ xb] =- Z.ﬁéab are satisfied.
The solution of the problem requires the specification of
the quantities (pa)n,rz,m,,";31,52"_”5" and
(0)ryseeesryisgseeess, the unknowns of the problem. These
quantities are functions of the matrix indices
Yi5%9, 03 ¥n; S1,89,...,5, and of any parameters that
may appear in the Hamiltonian. The equations of the
problem are the conditions placed on the matrix elements
of the Hamiltonian and the commutators:

é’r’,w ,....r,,;:slysz,....sn>: E.,l,.,z,_._ T 57131 5,,232 soe By s,

[paapb]rl,72,...,7,,;si,s2y-o. ,sn=0

n

1)

[xa)xb]r1,72,...,T";st,s2,...,s" =0

[pavpb]rl,rz,... 1T i8S sSgreens Sy T 'zﬁéab671s1 612.;2 b 6rnsn-

There are many infinities of equations here rather
intricately coupled to each other. In order to solve them,
the alternative to a very clever or lucky ansatz is a
systematic scheme to truncate and decouple these equa-
tions.

If the Hamiltonian H has the form
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m

H=32) pi+wiad) +Vixy,...,x)
with V a polynomial of degree higher than the second that
satisfies the stability requirement lim,.., V =+ «, where
7 =(x} + 0oo +x2)!/2, the problem is conventionally called
an apharmonic oscillator. For this class of problems
experience gained with some simple examples suggests
a set of hypotheses that permit the truncation and de-
coupling of Egs. (1).*

It is these truncated and decoupled equations that shall
be developed in the remainder of this paper. Almost all
approximate methods of solution of quantum anharmonic
oscillator problems rely on some truncation and de-
coupling scheme to find a manageable set of approximate
equations. For example, in perturbation theory the
equations are segregated according to the powers of
various parameters that occur in the potential V above.
It is known that approximations of this type diverge but
that they may be asymptotic.® Padé series based on
these perturbation formulas converge at least for the
single oscillator. ® In other schemes the number of
degrees of freedom are kept finite. Approximation of
this type may converge but are not rapidly convergent. ’
These approximations also suffer the defect of not re-
vealing the qualitative structure of the solutions even
when giving numerically accurate answers.

In the current method the matrix elements of the co-
ordinate and momentum operators are ranked according
to their expected significance, and a perturbation pro-
cedure in this index is developed. The equations that are
generated are difficult but not intractable, It seems as
if it will be possible to treat coupled problems. Not only
are the numerical values of the energy levels computed
but the values of the coordinate and momentum operator
matrix elements. Most significantly the qualitative de-
pendence of these quantities are clearly exhibited. For
the first time the effects of coupling on these matrix
elements is partially shown. In the two degree of free-
dom oscillator problem, if the degrees of freedom are
called x and y, then the x and p, operators have a y de-
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pendence and vice versa. It has not yet been possible to
find the matrix element for the x and p, operators to
change the ¥y quantum number, but that aspect of the

problem which belongs to the next order of approximation

is under investigation and will be reported in a subse-
quent paper.

In the next section these hypotheses are stated. Sec-
tion III contains the calculation of matrix elements of
the commutators and the Hamiltonian with the help of
the hypotheses. In Sec. IV the results of Refs. 4 are
slightly extended in the more general language provided
here. In Sec. V the difficulties with these methods are
reviewed.

1l. THE HYPOTHESES ABOUT THE BEHAVIOR OF
THE MATRIX ELEMENTS OF THE COORDINATE
AND MOMENTUM OPERATORS

The matrix element, either coordinate or momentum,
A'l""'rn;sl""’sn is usually regarded as a function of the
variables 7,,7%y,...,7%,, S{;Sy -..,S, The first hypo-
thesis is that the behavior of A is simpler in terms of
the variables 7, +8, 73+ S, . . s ¥ + 5,71 — S, V95— Sy, .. -
¥,—S,. Thus the functions £ and 7 are introduced ac-
cording to

(x")’1"2"""";51’52”"'s": grz("’l UESEREERY S PN
Vi=81yeees¥n— Sp),
(Pb)rl,rz,.“.r,,;si,sz,n-,su:mb(ri 815 e eVt Sy

Vi=SiyeensPn= Sp)

The second hypothesis is that the £ and 7 are slowly
varying functions of their first # arguments. This is
already suggested by v7 +s behavior of the single har-
monic oscillator. This hypothesis is a decoupling hypo-
thesis since in an equation that couples £(s) and £(s +1)
the difference can be ignored and the two terms set
equal to lowest order. The third hypothesis is that the £
and 7 are rapidly decreasing functions of their second
set of variables. Again for the single harmonic oscil-
lator this is true. The functions vanish if lr-s{>1.
This hypothesis is a truncation hypothesis. In an order
of approximation only those unknowns for which all

l¥ —s | are less than a specified number are included.
This reduces to a finite number both the number of un-
knowns and the number of equations since infinitely
many equations involve only unknowns for which v s}
exceed the cutoff value for the order of approximation.

1. CALCULATION OF COMMUTATORS AND
HAMILTONIANS

The commutators are treated first since they are ap-
plicable to all problems. The commutator of two
operators A and B is carried out. Wherever it does not
obscure the discussion the notations r,s,t are sub-
stituted for v,...,7%,, Sy,.+.5Sn 5. 0y, €tc.:

{A7B}r,szz) (ArtBts— BrtAts)
:Zt) [a(r+t; r—t)Bt+8;t-8)

—-Br+t;r-t)at+s;t—s)]
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:Z!)[a(r+s+t-s;r—t)ﬁ(r+s+t-r;t—s)

~B(r+s+t-s;r-tla(r+s+t-r;t-s)l.

Now let r-t=wandt-s=v sothatw+v=r-s.

Now by hypothesis III v and w must be small or either
£ or 7 will be small. Thus it is possible to expand ¢ and

7 about r + s this gives

[A, B, .= ‘Z‘ Bev,rs L (X +8,W) B(T +5,V)

-B(r+s,wa(r+s,v)
+vedalr+s,w)B(r+s,v)
—-a(r+s,w)wed8(r+s,v)
~vedB(r+s;walr+s;v)
+B(r+s,wweda(r+s,v)]

+ higher order terms in v and w.

The zero order term vanishes by interchanging v and w
in either but not both terms in the bracket. Again inter-
changing v and w in the first order term permits the
more compact expression

[AyB]r,s =2 wEv 6w-w,r-s [V° a a(l‘ +8; W) ﬁ(r +8; V)

—a(r+s;w)wed g(r+s;v)].

The second order term in v and w vanishes for symmetry
reasons so that the expression is correct up to terms of
order three which will be neglected. The diagonal com-
mutators are of particular interest:

[A,B],,,:ZZVoa a(r +s;-v)B(r+s;v)

+a{r+s8;-v)ved B{r+s;v)
:ZZ'} ved[a(r+s; —v)B(r+s;v)].

If the operators A and B are actually coordinate or

momentum operators, there are additional symmetries
that permit further simplification. The coordinate

matrices are assumed to be real and symmetric so that
&(r; — w)=£(r; w). The momentum matrices are assumed
to be pure imaginary antisymmetric so that #(r; - w)
=-7(r; w). These symmetries are consequences of time
reversal invariance. Applied to the commutators these
symmetries yield

[Pa:pb]r,r: - 24 E Ve a[ﬂa(r + r,v) Trb(r + r7V)J:0:
[xa,xb]r,,:ZE vedlL,(r+r1,v) &(r+1,v}]=0,

These two expressions vanish because they are odd in v.
There is nothing surprising about these results since
the diagonal matrix elements of the commutator of two
symmetric or two antisymmetric matrices vanish. It is
reassuring that these properties have not been lost in
the preceding manipulation. The commutator of a
momentum and a coordinate are given by

[pa:xb]r,r:— ZZ'ZV\/ v-6[1r,,(r+r,v) g,,(r+r,v)]. (2)
This does not vanish since it is even in v since 7 is an

odd and ¢ an even function of v. There is no particular

Francis R. Halpern 2470



improvement possible in the nondiagonal commutator
matrix elements. Thus the commutator equations become

27V mlr+1,v) &(r+1,v)]=~ 3#6,, (diagonal),

E' Bysr,r-slV e Ba(r +8,W) B(r+s,v)

W,

—af{r+s,w)we 38(r+s,v)]=0 (off-diagonal), (3)

where & and 8 run over all momentum and coordinate
operators. The truncation hypothesis will be appealed to
select a finite set of these equations. Since the sums are
over v and w, it is not difficult to isolate sums and
terms with v and w bounded.

There is, however, a serious difficulty which requires
additional rather more ad hoc assumptions to resolve it.
The commutator equations are not completely decoupled.
The differentiation which is really more properly a finite
difference operation couples adjacent values of the first
argument, for example, v.da(r+s,w)
=vfa(r; +s,+1; W) — a(r, +s,;w)] + -, where irrelevent
terms have been neglected. The difference between
a(r,+s;+1,w) and a(r, +s,,w) cannot be neglected since_
that is the whole effect so that the differentiation is a
coupling. For the diagonal commutator matrix elements
this can be overcome because the differential equations
can be integrated but for the off-diagonal commutator
matrix equations even in the one body problem the equa-
tions are nonintegrable and the coupling must be re-
moved by another less satisfactory method. By examining
the equations, Hamiltonian, and commutator and gaining
some experience in dealing with oscillator problems, it
has been possible to propose solutions with free con-
stants. These can be substituted in the various equations
and the differentiations can be explicitly carried out.

The resulting equations for the constants are decoupled.
This leaves something to be desired in rigor and gen-
erality but does permit decoupling. The method is il-
lustrated in the examples.

Next consider the matrix element of the Hamiltonian.
Start with the quadratic terms, the harmonic parts

(AN ? Godrt Pos
:-z? T{r+t;r—-t)m(t+s;t-8)
:—; T(r+8+t—s;r—t) m,(r+8+1-7); t—s8)
= :EY Owavires TalT + 8 +V; W) 7,(r +8-W; V)
== 2] Duriral Ta(r +8; W) 7,(r +5; V)
+Ved M(r+s;w)m(r+s;v)

— T (T +8; W)W 27, (T +8;V)] +ONV, wev,w?).

The linear term in w and v vanishes by the permutation
symmetry between w and v. This gives

-
(p?,)..,:-'Z‘ Supavyros TolT +8; W) T, {x +58,V) + O(V2, wov, wd).

@)

No special properties of the functions 7 were used to
derive this result so it follows that
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(p)2s = 2_7' Burvirs Lo(T +8; W) Ep(r +8; V) +O (W2, Wov, v2).
(5)

As a sample of how the anharmonic terms can be
treated (§ AgpcaXeXpXXa)rs 1S considered. The coefficient
A cs is assumed to be invariant under the permutation
group on (a,b,c,d):

(E Aabcdxaxbxoxd)
abcd

rs

= 2

Aot (X5) ta (K uy K a)vs
abedtuv

=23 Agpea Ea(T + T =t) £yt +u; t—)

X Eu+V;u=v) (v +8;V-8)
=23 Ao T +B8+t-8;T—t)

XE(r+s+ttu-r-s;t~u

XE{r+8+u+Vv—r—8;u-v)&(r+s+v-r;v-s).

Now letr—t=w;, t—-u=w,;, u-v=w,;, v-8=w, so that
W, +W, +W; +Wy=r—s!:

( E Aabcdxaxbxcxd)
abcd rs
= 2

abecd

1" W3y

Aabcd 57‘+w2+w3 Wy, T3 ga(r +8+ WZ + W3 + W4; wi)

XE(T +B8-W + W+ W W) £ (T +S— W, — Wy +W; W;)

X gd(r + 8- W1 - WZ hd W3; W4).
= E Aabcd 5710w2+w3+v4,r-s { ga(r + S; wl) ‘Eb(r + S; wz)

X E(T + 8; Wy) Eg(T +8; W)+ [(wy + wy + W) 08 &,(r +8; w,)]
X Ep(r +8; Wy) £.(r +8;Wy) E4(r +8;W,) + £,(r +8; W)

X[(— Wy +Wy+W,) e d £p(r +8; Wy) | £(r +8; W) Eq(r +8; W)
+E(r+8;Wy) £ (r +8;Wy) [(~ Wy — Wy + W) 03 £,(r +8;W;)]
XE (r+8; W)+ &,(r+8; W) £, (r +8; W) £.(r +8; Wy)

X[ (= Wy~ Wy = W3) 0 3 £y(r +8; W) [} +O(Wi, w; o w)).

Now it will be shown that the linear term vanishes be-
cause of symmetry so that

(a;)—:ld Aabcdxaxbxcxd)

rs

= 2
a,b,c,d
Wi Wy Vg Wy

Aabcd 5w1+w2+w3+w4;r«9 Ea(r + S; wl) gb(r + 8; WZ)

X E(r +8; W3) £4(r +8; Wy). (6)
The leading part of any anharmonic term can be written
down at sight following this example. Since the first
argument of all the £ functions is r+8, an immense
amount of decoupling has taken place.

To show that the linear term vanishes, note that A,,.,
and 6,1,,,,2,,,3", v ATe invariant under the permutations
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of a,b,c,d and w,w,, W;, W, respectively. The term in
question is of the form Au,,c,,é,,lwrwy,,v,_sF(a, b,c,d;
Wy, Wy, W3, W,). Let P, , ., and Pu,,wy, wyw, D€ the sum of
the 4! permutation operators in the permutation groups
onabcdand w,w,, Wy, W, respectively. Since a,b,c,d
and W, w,, W, W, are dummy indices of summation

2 Aubcd6w1+w2+w3+w4;r-s Fa,b,c, d; Wi, Wy, Wy, w,)

—(4an=2 >y
- (4 ) L’ Pabcd Pwi"’Z' W3 Wy 6w1*w2+13+W4;r-3Aabcd

X Fla,b,c,d; Wy, Wy, Wy, Wy)

and, since A and 6 are invariant,

-2 5
= (4[) 24 5w1+w2+w3+w4;r-s Aabchw1v2w3w4Pabcd
XFla,b,c,d;w;, Wy, Wy, W),

The permutations applied to F will now be shown to
vanish, Consider the terms in F of the form

[(W2 + W+ W) o d E (W] Ey(wy) £.(wg) £{wy). There are six
permutations which leave it invariant. For example, the
simultaneous interchange of (w,w;) and (bc). Obviously
with each member of the permutation group on b ¢ d
there is a member of the permutation group on w,w;w,
such that the product leaves the expression above un-
altered. Thus the coefficient of 3 £,(w,)£s(wq) £ (ws) E4w,)
from this part is (6w, +6w;+6w,). If a b and w,w, are
interchanged in the part

EgW (= Wy + Wy + W) o DEL(Wy)Eo(W3)Ea(Wy)],

the expression (— W, + Wy +Wy) o 3E,(w,) £,(Wy) £ (W3) E4(W,)
results. Again there are six permutations that leave the
term 3£,(w,y)£,(w,) £,(wW;) £5(w,) unaltered. This time be-
cause of the minus sign the coefficient becomes

2(w, + w3 +Ww,). Interchanging (a ¢) (w; W,) in the term

£ (W) E (W) (= W, — Wy — Wy) s DE(W,) E4(W,) and carrying out
the six permutations gives the result

— 2(Wy + Wy + Wy) o BE,(W,)E5(Wp) £,(W3)Eg(W,). Finally the
interchange (a d) (w,; w,) applied to the expression

£ AW £, (W5) £ (W) (= Wy — Wy — Wy) « 2,4(W,) followed by the
six permutations gives the result — 6(w, + Wy +w,) » 9£,(w,)
X £5(Wy) £,(W5) E4(W,). The sum of these contributions is
zero. All other terms can be similarly examined, and
the result is that they all vanish so the linear term
vanishes.

It is reassuring to examine the combinatorics and see
that nothing has been left out. If a term such as
Wy o 08, (W) Ep(W,) £ (W3)Ey(W,) is identified as a monomial
the original expression has 12 monomials. After all the
permutations are performed there will be 24.24.12
monomials not all distinct. There are 24 ways of as-
sociating a b ¢ d with W, W,, W;, W,; there are four
choices of where the differentiation can be applied and
finally three choices of which w can be dotted into the
gradient. Thus there are 24.4.3 distinct monomials.
Each monomial must occur 24:24-12,24+4-3 = 24 times.
For those treated above this is true 12 times with a plus
sign and 12 times with a minus to give a net zero.

Thus we have found equations for commutators (2) and
(3) and the quadratic (4) and (5) and the quartic terms (6)
that occur in the Hamiltonian. Terms of higher than
fourth degree can be treated similarly. These techniques
permit any oscillator problem to be reduced to equations
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of this type. Algebraic equations for the Hamiltonian and
first order nonlinear partial differential equations for
the commutators are obtained. In the next section
several examples are considered.

IV. EXAMPLES

The first example is an oscillator with an harmonic
and an anharmonic term. The Hamiltonian H is given by

H.—:p2 +x2 +)\x4.
The purely anharmonic oscillator p? + x! has been treated

earlier. For this problem the expression for the com-
mutator C and Hamiltonian H become

—g—c,,:in} valw(@r,v) 2y, v)] = - 5Hi,

C, = WED Brosv; -l VAT + 55 0) £ +5;0)
— 7y +s;wdEF +5;0)],

H, = wL',v Bupsviresl— T +5;0) Tl +5,0)

+Er+s;w) £y +5s;0)]

+A Z 6w1+w2+w3+w4,r-s E(V t+s ) wl)

Wyr g Wga 0y

XEF +s,w,) EF +5s,w,) E(r +5,w,y).

The successive approximations are given by the

sequence of equations for the nth approximation:

Hg, 52 :Hs,s-ul =eeo=H =0,

css = -iﬁa

Coss2= Css+4 =oee = css*Zn-Z =0,
The lowest order equations are explicitly

- +s, 1)+ £ +s,1) +4rgi(r +5,1) =0,

23[(n(@r, 1) v, )]=~7/2,
where s = + 2. There are two unknown functions £(2», 1)
and 7(27,1). The difference between £(2v + 2,1} and
£(27,1) is negligible at this order of approximation. The
truncation hypothesis suggests a set of two equations.

There really are an infinite set of pairs of equations but
they are decoupled. Terms such as

xr,r+1xr+1,r+2xr+2,r*3xr+3,r+2
=£2r+1,1)EQ2r +3,1)E(27 +5,1)E(2r +5,~ 1),

that occur in the quartic term are set equal to

£4(2r + 2,1). In this way the intricate couplings are
broken. The derivatives in commutator also couple
various terms. The diagonal commutator is integrable
so that this coupling is also dissolved. The integration of
the commutator gives

w(2r,1)8(2r, 1) = - 3Hr.

If this equation is used to eliminate 7 from the
Hamiltonian equation, it gives

~ YA v 2+ dxgt=0
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or
16085 + 45 - ¥ =0,

To simplify this equation, let &= (%/2)!/%y so that the
equation becomes

2anf +7* - 1 =0,
where a = A#r. The solution for £ is given by

£2 = (37r) 2 ((1/20m) V8 - &
+{200)2 = 3 + 2N [ (Mer)?2 — 11 /273
+{200m)t - & —anmr{ ()2 = ]1/2175)

For (A7) > all the quantities are real while for
27

()< 5’5 the radicals are to be taken as complex con-
jugates. There are two significant features of the solu-
tion that are preserved in higher orders. First 52 is a
function of the variables %r and A %7». Secondly the de-
pendence of £2 on 7ir is very simple while the dependence
on Mr is intricate but weak.

The %» dependence of £% is the same as for a harmonic
oscillator just (#7/2). The Mi dependence is monotonic
starting at 1 for M =0 and becoming asymptotically
equal to (2x7)"1/8 for large values of \#r. It is easy to
find expansion for large and small values of A%Z». These
are

1-3@20) + 35 (2ur)? — &5 (20)) + «ee, 2Mav s small,

@\ )t /81— 4 (207r) 3+ (20) 0B - & (20r) /3 1 ..], 2k is large.

For intermediate values rational functions such as
2 i1/2 1
o NI YL
(ﬁr) Ty @um)ie
2 i/2
(ﬁr) :

2\Y2 1+ @)t 8+ )
) ST T @) S ¥ @) T @) T

_ 1+ (2ar)t/8
1+ (M) (2aEr)?E

which agree with the first, one, two, and three terms of
the series expansions in (2%7’[7)1/ ¢ for both large and
small values of (2A%7)!/% can be used to interpolate with
very good accuracy. These rational interpolating func-
tions are hard to construct when the degree of the
numerator is six or larger.

For the next higher approximation the exact solution
cannot be given and only the asymptotic series and the
rational interpolating are available.

Now consider the second approximation to this prob-
lem. The functions &(r,1), &(r, 3), w(r, 1), and 7(», 3) are
considered and the equations are C ;= ~ifi, Cyso=Hg.y
=Hg,,4=0. The diagonal commutator equation C, is

2 valn(2r;v) £Q2r;v)] =~ 37

The summation index v takes on the values +1 and +3.
Since the argument of the sum is even in v, it follows
that

afm(2r; 1) £(27; 1) +37(27, 8) £(27;3) | =- 41
or that

(273 1) £(20; 1) + 37(2r, 3) £(2¥; 3) = —3Fr
The Hamiltonian equations H,,=0 and H,,=0 are
Hn=
—m2(27 +2; 1) + 2m(27 + 2; 1)7w(2r +2; 3) + £2(2r + 2; 1)
+28(2r +2;1) E(2r + 2; 3) +A[4£4(2r +2;1)

+1285(2r +2; 1) £(2r + 2; 3) +1282(2r + 2; 1) £2(2r + 2; 3)
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li

+ 12827 +2; 1) £3(2r +2; 3)] =0,

Hss+4=

~-7(2r +4; 1) 7(2r +4;3) + £(2r +4; 1) £(2r + 4; 3)
+A[EH2r +4;1) +1283(2r +4; 1) £(2r +4; 3)

+6£2(2r +4;1) £25(2r +4;3) + 12827 +4;1) £(2r +4; 3)]
=0.

The commutator equation C,; =0 is given by

Cogua=—01(2r +2;3) £(2r + 2; 1) + 27(2r + 2; 1) £(2r + 2; 1)
—-30m(2r +2;1) £(2r +2; 3) - 3n(2r + 2;3) 0&(2r + 2; 1)
—m(2r+2;1)3£(2r +2; 1) - w(2r +2;1)3£(2r + 2;3) =0

This equation unlike the diagonal commutator equation is
not completely integrable. A general integral of the form

F[EQ2r+2;1), £(2r +2; 3), m(2r +2;1), 7(27 +2;3),7]=C

does not exist. If such an integral existed, then dF
=uC,,, where u is a function, an integrating factor for
Csesp =0. A little calculation shows, however, that there
is no function u such that the integrability conditions

' o'F
9x10xy ~ 0x,0x4

are satisfied with x; and x, standing for any of the vari-
ables £(2r +2;1), £(2r +2; 3), 7(2r + 2; 1), and 7(24 +2;3).
The set of equations still has a solution, but it depends
on special integrals of C..,,=0. Since this equation
couples different values of 7, the coupling is not yet
broken. In principle the three other algebraic equations
could be solved in terms of one of the variables and then
Css.2 could be written as an ordinary differential equation
in this variable. Because of the complicated character
of the three algebraic equations, this does not appear to
be a practical technique.

The solution to the equations of the lowest order of ap-
proximation does, however, give suggestions about how
a solution of this set of equations may be achieved. The
functions £ and 7 can be written as (/2)!/? times func-
tion of (2Mr)!/® and these functions will have a weak
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dependence on (2A%r)!/¢. The power series expansions
in (2x%r)1/¢ and (2A%7)-!/® can be found and the rational
interpolating function can also be constructed.

As an ansatz take
£(2r; 1) = Vir/2 al(2nr)/F),
£(27; 3) = Var/2 b[(2nmr)' /€],
7(2r; 1) =VRr/2 cl(2vm)' /¢,
m(27; 3) =Vir/2 d[(2amr)!/¢).
The equations that a, b, c,d must satisfy are
ac+3bd=1,
- 12ad — 1 2b¢ + (2a7y) /¢
x (—ad’'+ac’-3bc’-3da’ - ca’'—cb’)=0,
~ c® +2cd +a® + 2ab + (2n7r)
(@* +3a® + 3a’p? + 3ab%) =0,

— 4cd + 4ab + (22 Fr)(a® +12a%b + 6a%b® + 12ab%) = 0.

The power series expansions for large and small
values of (2A\fr) are

1-3(2vmr) + 355 (2007)? — 3L (207)% + ooe
a=

(2M7r)~1/9[0. 9196 + 0. 007 756 (2nkr)* /¢

- 0.007054 (2a7r)8/8 4 o0 ],

& (2nmr)? + 2L @)+ e,

(2M7r)176[0. 0131 + 0. 050 96 (217r)™ /¢
+0.0001602 (2A77)™8/8 + ooc],

- 1= @) + B (2nmr)? - 483 @ner)® + oee

(2AFr) /[~ 1.0793 +0.038 11 (2akr)™/8
+0.008459 (2a7r) /6 + . ],

~ 3(2ngr) + 2 (2nr)? - B (2nr)d + e,

(2n7r)1 /[~ 0.1943 +0.077 15 ( 2n7r)*/¢
+0.001101 (2A77)8/6 4 ucc].

The lowest order equations for the pair of oscillators
described by the Hamiltonian
H=pl+p,+ %, -ch2 +Ax !+ 2Bx%x,% +Cxyt
were previously developed. They are

164£5(1,0;1,0) + 16B£,%(1,0; 1,0)£,%0,1;0,1)
+4£%(1,0;1,0)-n?=0,

16B£,2(1,0;1,0)£,%(0,1;0,1) +16C£,°(0,1;0,1)
+4£'0,1;0,1) - m?=0.

The substitutions
£(1,0;1,0)= ‘/775 s
£,(0,1;0,1)=Vm/2 n,

extract the harmonic dependence and give the equations
(24n) n,% + 2Bm n,*n,t + ' - 1=0, o
2Bn 0.t + (2Cm) 0y’ +myt = 1=0.
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For positive values of B, 7, and 1, are slowly varying
functions of m and n with 0 smn,, n, 1. Power series ex-
pansions can be developed in the variables (24n)*!,
(2Bm)*!, (2Bn)*!, (2Cm)* depending on the size of these
variables. Rational interpolating functions can also be
constructed for intermediate values of the variables.
For negative values of B the situation is more com-
plicated since 7, and 7, may become infinite.

In the more complicated approximation in which
gl(ay 1’ 0)’ gi(a;Os 1), ‘52(0’ 1’ 1’ O); and £2(0; 1’ 0, 1) and
the corresponding #’s are different from zero the
equations

3,[m (2r; 1,0)£,(21;1,0)] + 3,[m,(2r; 0,1)£,(2r; 0, 1)] = - 1/4,
3,[m(2r; 1, 0)£,(2r; 1, 0)] + 8,07 (21; 0,1)£,(21; 0,1)] =0,
3,[m(2r; 1,0)£,(2r; 1,0)] + 3,[my(2r; 0,1)£,(2r; 0,1)] =0,
3,[my(2r;1,0),(2r; 1, 0)] + 8,[my(2r; 0, 1) £,(2r; 0, 1) | = - /4,

- 7.2(1,0) + m,2(1,0) + £,%(1, 0) + £,2(1,0) + 44 £,*(1,0)
+124£,%(1,0)£,%(0,1) + 8B, X1, 0)£,%(1, 0)
+18B£(1,0)£,(0, 1)£,(1, 0)£,(0, 1) + 4B£,%(1, 0)£,%(0, 1)
+4BE%0,1)£,5(1,0) +4C£,4(0, 1) +12£,2(0, 1) £,2(1, 0) =0,
- 2m,(1,0)m,(0, 1) + 2m,(1, 0)m,(0, 1) + 2£,(1, 0)£,(0, 1)
+2£,5(1,00£,(0,1) +124£,%(1,0)£,(0, 1) +124£,(1,0)£,°(0, 1)
+12B%,(1,00£,(0, 1)£,%(1,0) + 12B,(1, 0)£,(0, 1)£,2(0, 1)
+12B%,%(0,1)£,(1,0)£(0, 1) + 12C£,°(1,0)£,(0, 1)
+12C&,(1,0)£,%(1,0) =0,

- 720,1) + 120, 1) + £%(0, 1) + £,°(0, 1) + 44 £,(0, 1)
+124£,%(1, 0)£,%(0,1) + 8B *(0,1)£,%0,1)
+16B£,(1,0)£(0, 1)£,(1,0)£,(0, 1) + 4B£,%(1, 0)£,%(0, 1)
+4BE£2(0,1)£,5(1,0) +4C£,(0, 1) +12CE,%(0, 1) £%(1,0)
=4,

~ 2m,(1,0)m,(0,1) - 27,(1,0)m,(0, 1) + 2£,(1, 0)£,(0, 1)
+2£,(1,0)£,(0,1) + 124 £%(1,0)£,(0,1)
+124£,(1,0)£%0,1) +12B£,(1,0)£,(0, 1) £,%(1, 0)
+12B£((1,00£,(0,1)£,2(0, 1) + 12B,%(1, 0)£,(1, 0)£,(0, 1)
+12BE,2(0,1)£,(1,0)£(0, 1) + 12C£,°(1, 0)£,(0, 1)

+12C4,(1,0)£,%(0,1) =0.

These equations are easily solved by setting

7,(0,1) =7,(1,0) = £,(0, 1) = £,(1,0) = 0.

The equations then reduce to those of the previous order
of approximation. The next order is much more com-
plicated and will be the subject of a subsequent
calculation.

V. CONCLUSIONS

The intention of the present methods is to reduce the
problems of anharmonic oscillators to sets of algebraic
equations. Ideally the general features of the solutions
of these equations would be evident from the equations
and exact numerical solutions would be feasible with
computers. Successive approximation would yield solu-
tions of increasing accuracy.
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For the single oscillator the problem is almost in-this vital in developing a systematic procedure to go beyond
state. The equations can be written down and the qualita- the lowest order reported here. In order to study these

tive behavior of the solutions. is self-evident.and quanti- numbers, a good solution of (7) is required. This seems
tative solutions are accessible. There are improvements to be the main obstacle at this time to bring the solution
that still can be made. The approximations are severe of the problem of several oscillators to the same level

for small values of the quantum numbers, and the ground as that of a single oscillator.
state and first few excited states should be treated more

carefully. The possibility exists of linearizing the second

and higher order approximation rather than attempting

to solve the nonlinear equations in each order. This W, Heisenberg, Z. Physik 33, 879 (1925),
would accomplish a great deal in the direction of de- >M. Born and P. Jordan, Z. Physik 34, 858 (1925).
coupling the nondiagonal commutator equations. %J, von Newmann, Mathematische Grundlagen der
Quantemmechantk (Springer-Verlag, Berlin, 1932), p. 6.
In the cases of two or more coupled oscillators the 4F. Halpern, J. Math, Phys. 15, 733 (1974); F. Halpern
new phenomena of the commutators of the type and T.W. Yonkman, J. Math. Phys. 15, 1718 (1974).
5C. Bender and T.T. Wu, Phys. Rev. 184, 1231 (1969),
[Pasts], [0y x5), and [pg,x,] 63.J. Loeffel, A. Martin, B, Simon, and A.S. Wightman,
] | ) Phys. Lett. B 30, 656 (1969).
for a#b occur. The relative numerical size of these 'S.N. Biswas, K. Datta, R. P, Saxena, R.K. Srivastava,
matrix elements is still unknown. This information is and V.S, Varma, Phys. Rev, D 4, 3617 (1971).
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Separation of variables in the Hamilton-Jacobi,

Schrédinger, and related equations. Il. Partial separation*

Peter Havas'

Department of Physics, Temple University, Philadelphia, Pennsylvania 19122
(Received 24 July 1975)

Sufficient conditions are given for coordinate systems in which the Hamilton—Jacobi equation and the
Schridinger and related equations are partially separable in n dimensions. For the first equation, the
solution is assumed to be a sum of v+ functions of a single variable, and of pu [0 <p <(n—v—7)/2}
groups of other variables; for the other equations, products of such functions are assumed. These
assumptions lead to v+7 completely separated differential equations, of which v are linear in the separation
constants, and p partially separated equations depending on the remaining n— v—7 variables. The general
forms of the various metric tensors g* of the Riemannian spaces ¥, as well as of the allowed potentials V'

corresponding to the different possible types of such equations are determined; they are identical for the
Hamilton--Jacobi equation and for the other equations studied, except that for the latter some of the
metrics are further restricted by a condition on their determinants. The results are established by methods
similar to those used in Paper I of this series for complete separation, and include the results obtained
there as special cases. In the course of determining the allowed forms of the g* it is also established that
there exist v+ 7+ u independent first integrals linear and quadratic in the momenta for the dynamical
systems described by the Hamilton—Jacobi or the Schridinger equation. The v linear ones are
homogeneous, and the 7+ p quadratic ones correspond to homogeneous quadratic integrals of the geodesics
of the V. These results imply the existence of v Killing vectors and of 7+ u Killing tensors of rank two
for the V,. Further polynomial integrals can be constructed; those integrals of degree r which are
independent of the original v+ 7+ u integrals each correspond to an independent Killing tensor of rank r.

I. INTRODUCTION

In spite of the importance of the method of separation
of variables for the solution of partial differential equa-
tions (PDE’s), there are very few systematic attempts
in the literature to determine the coordinate systems
which permit the solution of a particular PDE by this
method. The only PDE for which all coordinate sys-
tems, i.e., all forms of the metric tensor of a Rie-
mannian space V,, as well as all forms of the potential
V have been determined which allow complete separa-
tion is the Hamilton—Jacobi (H—J) equation'?; the re-
sults were reviewed and elaborated on in a recent
paper® (in the following referred to as I}. This paper
also gave sufficient conditions for coordinate systems
in which the Schrodinger, Helmholtz, and Laplace equa-
tion are completely separable. It was shown that in »n
dimensions there are n +1 types of such systems, #n of
which are in general nonorthogonal. These systems
correspond to those for which the H—J equation is
separable, but except for the “essentially geodesic
case” of Levi-Civita! {for which V must vanish) they are
more restricted due to a condition on the determinant
of the metric.

If studies of conditions for complete separation are
scarce, those of conditions where separation is only
partial are almost nonexistent. Of main concern to this
paper is the work of Paul Stickel on the H—J equation®
generalizing this author’s results for complete separa-
tion in orthogonal coordinate systems. There are also
a few recent studies of the Schrodinger, Laplace,
Helmholtz, and related equations, = which also contain
some references to earlier literature.

In Sec. II of this paper we develop sufficient condi-
tions for coordinate systems which allow partial sepa-
ration (in a sense to be specified later) of the H—J equa-
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tion, which include the conditions of Burgatti! and
Dall’Acqua?® for complete separation as special cases.
Corresponding conditions for the Schrodinger, Helmholtz,
and Laplace equation, which include the conditions given
in I for complete separation as special cases, are found
in Sec. IV. The methods used are closely analogous to
those used in I; the main complication is notational. As
in the case of complete separation, it is found that the
Schrodinger and related equations allow the same metric
tensors and potentials as the H—J equation, apart from
a condition on the determinant of the metric and certain
differentiability conditions.

In the course of determining the allowed forms of the
metric tensor it is also established that there exist a
number of independent first integrals linear and quadra-
tic in the momenta for the dynamical system described
by the H—J equation. In Sec. III these integrals are de-
termined, further polynomial integrals are constructed
via Poisson’s theorem, and these integrals are related
to the homogeneous polynomial integrals of the geo-
desics of the V,, as well as to the Killing tensors ad-
mitted by the V,. Analogous results are established in
Sec. V for the polynomial constants of the motion of
the Schrodinger equation. The results of this paper are
briefly summarized and discussed in Sec. VI,

1i. THE HAMILTON-JACOBI EQUATION

The H—J equation (after separation of the time-
dependent part) in a V,, with coordinates g; (i=1:--#n)
and metric g, is

H(ql ° "'qn)pl *° apn):Ey
H=T(gy - qub1 D)+ VgL - -q,), (1

Copyright © 1975 American Institute of Physics 2476



21 gkmgxm: 51:’; (2)

In the following it will be understood that the range of
the Latin indices is from 1 to n, but for our purposes

it will be preferable always to indicate summation ex-
plicitly rather than to use a summation convention;
similarly, since in this paper we are concerned with
special coordinate systems rather than tensorial rela-
tions valid in all coordinate systems, no tensorial prop-
erties will be implied by the position of any index, ex-
cept for the co- and contravariant metric tensors g,
and g*.

Complete separation of Eq. (1) requires
W(‘h cte Qn) =2 Wi(CIi)- (3)
i=1

We shall be concerned with partially separated solutions
of the form

Wigy -+ +q,) :i_l W, {q.) + §1Wp(qg)

pev+

o
+E WX(qX1 .o 'qxhx)' (4)
x=1

Here we have divided the variables and the correspond-
ing indices into three groups

du, a=1...v, (5a)
Gy P=VF1eev+T, (5b)
Gy X=1eooft, P=1eoohy,

Ospszln-v-7), iy>2, (5¢)

o
ZhX:n"V"T7
x=1

to be called variables and indices of the first, second,
and third kind, respectively. Those of the first and
second kind are the same as were used in I (following
Refs. 4,1, and 2); those of the third kind were first
introduced by Stickel. It should be noted that the vari-
ables of the third kind are each characterized by two
numbers, the first one denoting the particular group of
variables, and the second the variables within the group;
to avoid confusion, these will be bracketed when they
appear in the metric tensor or in the p’s.

In the following, letters of the Greek alphabet up to
and including v will be used for indices of the first kind,
those between v and 7 for the second kind, and those
beyond 7 for the third kind, except that the letter u is
reserved for the number of groups of variables of the
third kind, and the index 77 can range over variables of
the second kind and the index denoting the particular
group of variables of the third kind. Latin indices will
be used if the entire range 1...7n is covered. The range
of any summation will be indicated by 3! for variables

2477 J. Math. Phys., Vol, 16, No. 12, December 1975

of the first kind, by %" for variables of the second kind,
by Y for those variables of the third kind which de-
note the groups of variables, and by $'"" for the ones
denoting the variables within the group.

Any one or two kinds of variables may be absent. If
the first kind is absent, we define ¥ =0. This is the
case discussed by Stickel. 5 There, no explicit distinc~
tion was made between variables of the second and
third kind, but in the presence of variables of the first
kind this distinction is essential; unlike Stickel, we
therefore do not allow &, to take the value 1.

If the variables of the second kind are absent, we
define 7=0. If those of the third kind are absent, we
recover the case of complete separation discussed in
I. Clearly we will obtain results which are not contained
inIonlyif n= 3.

The division of the coordinates given by (5a—c) is
fully characterized by the numbers v, 7, &y - - - &, . The
corresponding metrics and partially separated equations
will be referred to as of type T, ; ...s, ; they are gen-
eralizations of those of type 7, discussed in I.

If both the first and second kind of variables are ab-
sent, no variable is completely separated, and if in ad-
dition x takes on only the value 1 (and thus s, =#), there
is no separation at all.

Corresponding to the coordinates of the first kind, and
of those of the second and third kind combined, we in-
troduce two sets of arbitrary continuous functions, one
set

Was(qa), Q,B:].vwl), (63)
where each function depends on a single variable of the

first kind only, and with determinant ¢,, and another
(ppn(qp), p:V+1u-.y+T’

n=1--eTHp, (6b)

(ﬂXn(le ree qx;.x), Xx=1---p,
n=1-.--7+ i,

depending on the variables of the second and third kind
as indicated, and with determinant ¢;;. ¢; and ¢ are
assumed not to vanish. The cofactors of ¢,s ¢,,, and
¥y in their respective determinants are denoted by
bosy Gony and ¢y, respectively; note that they do not
depend on g,, q,, and the g,, respectively, If one or
both of the determinants contain only a single element

@11, we will define ¢;; =1. We will frequently use the
well-known relations

ZI (pa8¢ax :Z;I (PBm(pkoz = ¢I63Ks
[ 3 (73)

Il . 11 — M
2 ¢pn¢pn' - %: ¢xn¢xn' — ¢116n" s
P

ZH‘IIIJ»IIII(PPT’QSW — d)IIbpuy ZH‘IIIi-III’ gDXn¢X") — ¢II 6)( X! s (7b)
without explicitly referring to them.
We also introduce six other sets of functions
5@), FMg,)=F, ulq,),

P=v+1l--ev+7T g A=1...p, (8a)
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and

Axww(qxl cee qxhx) :Axw’

ka)‘(Cle cqy )= Gxuy ux(‘]xi‘ * gy ),
hy Ry

le"'u) (p;d):l"'h‘b

K,LA=1000v, (8b)
all of which except the #,’s and #,’s must be continuous,
and three sets of arbitrary constants (“separation
constants”)

€y, a=1...v, (9a)
Coy p:V+1"'V+T’ (gb)
Cy, X=1e..p, (9¢)

For any X, the determinant of A, °® is assumed not to
vanish. We now consider the three sets of differential
equations

aw

_.._g_:Z;I (paﬁ(qa)cﬁ’ a:l..-l/,

10
dCIa 8 ( a)

aw,
_a—ezz;!ﬁvs(qp)cﬁi ZIF,,“((]‘,)C,‘C;L
4o 8 B2

+Z;H+IH’¢M((I‘,)C1,— Zuo(qp)l /2’ p=v+il---v+T,
n

(10b)
" oW, oW,
DRI WL AL Whis B 3 AL PN
o A By 3xe p <
F I e 2wy, X=1e- 4, (10c)
n

and shall derive the forms of g* and V following from
these equations by eliminating the separation constants
from them and comparing the resulting equation with
Eqs. (1), (2).

Multiplying the set (10a) by ¢4,/¢; and summing over
o, we obtain

‘I¢ dea
ek S —gc. 11a)
e ®1 d4a (

Substituting this into (10b), rearranging terms, and
squaring, we get

<dWﬁ - Ifgs¢agdwm) 2 _ 1 Fan(ﬁak(pﬂk qu dWB
dq, a B b1 dg, PR o1 dq, dqs
LU 2, (11b)
n

Similarly, substituting (11a) into (10c), we get

” d 2
Sy Axwwan an
0,0 Ax o 9qxy

(11¢)

— 2 IGXM ¢an¢ﬂx dWa dWB - zuxe
K

¢I dqa qu
Squaring (11a) and changing dummy indices, we obtain
dw, dw,
El¢m7¢ o 8 2. 123)
o8 ¢I dqu dqﬁ v (

We now multiply (11b) by ¢,,/¢¢; and sum over p; sim-
ilarly we multiply (11c) by ¢,,/d; and sum over x. Ad-
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ding the resulting equations and rearranging, we get

11 Doy (AW, megl_&)z
):I ¢I (dqp ?B ¢1 dqa

SNTEIY < TIT oW, W,
F S ﬂn_Aw X X
T(j 0,0 P11 9y Ogye

- ZI [Z)IIFpqubp"+ZX;III'GXKh¢xn]

a B0
ParPer AWo AWy | ;24,0 - 2wy
XIokrBY 2o T8 4 S T B e 4 S XX o
91°¢n dg, dgg 0 b1 X 11 ?

(12b)

We now sum Eqs. (12a) and (12b) over ¥ and 7, respec-
tively, add the resulting equations, and put

PRTEED P cy=2E. (13)
b4 n
Then we obtain
S DayPay AW, AW,
a B,y ¢I dqu dqﬁ
+u Z}II'PIII'_?L'{[ (de _ Z‘llfosqbaB dWa)z
P n ¢II dqp o B ¢I an
+Enl'2ndn'21n"9ﬂAx oo OWy OWy
X n 0,8 11 3Gy p gy,
_Spenr 5o [Z—_‘IUprx ¢pn+zxu'cxm¢xn]
n a Bk AP X
X¢au¢8)~ dWa dWB
$1°b1 dq, dgg
4 gy T [Zxxup¢on +Eut'“x¢xn = 9E (14)
n P 1 X 1 ’

which is indeed of the form (1) with (2).

We shall first consider the case where the variables
of the second kind are absent, so that 7=0, i.e., the
type T, g py-..n, - Then Eq. (14) reduces to

S [Z;x ¢arx¢§7 LT UG Ry ¢£:<Z>BIAI] aw, dw,

o B r XN LR dqa qu
+ZIII'ZIII"%AXO¢'8WX Wy
X,1 0,0 11 3Gy o IqGys

4oy Ubxn_ op.
X, 1

(15)

The form of g*' and of V follows from comparison with
Egs. (1) and (2). Since the metric tensor must be con-
tinuous, all arbitrary functions entering it must be con-
tinuous. Furthermore, since g must not be allowed to
vanish, it follows from the form of g &v}l &) yhat for each
X we must require detA,’*#0. The form of the W, fol-
lows from integration of Eq. (10a); because of Eq. (2),
constants of integration can be omitted.

Summarizing our results we thus have

Theorem I: The Hamilton—Jacobi equation (1), (2)
can be solved by partial or complete separation of vari-
ables in any V, (n> 1) whose contravariant metric ten-
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sor is of the form

v LG xl¢ ] ¢ ¢
8 __ 5oy — X Xn ax Y 8x
& k%il [n x%?:x 11 o 7

gun:O,

g g ey,

wotixsl 5 Px oo

gxo = Z/_l A)( ’
w1 Prx

a,B=1-..v, O0<vsp (v#n-1),

X,X',lel"'#; 0$IJ-<7Z—V,

@ p=1-hy, >2
ihx=n—l’,
x=1

where G (gy, « *  gxn,) = G™ and A **(gy1 - - gyn )

=A% (with detA,°° # 0) are arbitrary continuous real
functions of groups of k, variables each, ¢; and ¢; are
the determinants (# 0) of two sets of arbitrary continuous
real functions @45(g,) (@, B=1---v) and @y,(qy - *Gxn)
(x, n=1--. ) respectively, and ¢, and ¢y, are the co-
factors of @,s and @y, in these determinants (with ¢,

=1 if one or both determinants consist of a single ele-
ment ¢;; only); the potential energy V must be of the
form

i} Uy Pyn

b
xna Prr

V(@1 Gungs = Gur "t " Qun,) =
where the #(gy, - - *qyn,) are arbitrary real functions of
groups of h, variables each. The solution is of the form

v

u
W:Z Cg f¢a8(qa)dqa +Zi Wx(‘]xl M 'qX"x)’
X=

@ B=1

where the W, are solutions of

& oW, oW, < &
2 Ay wa_x a_—x =2 G +2 PenCo = 2y,
0 ,0=1 Qx o 9qxy K, =1 n=1

and the ¢; ({=1"+*n) are arbitrary real constants,
subject to the condition

v u
2 ¢+ c,=2E.
r=l n=1

If v=n, the separation is complete; if ¥ #n, » must be
= 3.

Clearly, if v=n (= 1), we only have variables of the
first kind, and g®® reduces to the form (20) of I, from
which we can obtain the form (21) of I for g,,, in agree-
ment with Theorem I of that paper.

Now we consider the case where the variables of the
first kind are absent, so that »=0, i.e., the type
Ty, py--on, - Then Egs. (13) and (14) reduce to

EIIOIII’cn: 2F

n

(16)

and

EIIZIHIII’% (de>2
s M é11 \dq,

+ZIII'Z;II+III'EIII"¢X71A «:wan aWX
X n

P b1 gy, OGxy
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4y [Euup‘bpﬂ +Z}”I'ux¢x”] =2E. (17)
n 14

II X II
The form of g*' and of V follows as before. The form
of the W, follows from integration of Eq. (10b); the con-
stants of integration can be omitted as before. Thus we
have

Theovem II: The Hamilton—Jacobi equation (1), (2)
can be solved by partial or complete separation of vari-
ables in any V, (n> 1) whose contravariant metric ten-
sor is of the form

ng:Zu; d)D"I
n=1 ¢II’
£7=0, p#g,

glxw)(X'dJ):O, X*X,,

Ko} X} AR

g = Z; AX >
n P

p,o=1---7, 0<7sn (T#n-1),

x,x'=1---u}

S pu<pn-—-
T):l-aa'f"rp. ’ 0<ll " T’

(p,wzl.-ehx, h’XZZY
u

th:n_77

X=1

where A%’ is defined as in Theorem I, ¢;; is the deter-
minant (#0) of a set of arbitrary continuous real func-
tions @on(q,), Pun (g qun) (0=1+0-7, x=1--p,
n=1.+.7+u), ¢,, and ¢,, are the cofactors of ¢,, and
®xn in this determinant; the potential energy V must be
of the form

Vigy-«-qr, qui** “qingctGurtt ‘Quhu)
:g‘ [z‘r: ua¢an+i"ux¢xn] R
=1 Lo=1 P11 x=1 ¢n

where the 4,(q,) are arbitrary real functions of a single
variable each, and the u, are defined as in Theorem I.
The solution is of the form

T+L

W:ifz_lf (Z_i Ponldp)cn ~ Zu,,(qp)) ' /qup

I3
+2 Wy{gxy - « °‘Ixhx) s
E

where the Wy are solutions of

hy T+

oW, oW, o
2 Ay vk £=2, PynCn —~ iy,
0,8=1 0y Oy nm1

and the ¢, (p=1+++7+ ) are arbitrary real constants,
subject to the condition

THL

24 Cq=2E,

n=1
If 7=n, the separation is complete; if T#n, » must be
= 3.

Apart from notation, this theorem agrees with the
results of Stickel.’ If 7=#n (r> 1), we only have vari-
ables of the second kind, and the theorem reduces to a
special case of Theorem II of I.
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We also note that

g(Xw)[XdJ)ZO for @#

i A=A =0 for @#Y, (18)
and thus for this special choice of arbitrary functions
Theorem 1I yields orthogonal coordinate systems. This
also holds for Theorem I if in addition to the simple
choice (18) for the 4,°?’s the other arbitrary functions
are such that

IIr’ GX ¢Xn] ¢QK¢5R
' [ P Rl ) (19

a condition which is satisfied only for very special re-
lations between the various functions.

Now we consider the general case. Proceeding as in
the two special cases above, we readily obtain from
Eq. (14)

Theovem III: The Hamilton—Jacobi equation (1), (2)
can be solved by partial or complete separation of vari-
ables inany V, (r> 1) whose contravariant metric ten-
sor is of the form

= 5 pa- 2 (5 L0n s 5 Gl0u)]

WA=l n=1 =v+1 qSII X=1 ¢II

(f) ¢ a8 (bon fo d’oﬂ
s o 3 Sa(5 k)

I p=v+l ¢XI v=1 ¢I
221 ZJ g ¢aB¢g
8=1 n=1 ¢I¢II
z° Xoj — 0,

£°°=0, p#o,
T

Z__P_

n=1 (f)n
go(xw)__
- ,
L 14
g(xw){x }:0, x*x,
'r+u.¢
g(xw)txw):(z; ﬁ)Ax“’w,
n=l Wil
a,le" v,

D, 0=V +1eeev+T

b

7
XX =1
N=1.e.T+u)’ Ospsn—v-r,
@, p=1.v-h,, B> 2,
‘7‘1_
L/hX:n-V—T,
x=1
where G** = G™* andAW A,*¢ are defined as in Theo-

rem I, F,**(g,)=F,* and f,* (q,) are arbitrary continuous
real £unct10ns of a smgle variable each, ¢; and ¢;; are
the determinants (# 0) found from a set of arbitrary con-
tinuous real functions @,5(g.){a, B=1--.v) and a similar
set of functions ¢,,(q,) (p=v+1...v+ 7} and

Oxnllyr * qxhx)(x =1-..p,n=1...7+ p) respectively,
and ¢4 ®,, and o, are the cofactors of ¢, ¢,,, and
@y, in these determinants (with ¢,; =1 if one or both
determinants consists of a single element @;; only). The
potential energy V must be of the form
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[{CAPRER SRR 'fhhj Gt Gun,)

—Z} P Upbon 1 33 Yaan ,
=1 =p4l ¢II Xx=1 ¢II

where the #,(g,) and u,{gy, - - - ¢,, ) are defined as in

Theorems II and I, respectively. The solution is given

by

D’Jc

W= [ (PaB(qoz)cB an

=1

[

o,

) f[Zf,, ((Ip)csi(z FRSURTN:N

p=+}

T+

2, Gunfa e Zuxqp))“jdqp
e

'3
+Z Wx(qxl " ’qxhx):

X=1

where Wy is a solution of

hX vV T +

oW, W, o
2 AL =2 G"c Cz“‘”r PxnCn = 2y,
0 =1 Gy o aqxw

K A=]

and the ¢; (i=1
to the condition

..m) are arbitrary constants, subject

T+

Lc,2+@ c,=2E.
r=1

If T=n, the separation is complete; if T#%n, »n must be

Theorem III clearly contains Theorems I and Il as
special cases. Furthermore, if v+ 7=n (n:> 1), it re-
duces to Theorem II of 1.

11l. POLYNOMIAL FIRST INTEGRALS FOR
CLASSICAL DYNAMICAL SYSTEMS

Theorem III represents the solution of the problem
of partial separation of variables for solutions of the
H—J equation (1), (2) of the form (4). If the variables
of the third kind are absent, it would also provide the
complete solution of the integration of the dynamical
system described by the H—J equation or equivalently
by the canonical equations

do; °H - dp;_ OH (20)
i~ op,’ dt 9q;’

i:l.wn,

where H is the function given by (1), (2), but now the
momenta p; are variables on the same footing as the
coordinates ¢; rather than related to them through
W(gy - - -¢,). This follows from the Hamilton—Jacobi
theorem, °*° which states that if a complete integral
W(qy - qp €y -+ -C,) of the H=~J equation depending on
n arbitrary constants c¢; is known, then the integrals of

Eqgs. (20), depending on 2n arbitrary constants b;, ¢;,
are given by
=2, by=—o, (21)
b3g; ac;
i=1...n,
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In the presence of n-V-7 variables of the third kind
(v +7#n) the solution of the H—J equation given by
Theorem III depends on only ¥ +7 +  arbitrary con-
stants. While this is not sufficient for the complete in-
tegration of Eqs. (20), it would be possible to obtain
n+ v+ 7+ u independent integrals if the dependence of
the solution on the ¢;’s were known explicitly.11 How-
ever, in general this is not the case, since the part
S W, of the solution is determined by the PDE’s
(10c), which are not separable by assumption.

However, in proving Theorem III we have obtained
v+ 7+ u independent first integrals of Egs. (20) expli-
citly; these are given by Eqs. (11a) and (12b), where
the derivatives of the W,’s with respect to the coordi-
nates g, are to be replaced by the momenta p, according
to Eq. (2). The integrals (11a) are linear in the mo-
menta, and thus their squares (12a) are integrals qua-
dratic in them. Furthermore, the sum of the quadratic
integrals (12a) and (12b) yields the energy integral (14);
however, obviously (12a) and (14) are not independent
of the original v + 4 integrals.

Since from Eqs. (20) and (2)
d N
qk_zll gklpz, b= Zlglk dt s (22)

any integral which is a polynomial of mth degree in the
momenta is a polynomial of the same degree in the velo-
cities, and conversely.

Thus we have

Theovem IV: If the Hamilton—Jacobi equation (1), (2)
allows partial or complete separation of variables ac-
cording to Theorem III, Hamilton’s equations (20) pos-
sess V independent integrals linear in the momenta

Z/?'ﬂpa_ch 7:1"'1/: (A)
and T+ U independent integrals quadratic in the
momenta

¢7 f ¢o¢ﬂ
1 = o7 o

§+l¢n< a;:-x b1 7 )
o Ry ¢

+2 2 _x" Ax”Prwafxw)
X=1 0,b=1

- Z; [Z; F’a\d)pn-'—Z/G ¢Xn]
a B,k =1 Lp=p+l

¢an¢8h + 53 26,0,y +3 3 2ty Py =c,
¢ ‘Da ? —Zvil $11 xa1 Pn

(B)

=1eeeT+U,

where all functions and constants are defined as in
Theorem III, and the constants are subject to the condi-
tions stated there. In the case of complete separation,
V+T7+ i equals 7. From the integrals (A) there follow
V quadratic integrals

Lp=y, Sarle, 2 ()
ap1 D1

and the integrals (B) and (C) imply the energy integral
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H{gy+++qumby -+ Pw) =321 g¥pup, +V=E, (D)

In the absence of variables of the first kind, Theorem
IV reduces to the results found by Stickel® for quadratic
integrals, and if in addition the A, **’s are subject to
condition (18), it further reduces to his theorem on
orthogonal quadratic integrals, which generalized an
earlier result by Di Pirro.!?

However, this does not necessarily exhaust the in-
tegrals linear or quadratic in the momenta. By
Poisson’s theorem, !’ the Poisson bracket

L) ) ) )
1,1'= (~~_————> 23
2,17 Z; dq; dp; 9p; 9q, (23)

for any two integrals is again an integral. This follows
from the relation

[7,H]=0 (24)
valid for any integral, and Jacobi’s identity
(4, [B,cl]+[B,[c,All+[c, [4, Bl]=0, (25)

valid for any three functions of the p; and ¢;; application
to7,I', and H and use of Eq. (24) immediately yields

[[7,7'),H]=0 (26)
as required. The integral thus obtained is not neces-
sarily new, however, since [Z,!’] might vanish, be iden-
tically equal to a constant, or be a function of other
integrals. In particular, in the case of orthogonal co-
ordinate systems the ¥ + 7+ 1 independent integrals (A)
or (C) and (B) do not have any variables in common and
thus all Poisson brackets formed from them vanish; in
the terminology of Lie, they form a function group and
are in involution. *3

But if not all coordinates are orthogonal, this is not
necessarily the case. Any new integrals obtained by
Poisson’s theorem (which from the form of the ,’s and
I.’s will again be polynomials in the momenta) can be
used as members of new Poisson brackets to construct
other polynomial integrals; this process may be con-
tinued step by step until all further Poisson brackets
vanish, are constants, or yield only combinations of
known integrals. Unfortunately, this process has to be
carried out separately for any particular H. But as the
total number of independent integrals equals 2%, and
each step except the last one must yield at least one
new integral, this requires at most 2n— (v +7 + )
steps. Since each step can increase the degree of the
highest polynomial by at most one, and the initial set
(a), (B) was at most quadratic in the momenta, this
process can not lead to any independent polynomial in-
tegral of degree higher than 2n— (v +7+u) +2, and at
most to one polynomial of this degree. The procedure
is straightforward but tedious, and no new general fea-
tures become apparent. Therefore, we shall only give
the results for the linear and quadratic integrals follow-
ing from the integrals (A) and (B) of Theorem IV; cubic
integrals can be obtained by forming the Poisson brack-
ets of two different integrals (B), and all the new inte-
grals obtained can be used to form further integrals of
first to fourth degree in the next step, first to fifth in
the succeeding one, and so on,
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Thus we have

Theorem V: Under the conditions for which Theorem
IV holds, further integrals of the dynamical system
described by the Hamiltonian H may be obtained from
the v independent integrals (A) and the 7+ 4 independent
integrals (B), linear and quadratic in the momenta, re-
spectively, by forming their Poisson brackets. This
yields 3v(v ~ 1) + (T + 1) integrals

Ly 5[17’16]
_E (ol (bu) st (vl
aE1 {4’: 9gg \ &y @1 0gg \ ¢ Pa=trs
5=1---v, v+, (E)

L,=[L, ln]

£ 20,

o« B8,77,6,6=1 p=v+l ¢X¢XI

a (Pue 8 ¢a7 fay'¢ 184
x("’°'a‘qz(¢,)-¢°%;(‘$r>)( S f’ﬂ)”f

- 5 ( by F"*¢pn+z.l Gx*‘%)
a,8,8,kp1 \p P11

=+l

d ¢’u n¢5>~ g ¢ ar ))
(4’1 3(15 ) P a% ( Pabe;

=1--'v, N=1...7T44, (F)

which are polynomials of first and second degree in the
p¢’s, respectively. This set of integrals may contain
members which vanish identically, are identically equal
to a constant, or are functionally dependent on the in-
tegrals (A) and (B); for the subset which is independent,
the constants ¢y; and ¢, can assume arbitrary real val-
ues, This subset and the original set (A), (B) can be
used to construct further integrals by the same method,
yielding polynomials of first to third degree. This pro-~
cess can be continued until no further independent in-
tegrals result. The number of independent polynomial
integrals obtained by this method is at most equal

to 2n— (v + 7+ ); no such integral can be of degree
greater than 2n - (v + 7+ u) + 2, and there can be at
most one integral of this degree.

We are not concerned here with the general problem
of integration for dynamical systems described by Eqs.
(20), but only note that the results of Theorem IV and
V are of a form suggesting direct application of Lie’s
method. %13

We also note that the v linear integrals (A) are homo-
geneous, as are all other integrals linear in the mo-
menta which may be obtained by successive application
of Poisson’s theorem to (A) and the resultant integrals.
These integrals, by (22), correspond to integrals linear
and homogeneous in the velocities for the geodesics of
the V, under consideration. But the existence of such
integrals is the necessary and sufficient condition for
the V, to admit a group of motions G,, and thus for the
existence of v Killing vectors, and conversely.'*

It should be noted, however, that the association of
v integrals and G, refers to linearly independent linear
integrals., While a geodesic of a V, can admit at most
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2n functionally independent integrals of any type, it

can possess up to 3n(rn + 1) linearly independent linear
ones (for spaces of constant curvature), which for n>3
exceeds the number of independent integrals,'® Thus
our method does not necessarily establish the largest
G, of the V, under consideration. Conversely, the knowl-
edge of a G, does not establish the possibility of sepa-
rability of the H—J equation. The existence of a2 G, is
an invariant property of the V,, while separability is

a property of particular coordinate systems, and also
depends on the form of the potential energy; e.g., all

S, admit a sn(n + 1) - parameter group of motions, while
there exists an infinity of coordinate systems and
potential energies in each of these spaces which does
not permit any separation at all.

While all linear integrals obtained by our method are
homogeneous, the quadratic integrals (B) and all poly-
nomial integrals of degree 3 or higher obtained by the
method of Theorem V are homogeneous in general only
if all #,’s and #,’s vanish and thus V=0, But then Egs.
(1), (2), or (20) determine the geodesics of the V,. For
these geodesics to admit & linearly independent homo-
geneous polynomial integrals of degree », the V, must
admit % independent solutions of Killing’s equation!* 16-13

K(ab---l',m):oy a,b---:l---n, (27)

where the “Killing tensor” K,...; is symmetric and of
rank 7, the semicolon denotes covariant differentiation,
and the brackets denote symmetrization. The linear in-
tegrals and the associated Killing vectors considered
above correspond to =1 (and frequently, especially

in the older literature, the term “Killing’s equation”

is reserved for this case); the case =2 has recently
been the subject of several investigationg?®

One solution of Eq. (27) for »=2 which always exists
is the metric tensor g,, itself, since all its covariant
derivatives vanish. Furthermore, obviously solutions
for any * >1 can always be constructed from solutions
of lower rank by forming their tensor product and sym-
metrizing. These solutions correspond to homogeneous
polynomial integrals of degree » which are products of
such integrals of lower degree, and are not considered
as independent solutions of Egs. (27).

If V#0, not all polynomial integrals are homogene-
ous, as noted above, However, the existence of any
polynomial integral of Eq. (1), (2), or (20) of highest
degree » requires that the geodesics possess a homo-
geneous polynomial integral of degree 7, and thus Egs.
(27) must still hold“’””; in addition, we must havel®

5 Ky X =0, (28)
a=1

aqm
Of course, the existence of any polynomial integrals of
degree ¥ obtained by the method of Theorem V assures
that the conditions (27) and (28) are satisfied for a
Killing tensor of rank . We are not concerned here
with the explicit form of the Killing tensors of the V,)'s
described by the metrics of Theorem III.

From the above, we have

Theorem VI: The V, with g*’ given by Theorem III
admits at least ¥ Killings vectors, and thus a group of
motions with ¥ parameters. Corresponding to each
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polynomial integral of the dynamical system described
by the Hamiltonian H of Theorem IV, of the form given
in Theorems IV and V, there exists a homogeneous
polynomial integral of the geodesics of the V, of the
same form except for all #,’s and %’s being equal to
zero. The number of independent Killing tensors of rank
7 admitted by the V, is at least equal to the number of
such independent homogeneous integrals of degree 7;

in particular, there exist at least 7+ u Killing tensors
of rank two.

1V. THE SCHRODINGER AND RELATED EQUATIONS

We now consider the time-independent Schrodinger
equation associated with the Hamiltonian (1) (using units
such that #=1)

HZPET(CI1---¢I,.,P1"'Pn)¢+V(¢11°°°qn)¢=E1/),

12 (20
Pk_i aqk,

where
A 1 o oy
Ty=-1 5, _( /2 kl___) 30
2&,1:11?72811)3 8 aql ’ ( )

gEldetgk,i,

which follows from the time-dependent Schrodinger
equation by separating off the time. If V=0, it reduces
to the Helmholtz equation (which contains the Laplace
equation as a special case), which in like manner fol-
lows from the wave equation, the damped wave equation,
and the diffusion or heat conduction equation, as dis-
cussed in I, where it was also shown that for an »n-
dimensional metric tensor of signature n- 2 it includes
the (n - 1) — dimensional wave equation.

We shall be concerned with the problem of finding
coordinate systems and potentials which allow partially
separated solutions of Egs. (29), (30) of the form

Zp(ql * 'qn rild)a (qu) n 1¢a(qp) XI=11 ¢X(qx1 eee Qxhx): (31)

p=

with the same division of coordinates (5a—c) as for the
H—J equation. We also introduce the same sets of func-
tions (6a,b), (8a,b) and of constants (9a—c) as before.
However, because of the way they enter the subsequent
calculations, these functions (except for the u,’s and
#,’s) now must be required to be of class C'.

At this stage of I, we introduced two sets of differen-
tial equations, one of which contained two differential
operators 0, and 0, which were determined subse-
quently. To simplify our calculations, we immediately
make use of the forms (49) and (41) of these operators
obtained in I and consider the three sets of differential
equations

1dy,
1 dg,

(fp (g,) dw")
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:&al—‘l%ﬂ(qa)ca%, a=1s-7, (32a)

2483

Zl Zl(“_[f;’ (qa cﬂwa]+fp Cs Z‘tbp)
B

+ ( Z;pru(qp)CxC). +Z;uqu"ppn(qp)cﬂ - Zu,(q,,)) Uor
KX i »

p=v+1l.-cv+7, (32p)
” 31{1
LIII (A (27 ..__L)
¢, aqxw X aqxb
- (KZI;IGXKXC,‘CA +Z;III+III'§DX" - zux> ll&’
x=1...pu (32¢)

where the f,’s are a set of functions of a single variable
(of the second kind) each, which also must be required
to be of class C'. We shall proceed to determine the
conditions under which the system of-differential equa-
tions (32) is equivalent to the PDE (29), (30). The pro-
cedure used is analogous to the one developed in I for
the case of complete separation.

Multiplication of the set (32a) by ¥/y, yields
2y
o

Jegd. (33)

Multiplying this by ¢>u,,/ ¢; and summing over @, we ob-
tain

T ogax 99
=ic, . {34)
? ¢1 aqa Zﬁ
Differentiating this with respect to ¢, gives
I Gax 0% . 0P
—ic, = 35)
= o1 94400, % 7g,’ ‘

Differentiating Eq. (34) with respect to g, instead and
using Eq. (35) in the resulting expression, we get
1 8 (¢an A

7 i o Tan)= o oalaead

(36)
Multiplying this by - ¢,,)_/ ¢; and summing over y, we
obtain

' ¢n 2 (ﬂzu.éi’_

= . i
ar ¢1 04, b1 29, CeOr¥ (37)

Putting k=2 in (37), we get, changing dummy indices,

19 M&._@.‘?_)_ 2
‘%‘; e 3%( ¢1 94, =cy Y. (38)

We now multiply the sets (32b) and (320) by /4, and
/¥y, respectively, and eliminate the ¢’s from the
resulting expressions by means of Eqs. (34)—(37).
Changing dummy indices, we get

w0, (7 20

?y@@mg
@,8 aq,

b1 9gg

_mmﬁq

o1 99, 99,

- Dipatnd (ei)
B,7,k,2 ¢1 29, \¢; g4
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+ D" T 0 o = 2, (39)
and
=B o g B )
+2 e Dy Cop 0= 2uy Y. (40)

n

Now we multiply Eqgs. (34) and (39) by ¢,,/éy and

®yn/ ¢x and sum over p and x, respectively, add the re-
sulting equations, change dummy indices, and rear-
range terms to obtain

()

w2 (Aw azp)
b aqxw * L

_En $on 0

° ¢1! 99,

%

_En EI i’ﬂ (_a__ [fpuqbga f Q Ba
P q,

8 Og 1 a‘hj] $1 aqﬂaq:')

m’
n Z}I)L (;n prx(bpn +? Gxn). (px")

a,B,k,

x__._qbal L(ﬁi i‘/}_)
b10y 99, \ b1 s

+2;“%ﬂ¢+22m’ﬁ%‘lzp=cﬂzp. (41)

Summing Egs. .(38) and (41) over v and 7, respectively,
adding the resulting equations, and using the definition
(13), we get

LD (tmen 20)
a,By  Gp 9, o1 94,

I+IF I Pon 3
- > on
? k b oq, ( aqp)

] [o® Paa
b1 9q, o1

(Z" F2 000+ ™ 62 00)

aqa aqp )

I
T D
n

@, B, K2

><_.,~_¢m _a._ (.‘22‘!. ﬂ.)
O1dg 39, \P1 0qp

+2n2nom' (Zn UpBon +Em % ¢

2 4
ot el T i Yy=2Ey. (@)
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This is indeed of the form of Eq. (29) with (30).

We immediately consider the general case. It is ap-
parent that the potential energy has the same form as
for the H—Jequation as given in Theorem III. Further-
more, we must have

D+’
g% =F(q,*q,, 4y, e Gun,) fo ; B pms
/2=¢nF(q1 °oo yy q“”“’qphu): (43)

where F cannot depend on any of the variables of the
second kind, since it must be independent of the value
of p.

Now, as in I, we can introduce new sets of functions

, _ Pon (q,) , @ fn (g0)
¢pﬂ(qp)‘—j-;(_q:f"fp(q) f(q)
(44)
, KA _ F,"g,) , - 4o(gs)
PR = Za i uia)= 20
from which we get
fn ¢p'1 (P n . i’_n_
¢p > d),n: X0 ’ ¢’n—- ’
" Tr P (45)
p= I f.(4.),

where ¢,, and ¢y, are the cofactors of ¢;, and ¢,,,
respectively (which again do not depend on the g, and the
gyes Tespectively), and ¢1; is the new determinant of

the ¢,, and ¢,,. Then we get from Egs. (43) and (45)

3“2=¢’11F(q1 s v, dyy '"quhu)P' (46)
From Eqs. (30) and (34) we must have

g1 /2g(xwl fxv} Azw ¢;,,G(q1

2= ¢;II G(‘h ree qw'r)P!

where G cannot depend on any of the variables of the
third kind since g!/% must be independent of x.

"'quw)Pa (47)

Comparing (46) and (47), we see that F and G must be
the same function of the first kind of variables alone,
i.e.,

G(gy*** Quur) =G(qy*++ 0,) =F (@ -+ q,). (48)

We now rewrite Eq. (42), taking into account the de-
pendence of the various ¢,; on their argument as well as
the definitions and equations (44)—(48). Since the origi-
nal functions (6) and (8) were arbitrary, we can use the
new quantities (44) and (45) without the prime without
loss of generality; however, this redefinition must be
taken into account in Eq. (32b). Thus, Eq. (42) becomes

11 o (¢ar¢ar aiP)
¢1 a‘Ia o1 g,

«,8,”

Lo s m ¢pn 1 ( )
Z) 2 fp 30, °
?mm' Tm' m"gx_rl a (AW oy )
2 _x/ "N on %y ¥ 8gy
+2n+mlzn Ex 2‘1’1 L

n P @,B8 d)n fp
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( [pfpgga aw] fofo® Gpa _ %0 )
2q, b1 045 b1 94,99,

Z. (z;“ Flgm+ 2" GO ¢xn)

o, By K2

+ ;mm'

g D (b 20

“Fibn . \oér 04,
+ ZEIBIII' <Z/ Ed)ﬂn + E Ux ¢X ﬂ) zp =2E. (49)
< s ¢x X ¢x

Comparing the first and third sum with (30), we see
that F(g, «-= ¢,) must be proportional to ¢y; the constant
of proportionality can be taken as one without loss of
generality. Therefore, we have the condition

WT

¢I ¢11 fo(qa)7 (50)

0= v+1

just as in I, Eq. (47). The various components of g*’

can then be identified by comparison with (30), and are
found to be of the form given in Theorem III. No con-
dition beyond Eq. (50) is required, and thus the presence
of variables of the third kind does not impose any new
restrictions in comparison with the allowed metrics for
the H—J equation.

Equations (32a) can be readily integrated. It remains
to study the reality conditions. As in the case of the H—
Jequation, for the metric to be real, all ¢;; should be
real. To obtain real solutions for (32a), all constants
c; must be real. But we can also construct real solutions
by taking a set of equations (32a) with complex separa-
tion constants. These will result in ’s which are com-
plex; however, we can also start from the complex con-
jugate of our original set (32a) to obtain solutions y*
complex conjugate to the solutions ¥, and because of the
linearity of our equations their sum will then be a real
solution of Egs. (29), (30). Furthermore, unlike the
case of the nonlinear H—J equation, solutions with dif-
ferent values of the separation constants can be linearly
superposed, but the values of these constants may be
subject to restrictions due to boundary conditions.

Thus we have

Theorvem VII: The Schriodinger, Helmholtz, and
Laplace equations can be solved by partial or complete
separation of variables in any V, (z > 1) whose metric is
of the form given in Theorem III and whose determinant
is of the form

g=olox 1 fHq,). @)
o=v+i
where the f,(q,) are functions of class C! of a single
variable each; for the Schriddinger equation the potential
energy must be of the form given in Theorem III, The
particular solutions obtained by this method are of the
form

P=A exp(i aZ/B‘:l ch (paﬂ(qa)dqo)
VeT "
x ﬂ=[v]4.1 Vo(4,) xr=I1 I (qxl oee thx)

{(+c.c. if a real solution is desired),
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where the y, are solutions of
1 ( e )
fo d4, \°dd,
1y dde
=" Z 621 (fp dqp (fpfn CB‘I)‘)'*'fp Cg 7 dq >
T
( Z)\>1 F Cxcl+7%{ (Ppncn_ zup) lpp&

p=v+lilteev+rT, (B)

and the ¥, are solutions of

3 By
% A 2% )
0 =1 0y, ( L O

’ ™
- (E Gy cen + 2y PxaCa— 2“x>lpx’

kyh=1 n=1

X:]_.aap” (C)

The various functions (except the u,’s and u,’s) are of
class C!, and otherwise all are defined as in Theorem
III and A and the ¢,’s are arbitrary complex constants,
subject to the condition

2E (Schrddinger or Helmholtz
Z”; o2 +’Z"§‘ o equation)
vl 7w '
0 (Laplace equation)

and restrictions due to boundary conditions on §. The
solutions for different values of the ¢;’s satisfying these
conditions can be linearly superposed.

V. POLYNOMIAL CONSTANTS OF THE MOTION OF
QUANTUM DYNAMICAL SYSTEMS

Theorem VII represents the solution of the problem of
partial separation of variables for solutions of the form
(31) of the Schridinger equation (29), (30) and related
equations. The Schridinger equation is the quantum
mechanical analogue of the classical H—J equation for a
system of mass points, whereas the Helmholtz, Laplace,
and other equations discussed in Sec. IV do not neces-
sarily describe the behavior of a mechanical system;
even when they do, this description, except in special
cases, is classical rather than quantum. Nevertheless,
it will be convenient in the following to use the language
of quantum mechanics appropriate for the Schrédinger
equation to describe mathematical results common to
all equations considered in Sec. IV.

In Sec. III we discussed a number of first integrals of
Hamilton’s equations of motion (20) obtained in Sec. II
in the course of determining the metrics for which the
H—J equation is separable. In complete analogy, we
have obtained in Sec. IV a number of constants of the
motion of the system described by the Schrédinger equa-
tion (29), (30), as will be shown below. In discussing
these results, we shall for convenience reserve the
term “integral” for the classical case of Secs. II and
III, and the term “constant of the motion” for the quantum
mechanical case under consideration; although frequently
these terms are used interchangeably in both cases in
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the literature, here such a use might be somewhat
confusing.

The integrals considered in Sec. III were polynomials
in the canonical momenta p; (or equivalently in the
velocities), The constants of the motion considered here
involve operators which are polynomials in the momen-
tum operators p; = —43/dq;, but since they also involve
functions of the coordinates, care has to be taken to use
the proper order of the various factors, as usual in
quantum mechanics. For purposes of comparison with
the results of Sec. I, the constants of the motion will
be written in terms of p; rather than explicitly in terms
of differential operators.

The integrals of Sec. II could take on arbitrary con-
stant values, but for any solution describing a particu-
lar motion of the dynamical system they assume a single
particular set of values; because of the nonlinearity of
the classical equations (1), (2), or (20), solutions
characterized by two different sets of constants cannot
be superposed. Such solutions can be superposed for the
linear equation (29), (30), however, and thus a state
described by the wavefunction ¢ associated with a parti-
cular value of the energy E may consist of a sum of
terms each characterized by a particular set of con-
stants, a phenomenon called “degeneracy.” The in-
terpretation of such a state can be found in any book on
quantum mechanics and will not be discussed here.

In I, we considered the time-dependent H—Jand
Schrodinger equations, and then separated off a time-
dependent factor to arrive at time-independent PDE’s.
In this paper, for simplicity, we immediately restricted
ourselves to the time-independent equations (1), (2) and
(29), (30) instead of recapitulating this procedure. How-
ever, it should be kept in mind that in these equations E
arose as a separation constant, and thus its value is not
preassigned. In particular, the solution ¥ of the time-
dependent Schriddinger equation can consist of a super-
position of solutions ¢ of the time-independent equation
(29), (30) belonging to different values of E, each
multiplied by the appropriate time factors. A state de-
scribed by ¥ may involve a finite or even infinite number
of separation constants, and thus “constants of the
motion”; again, the interpretation of such a state is well
known.

In Sec. 1V we obtained v + 7+ p independent constants
of the motion explicity; these are given by Eqgs. (34) and
(41), linear and quadratic in the momentum operators,
respectively. Applying the operator of Eq. (34) twice,
we obtained the quadratic constant of the motion (38),
and summing all quadratic constants of the motion (38)
and {41) yielded Eq. (42), which expresses the fact that
the Hamiltonian A is a constant of the motion by the
original equation (29), (30), giving the energy E. Ob-
viously, (38) and (42) are not independent of the original
constants of the motion. It should also be noted that the
definitions and equations (44) and (45) must be inserted
into the integrals (34), (38), (41), and (42), with the
primes omitted, to be consistent with our earlier
procedure,

Thus we have

Theovem VII: If the Schridinger equation (29), (30)
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allows partial or complete separation of variables ac-
cording to Theorem VII, there exist v independent con-
stants of the motion, linear in the momentum operators
Pi=- ia/aq,-,

5w
;—=’1 b1 /)ad)‘cy‘/)y

and 7+ independent constants of the motion quadratic
in the momentum operators

1,,,2[) '}/:1..0 v, (A)

Ly= 2 Pon 'I—Pp(fg[)plﬁ))‘i':i ZV“/ bon 1

ol Oy fp v+l a,8=1 Pnm fp

X (pp [ﬁg}b& pew] + L;il‘i’ﬂ mpaw)

D

x=1 es0=1 Oy

PixaAx"*P (xop)

+°"5§1"=1 (p:vEn 2 ¢°n+§ G["q;m)
Par (¢Bk )
x Per
oron Lo \g, 1Y
+2 Vi Mw—*—zi M)ﬂzpzcnw’ (B)
petl Px = dp

where all functions and constants are defined as in
Theorem VII, and the constants are subject to the con-
ditions stated there. In the case of complete separation,
v+ 7+ equals #. From the integrals (A) then follow v
quadratic constants of the motion

US| bay
Lt— — (__L_.EL ) =c.,
T e Pt Pa $1 e oy ©

The constants of the motion (B) and (C) imply the
original differential equation

1
| F7EPlet g pi) + VY =Ey, (D)
providing an additional constant of the motion quadratic
in the momentum operators.

Hy=% 2

R,

However, this does not necessarily exhaust the con-
stants of the motion linear or quadratic in the momenta.
We can follow the arguments given in Sec. III, using the
quantum mechanical Poisson brackets for two operators
I and I’, defined as

Ll=-igr-ron (51)

instead of the classical Poisson brackets (23). Then
Jacobi’s identity (25) still holds, and Eq. (24) is valid
for any constant of the motion. Thus a quantum mechani-
cal “Poisson theorem” follows from Egq. (26), and al-
lows us to obtain additional constants of the motion from
pairs of known ones. Again, the constants of the motion
thus obtained might vanish identically, be identically
equal to a constant, or be a function of other constants
of the motion, In particular, for complete separation,
just as in the classical case, the Poisson brackets of all
independent constants of the motion (A) or (C) and (B)
vanish; then, by (51), the operators commute.

As is well known, if the quantum brackets (51) vanish,
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the physical quantities represented by the operators are
simultaneously measurable. Thus all constants of the
motion individually can be measured simultaneously with
the energy; but this does not imply that any two of these
constants of the motion also can always be measured
simultaneously. For this, in general they would have to
commute; the corresponding classical quantities (which
of course can always be measured simultaneously) must
be in involution. However, this condition holds only if
the two noncommuting operators are required to possess
the same complete set of eigenfunctions; but, for states
for which their commutator has zero eigenvalue, simul-
taneous measurement is possible.? Since our con-
siderations on separability of the Schrddinger equation
apply only to particular states, the possible appearance
of two or more operators which (though commuting with
H) do not commute with each other does not pose any
difficulty in interpretation.

The existence of two constants of the motion which do
not commute is a necessary, though not always sufficient,
condition for degeneracy of the energy of the system. %
Thus Theorem VII either provides us with a set of
v+ 7+ i commuting operators, or with a condition
necessary for degeneracy.

To have only nondegenerate states requires coordinate
systems based on complete sets of normally commuting
independent dynamical variables. However, the number
of operators in such a set is not a characteristic of the
dynamical system under investigation, but depends on
the choice of operators, unlike its classical counterpart
of Sec. III, where the full specification of a solution al-
ways requires 2n numbers, i.e., 2 integrals which are
functions of the dynamical variables. ?® Thus, while it
was possible to conclude in the classical case (Theorem
V) that the construction of polynomial integrals via
Poisson’s theorem must terminate after at most 2n
~ (v + 7+ ) steps and could not lead to a polynomial of
degree higher than 2n— (v +7+ ) + 2, no analogous con-
clusion can be drawn in the present case of construction
of new polynomial constants of the motion via the quan-
tum mechanical Poisson theorem,

As in the classical case discussed in Sec. III, the
procedure used is straightforward, but tedious, and
therefore we again will give only the linear and quadratic
constants of the motion. Comments analogous to those
of Sec. III apply to the construction of further constants
of the motion.

To bring out the analogies and differences of the
classical and quantum mechanical expressions, it is best
to carry out all differentiations implied by the bi's
except those which involve the wavefunction directly. In
particular, this shows that the classical and quantum
mechanical I, are identical.

Thus we have

Theovem IX: Under the condition for which Theorem
VII holds, further constants of the motion of the dy-
namical system described by Hamiltonian & may be ob~
tained from the v independent constants of the motion (A)
and the T+ u independent constants of the motion (B),
linear and quadratic in the momentum operators, re-
spective, by forming their quantum mechanical Poisson
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brackets. This yields $v(v— 1) + ¥(T + 1) constants of
the motion

_m 2 (da
o1

Y#* 8,

} j)ad):C,.B ‘/)’
(E)

a
X{fnepnpa" ,Ll }1_ 'é—q_p <fpfpe)pa} ¥
_ ) S KA ) G (29 ) 1
a,B,%,In,XA (a§1 Fﬂ ¢M+XL={ X xn ¢’I ¢II

a3 0
X {2 ¢67‘a_q"5‘ (¢a:)"¢ax 8715— ((p"o;‘z>) 9L:l’mpﬂ
; )
z

3 (I Ul
- ¢’a‘}' aqa aqﬁ (¢I )) EI— PB}IP = Cyq d), (F)
N=1lsesT+p,
which are polynomials of first and second degree in the
pi’s, respectively. This set of constants of the motion
may contain members which vanish identically, are
identically equal to a constant, or are functionally de-
pendent on the constants of the motion (A) and (B); for
the subset which is independent, the constants c,, and c,,
can assume arbitrary values, apart from restrictions
imposed by the boundary conditions. This subset and
the original set (A), (B) can be used to construct further
constants of the motion by the same method, yielding
polynomials of first to third degree. This process can
be continued until no further independent constants of the
motion result.

y=leww,

The V, of Theorems VII~IX has a metric tensor of the
same form as in Theorems I1I-VI; the additional con-
dition (A) of Theorem VII on the determinant of the
metric has no effect on the number or form of the poly-
nomial first integrals of the classical dynamical system
corresponding to the system described by the quantum
mechanical Hamiltonian (D) of Theorem VIII, or on the
considerations leading to Theorem VI. Thus we have

Theorem X: The V, with g¥ given by Theorem VII
admits at least v Killing vectors, and thus a group of
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motions with v parameters. Its geodesics admit the
same homogeneous polynomials as those of the V,, of
Theorem III. The number of independent Killing tensors
of rank » admitted by the V, is at least equal to the
number of such independent homogeneous integrals of
degree 7; in particular, there exist at least 7+ p Killing
vectors of rank two.

V1. DISCUSSION

This paper dealt with the problem of partial sep-
arability of the (nonlinear) Hamilton—Jacobi equation,
and of the (linear) Schriédinger, Helmholtz, and related
equations. The solutions were assumed to be a sum of
the form (4) in the first case, and a product of the form
(31) in the second one, both involving terms which de-
pended on p groups of # —v — T unseparated “variables of
the third kind,” and otherwise only v + T terms depending
on a single variable each (v of the first and 7 of the
second kind). These are not the only possible forms of
solutions in which the variables are only partially sep-
arated; in particular, this paper is not concerned with
the question of “R-separability,” where solutions are
allowed to depend on the same variable both through
terms involving this variable alone and through a term
involving all variables. 58

The methods used here to establish forms of the
metric tensor for which solutions of the form (4) or (31}
exist are an extension of those used in I to establish such
terms for completely separated solutions. All the forms
found in I are special cases of those found here, valid
in the absence of variables of the third kind.

Theorems I—IIT contain forms of the metric tensor for
which the H—J equation is partially separable in n~di-
mensional space, Theorem III being the most general,
including the other theorems as special cases. Theorem
VI asserts that the Schrddinger and related equations
are partially separable for the same forms of the metric
fensor as given in Theorem III, subject only to the
additional condition (A) on the determinant, apart from
additional differentiability conditions on some of the
arbitrary functions entering the metric tensor. A similar
condition was found in I, Theorem IV, for the case of
complete separation, the only difference being that the
factor ¢% now depends on variables of the third as well
as the second kind.

Whether the conditions imposed on the metrics in
Theorems Il and VII are not only sufficient, but also
necessary, to ensure the possibility of separability of
the equations considered, has so far not been established
(except for the case of complete separability of the H—

J equation?). Just as in I, the difficulty is due to the fact
that separation of variables in general involves all sep-

aration constants in each separated ODE, some of them
bilinearly; it remains to be shown that Egs. (11) and (32)
represent indeed the most general form of the separated
ODE'’s for solutions of the form (4) or (31), -or that still

more complicated forms are possible.

The metrics of type T, considered in I all correspond
to flat space; for those of the other types this is not nec-
essarily the case. For most phyiscal applications we do
have to impose the requirement of flatness, however,
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which may further restrict the allowed forms of the
metric. For ordinary two- and three-dimensional space,
these forms will be given elsewhere. ** The results for
complete separation were briefly discussed in I; for
partial separation of the form (4) or (31) additional re-
sults are of course obtained only for.three dimensions.

Apart from the type T, considered in I, all types con-
sidered here correspond in general to nonorthogonal co-
ordinate systems except if the arbitrary functions
satisfy a number of special conditions which follow im-
mediately from Theorem III; all remarks on such
systems made in Sec. IV of I still apply. In particular,
Egs. (B) of Theorem VII still are self-adjoint as thev
stand even for nonorthogonal systems, provided that all
£.,® vanish. If they do not, the equations can still be made
self-adjoint by a suitable integrating factor. Thus we
can always obtain equations of the Sturm—Liocuville type
for the variables of the second and third kind.

In the course of determining the allowed forms of the
tensors it is also established that there exist v+ 7+
independent first integrals linear and quadratic in the
momenta {or velocities), respectively, for the dynamical
system described by the H—J equation, given in Theorem
IV; these integrals may be used to construct further
polynomial integrals (Theorem V). Similarly, there
exist v+ 7+ p such independent constants of the motion
for the Schridinger equation (Theorem VIII), which may
be used to construct further polynomial constants of
the motion (Theorem IX). The quadratic integrals (F)
of Theorem V are homogeneous, while the correspond-
ing quadratic constants of the motion (F) of Theorem IX
are not. If V#0, in general none of the integrals or con-
stants of the motion of degree 3 or higher obtained by
the methods of Theorems V or IX are homogeneous,
These and related points will be discussed in detail
elsewhere,

The class of V,’s of Theorem III and that of the same
form, but further restricted by condition (A), of
Theorem VII, both admit at least v Killing vectors and at
least 7+ 1 Killing tensors of rank two. They both admit
the same homogeneous polynomial integrals for their
geodesics, and the number of independent Killing tensors
of rank 7 is at least equal to the number of such inde-
pendent homogeneous integrals of degree » {(Theorems
VII and X).
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The nonlinear, partial differential equations describing the compressible flow of a viscous and heat
conducting gas in a cone are reduced to two coupled, ordinary, nonlinear differential equations by means of
a self-similar transformation. These are solved numerically for the velocity and temperature distributions in
the cone. It is shown that for given flow numbers R, P, and M, laminar flows exist only up to a critical

cone angle 6.

INTRODUCTION

The nonlinear partial differential equations of gas-
dynamics and magnetogasdynamics can be reduced to
ordinary nonlinear differential equations in the case of
radial flow between inclined, plane walls.! It is shown
herein that also the nonlinear partial differential equa-
tions describing the radial flow of a compressible gas
in a cylindrical cone can be reduced to ordinary differ-
ential equations, if the viscosity (1) and heat conducti-
v1ty (M) depend on temperature T like & ~T"’% and

~T'/2, This temperature dependence of the transport
coefficients is exhibited by many monotonic gases the
atoms of which interact like rigid, elastic spheres.
According to kinetic theory, the viscosity and heat con-
ductivity of a rigid sphere gas are given by’

p=(5V7/16)Q (mkT)V/2, x=(75V7/64)Q "k (m™kT)* /2,

where & is the Boltzmann constant, = is the mass, and
Q@ =17d? is the transport cross section of the atoms {a

= interaction diameter). The rigid sphere gas has a re-
latively large Prandtl number,

P=c,u/r=(5k /2m)u/r=2/3.

This means that the thermal energy transport has a
noticeable influence on the momentum transport in the
flow, i.e., the form of the velocity distribution.

BOUNDARY-VALUE PROBLEM

For the analysis of gas flow in a cone, a spherical co-
ordinate system (7, 8, ¢) is introduced the origin (»= 0)
and polar axis (6#=0) of which coincide with the apex and
the axis of rotational symmetry of the cone, respective-
ly (Fig. 1). The walls of the conical duct are defined by
the plane [#=0,, 7 <% <7,], where 0< 6,<7 and 7, and
7, are the radii at which the gas is let in and removed
in the experiment (0 <7, <7, <%), All flow fields are
functions of ¥ and 6 in steady state for reasons of sym-
metry. The pressure, p(7, 8), density p(#, §), tempera-
ture, T(7, 6), and velocity, v —{u(_ 6), 0, 0}, f1elds of
the flow are normalized with respect to their reference
values at a fixed point, 7 s7y<7,, §< 6., The nondimen-
sional flow fields are then given by

plr, 0)=p(r, 8)/by, plr, 0 =p(v, 0)/py, T=T(, 0)/T,,

w(r, O)=ulr, 6)/ug, v=7r/r,
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where
50 :1_)(;0’ é) > 05 EO :E(;O, @) To = T(;O’ 9) > 0’
uy=u(ry, 6)#0, Fy=RP,Ty

>0,

and R =k/m is the ideal gas constant. In apphcatlons it
is convenient to use as reference point 7, =7y, 6=0.

The nondimensional velocity [u=u(¥, 6)], temperature
(T=T(r, 6)], density [p=p(», 8)], and pressure [p
=p(r, 8)] fields of the rigid sphere gas flow in the cone
are described by the nonlinear boundary-value problem®:

i 19 203 -
pu _“YMZar‘mar(“v'V)

or
2{1 2 (,~0u\ 20 1 6<sin9~8u>
+= -— —J}- + — | u—=
R[;z 81’<72“81r> 2% Zrsmeoo\ » ~ag)

1
113 2 ~ 1.8 [ ~ou
ey i +=
0=- 3736 3R ae(“v V) [?w( )
2 0 [sinf ~ g ou 20 cotd
+Vsm6 ﬁ( v /uu) +7'8—§ :' ! (2)
a—i(pu) +Z0u=o, (3)
8T v [1 3 [ ,~3T 1 a(sme 8T>
= e Y+ —
P 5y " PR [? or <72)\ 87) vsinf 26 \ 7 r 98
2~
- (r- 1)pv.v——-—2y(7' DL u(v - v)?
3R
2y(y - 1)M? ~[(au)2 (u 2 1(1 du\2
v -z ZY +o(==2=
TR vl\z) t25) 2ms) | @
p=noT, (5)

vV .v=r23(r%u) /o, (6)

where

FIG. 1. Geometry of conical
gas flow,
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u(r, 6=10y)=0, : ("

T(r, 0= 0y =T(r), (8
and

O=u(T/uw(Ty)=T"% X=MTD/MT)=T""2 (9)

are the nondimensional (7-dependent) viscosity and heat
conductivity of the rigid gas sphere, respectively. The
Reynolds (R}, Prandtl (P), and Mach (M) numbers and
the adiabatic coefficient (¥) are defined by

R=P@s7o/ thyy P=tecp/Ny, M=T/(¥B/p)" "% v=0¢s/c,
o= (5V7/16)Q (mkT )2,
Ao = (15 VT /64)Q k(m™ T ) /2,

Instead of defining (self-similar) inlet (»=1;) and outlet
(r=17,) boundary conditions for the radial velocity field
u(r, 8), the improper boundary condition,

(10)

@=2r [7%p(r, O)ulr, 0)7* sinf db, (11)

is introduced which specifies that the flux rate through
the cone is independent of radius 7, = const. Due to
the normalization, the flow fields have also to satisfy
the identities

plre, 8)=1, plry, 8)=1, T(ry, 8)=1, ulry,6)=1. (12)

Equations (1)—(5) represent the gasdynamic equations
in spherical coordinates® for radial, ¢-independent flow.
Equations (7) and (8) specify that the gas does not slip
and approaches a temperature distribution T(#) at the
inner surface 6 =0, of the cone, respectively.

SIMILARITY TRANSFORMATION

The nonlinear partial differential Eqs. (1)—(4) with
variable transport coefficients u(7) and A(T) should be
reducible to ordinary nonlinear differential equations
by means of the similarity ansatz for the nondimension-
al flow fields,

ul(r, 8) =f(6)/7, (13)

p(r, 6) = g(6)/7, (14)

p(r, ) =h(6)/7*, (15)

T(v, 6) = (1/72)n(6)/g(6) = ¢(6) /7%, (16)
with

(7, ) =A(r, 6) = T" /2= ¢ /%(8) /r = 4(6) /7, am
where

¢(0) =h(6)/g(6), (6)=0/%). (18)

This transformation amounts to a sepafation of the in-
dependent variables » and 6 in the flow fields. The de-
pendence 7™ in Eqs. (13)—(14) is suggested by the con-
tinuity Eq. (3) or the invariance of the flow rate @ in
Eq. (11). The potential energy density ~p(», 6) in Eq.
(15) is expected to decrease like »® ina spherical co-
ordinate system. The dependence »% in Eq. (16) follows
from the state Eq. (5) in conjunction with Eqs. (14)—
(15).

Indeed, by substituting Egs. (13)—(18) into Egs. (1),
(2), and (4), one obtains coupled, ordinary differential
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equations for the fields f(6), g(6), and h(0) [¢ =h/g,
y=¢'/2:
- gt =3/yMA)h+ (2/R)Yf + (2/R)[- yf + 5 (4"’
+3 cotd ¥f'], (19
W' =4 (yM*/R) N, (20)
- 2fgd? = (2v/PR)2¢° + 4#y" cotd + ¢#y” + 2902 ] - (y ~ Dif
= [2v(y - VM?/3R]yr? + [2v(y - 1)M?/R]
x[3f%p + 3y 2. (21)
Equation (20) is readily integrated to k= (4YM*/3R)yf
+h,. In view of A8y} =0 [Eq. (7] it is a,=h(8g)=1

- (4¥M?/3R) since h(6) = p(§)=A#)=1. Thus, Eq. (20)
gives

h=1-%(yM*/R)(1 - yf). (22)

Upon elimination of g=k/y? [Eq. (18)] and k [Eq. (22)]
in Egs. (19) and (21), one arrives at the following non-
linear boundary-value problem for the functions f{6)
=0 and (6) >0:

F"+leotd+y' /9l +4F + R(1 = -M2/3R)F2/ 4P +4yMPf3 /P
+(3R/vMH(1 - 4¥M?/3R)/p=0, (23)
3" +[cots + 20" /9y’ + 29 + 5(3y = DMEPF2/Y
+3(y = VDMPPF2/p+[(3 - 9)/2v)PR(1 - 4yM?/3R)f/y?

=0, (24)
where
fe=6y)=0, (25)
WO=8)=>0, (26)
and
®=2m [y 2[1~ (4yM2/3R)(1 ~ y)] sin6 d, (27)

A6y=1, (h)=1, (28)

in accordance with Egs. (7)—(8) and (11)—(12). It should
be noted that the boundary value in Eq. (26) is §='/2
=7yT(v) by Eqs. (8) and (16), This restricts the thermal
boundary-value to self-similar distributions 7'(») ~7"2,
Other types of thermal boundary conditions can be con-
sidered, however; e.g.', at a thermally insulated wall

it is 87(r, =103)/36=0, i.e., ¢ (§=0,)=0.

NUMERICAL RESULTS

For computer calculations, it is suitable to rewrite
the boundary value problem in Eqs. (23)—(26) and (28)
in the form

a&f d d
chz +Ei{? (00 cotfyx + dfl?d,iaf)

+933(%f+(1-s)§+s§+%(1_s%>=o, (29)

%;,h%’ (GocotGOx +2w-‘%ﬁ> + 933{%¢+P B @—%)s{;
95 gl
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FIG. 2. flx) and §(x) for M=1.5, 3R =2, 621,

where
fx=1)=0, fx=01=1 (6=0), (31)
Wx=1=9y, Ylx=0=1 (6=0), (32)
and
df(x=0)/dx=0, dy(x=0)/dx=0, (33)

for reasons of symmetry. The normalized independent
variable x and the parameter s are

O0=<x<1, (34)
s=4yM?/R. (35)

x=6/8,,

For the case of large Reynolds numbers, which is of
the greatest practical importance, it is R> 1 and 82
<<1 such that R6*=0[1] and s =O[R™] for M?®<«< R. Fur-
thermore, it is 8;cotfyx = 0,/8,x =x for 6,<< 1, Ac-
cordingly, Eqs. (29) and (30) may be reduced to

e o1 W 2 31\1
e f <;+_<fb>+(e%m<f$z+—zm)fo, (29)*
oyt Lagd 2 3-v\7 _

4 +¢»<x+2w)+(90R)P< 5 )71) =0, (30)*

For the monatomic rigid sphere gas under consideration,
y=5/3 and P=2/3 are fixed numbers. Hence, if M’ is
also prescribed, the solutions f(x) and (x) are the same
for different R and 6, as long as the combination «

= 02R remains unchanged [Egs. (20)*—(30)*], a=#%R
represents an eigenvalue of the boundary-value problem.

The conclusions for large Reynolds numbers are con-
firmed by the numerical solutions of the original Eqs.
(29)—(33). Examples of velocity distributions f(x) and
(square root) temperature distributions ¥{x) are shown
for y=5/3, P=2/3, and various M and o= 6%R in Figs.
2 and 3.

In Figs. 2 and 3, the cone angles are, e.g., 6,X10°
=0,711, 1.259, 1.619, 2.296 for M=0.5, 1.0, 1.5,
10.0 if R=10°% The numerical results indicate that
(laminar) flows exist with increasing Reynolds number
R only for decreasing cone angles ;. As the Mach num-
ber M increases, solutions exist for larger cone angles
8,. The profiles f(x) [¥(x)] become less [more] steep as
M increases. For y=5/3 and P=2/3, the eigenvalues
a= §2R are given in dependence of M in Table I, as well
as 6, for the typical R =108,
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FIG. 3. flx) and y(x) for (i) M=0,5, 63R=0.506, (ii) M=1.0,
93R =1.585, and (ii)) M=10.0, 3R =5, 272,

Thus, we have obtained a new exact solution of the
compressible gasdynamic equations with viscous and
thermal dissipation.

APPENDIX

In this appendix we show that a flow of the type de-
scribed above (self-similar) must necessarily be a pure
outflow, nonzero at §=0, and symmetric. This estab-
lishes conditions (31)—(33) plus = 0,

A term (cot8)f appears in Eq. (23), and similarly a
term (cot8)y’ appears in Eq. (24). Since all other
terms are finite at § =0, and since we obviously demand
continuity of the equations through =0, we must have

Foy=9(0)=0. (A1)

Equation (A1) already establishes the symmetry of f(6),
#(8) around 8=0, since the transformation 6 ~~ 6
leaves Eqs. (23), (24) unchanged, and Eq. (Al) assures
also the same initial conditions. Moreover, we may
write

F(@=a(f) tand, 61, (A2)
with

a=al(8)#0, (A3)

To show condition (A3), assume a(0)=0. Then

a(@) =6, e>0for H<1, (A4)
and thus

F'(0) =65 tang + 6° cos20, 6<<1, (A5)
and

F(=o. (A6)

Either f(0) =0 implying $yM%/R=1, from Eq. (23), and
therefore, from Eq. (22) 2(0) = 0—in other words the
(absolute) pressure is zero, which is physically un-
acceptable—or f(0) #0, and we can then take 6=0and

TABLE L. o =9§R for y=5/3, P=2/3, and various M. Asso-
ciated 8, for R=10°5,

M 0.5 1.0 ‘1.5 2.0 4.0 6.0 10.0

o 0.506 1.585 2,621 3.393 4.713 5.072 5.272

(90><103 0.711 1.259 1.619 1.842 2,171 2.252 2,296
N. Liron and H.E. Wilhelm 2492



then f(0) = 1. Equation (23) then yields (substituting 6
=0) the condition

1+ (3/yM?)(1-4yM%/R)=0. (A7)
But 2(6;) = 0 implying
1-$yM?/R> 0, (A8)

so that condition (A7) is impossible. This establishes
condition (A3).

It follows that

Limf"(8) =1limf'(8) cotb6=a+0. (A9)
8=0 6-~0

Similarly one shows

lim 9”(6) =1lim '(6) cotd = b+ 0. (A10)
60 80

We now show that the flow must be a pure outflow, i.e.,
u> 0 throughout. Assume u <0 at some point, and let

a negative minimum of # be at §, i.e., u(,:u(é) <0, and
thus R <0. f(§) is a (local) maximum of f(6). If g+ 0,
then by Eq. (23)

F1(8)=-R(A+3/yM?) >0, (A11)

but for a maximum f"(#) <0, a contradiction. If § =0,
then by Eq. (A9), f"(0)=a and thus a<0. From Egs.
(23) and (A9)
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[F"(8) +£'(8) cotbl|s.o=2a=- R(1 +3/¥M?) >0, (A12)

again a contradiction. Thus # > 0 throughout, and f> 0.

If f(0) =0, then it must be a local minimum. By Egs.
(A9), (23)

[77(0) +7'(8) cotb] | gy = 2a
== (3R/yM?)(1 - 4yM%/R)y <0,
(A13)

since we have already established R > 0. But this im-
plies a local maximum and f=0. We may thus assume
F(0)#0 and take §=0. This establishes conditions (31)—
(33).

Note added in proof: An other similarity transforma-
tion for compressible cone flow has been found recently
by van der Werff* for v-dependent viscosity, o,
and heat conductivity, Ao 7,

*Supported in part by the U, S, Office of Naval Research.
14, E. Wilhelm, J. Math. Phys. 14, 1930 (1973); Phys.
Fluids 17, 360 (1974).

%S, Chapman and T.G. Cowling, Theory of Nonuniform Gases
(Cambridge U, P., Cambridge, 1970),

3B, B. Bird, W.E. Stewart, and E, N, Lightfoot, Transport
Phenomena (Wiley, New York, 1960),

4T.J. van der Werff, Phys. Fluids 18, 384 (1975).
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We give tables of Clebsch-Gordan coefficients for the products of SU(4) representations 15 ® 15 and

20®15, decomposed with respect to SU(3).

1. INTRODUCTION

The recent discoveries' of extremely narrow states
suggest the existence of a new quantum number? in ha-
dronic interactions. The simplest way to incorporate
this new quantum number is to extend the SU(3) sym-
metry of hadronic interactions to that of SU(4), The lat-
ter will certainly be a more approximate symmetry than
the former. Nevertheless, if the new quantum number
exists, SU(4) is expected to play an important role both
in the spectroscopy of hadrons and in unified renormal-
izable gauge theories.

The purpose of this paper is to present tables of
Clebsch—Gordan coefficients of SU(4) decomposed with
respect to SU(3). To the best of our knowledge this in-
formation does not exist in the literature, although
SU (4) symmetry has been in physics for a long time.?
Since its main use has been in nuclear physics, the
available information concerning its decomposition has
been mainly with respect to SU(2). For particle theory,
it is apparent that the decomposition with respect to
SU(3) will be more useful,

The great deal of qualitative and semiquantitative suc-
cess of the quark model in SU(3) suggests a similar
model within the framework of SU (4) symmetry. From
this point of view, the most useful representations are
those that can be obtained from the direct product of
4® 4* and (4® 4® 4). Of particular importance for us in
this paper are the 15-dimensional adjoint representation
which will contain the mesons and the 20-dimensional
representation contained in 4® 4® 4 which will accomo-
date the 3* baryons.

In the next section, we review and summarize a few
results concerning the irreducible representations of
SU(4) necessary for our purpose. We also discuss the
SU(3) content of some of the simple irreducible repre-
sentations and their physical identification. Section 3
is devoted to the specification of the conventions made
in the tables of Clebsch—Gordan coefficients given sub-
sequently.

2. TENSOR REPRESENTATIONS OF SU {(4)

Lee has discussed* most of the essential properties
of SU(n) necessary for applications in particle physics.
We shall specialize his results to SU(4). Let the funda-
mental representation be denoted by

U
2.1)
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where #, d and s form an SU(3) triplet and ¢, the fourth
quark, is an SU(3) singlet carrying the additional quan-
tum number, charm C=+1, The transformation law for
¢ is given by

Q-Q'=Ug, (2.2)
where U is a 4X4 unitary unimodular transformation.
The corresponding contragradient representation @*
transforms as

Q* ~Q*' = U*Q~. (2.3)

Starting from the fundamental representation (2. 1),

we can generate the higher-dimensional representations
by taking tensor products. Tensors that correspond to
the standard Young tableaux of a given pattern then form
the basis of an irreducible representation. * For SU(4),
Young tableaux have at most three rows and, if we
enumerate all Young tableaux with this restriction, we
obtain a complete set of irreducible tensors. The dimen-
sionality n of the representation is given by the formula

=D = M 2 = N )= A+ 1)
n= 12

XM= 2 +2) (0= 211), (2.4)

where }; are nonnegative integers which specify the num-
ber of “boxes” in the ith row. We have given in Table I
some of the Young tableaux, the dimensionality, and the
corresponding tensors that describe the irreducible
representation.

The 15-dimensional adjoint representation which is
spanned by the tensors T4 , o can also be given in terms

TABLE 1.
Young tableaux Dimensionality Tensor
[ 4 Ty
@j 15 TaB, 7,6
mual 20 Ty
== 20 Togy
B 20 Tos,10
HH 45 Topy,s
@I[ 84 TaBr&. €0, UV
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of the components of a mixed tensor Mg, where

M5 =€ Ty 5 5 (2.5)
with the trace condition [
/N2 4 0/V6+1,/V12 ™
mzi=| - AR/ VB /T
al— K- K()
DY b

which is the obvious generalization of the 3X3 matrix
representation for the meson octet in SU(3). The addi-
tional mesons® (DY, D"F-), (D*, D, F*), and 7, transform
as 3, 3*, and 1 representations of SU(3) respectively, so
that the SU(3) content of the 15-dimensional representa-
tion is (8, 3, 3*, 1).

The quark model suggests that the 3 baryons belong
to the 20-dimensional representation contained in 4® 4
® 4. This representation is described by the tensors
T,p» or alternately by the tensors BY® where

Bgt'b:€ab87TBa,y, (2° 8)
with the null trace conditions
B} %= By*=0. (2.9

Its SU(3) content can easily be found to be (8, 6, 3*, 3).
All the new baryons that appear have a nonzero value of
the additional quantum number, charm. The new parti-
cles in both 15 and 20 are listed in Table II.

3. EXPLANATION OF THE TABLES OF CLEBSCH-
GORDAN COEFFICIENTS

As stated in the Introduction, the main purpose of
this paper is to decompose SU(4) with respect to SU(3).
A state in a given irreducible representation is com-
pletely specified by

(R, u,},1,Y,0), (3.1)

where R and p label the SU(4) and SU(3) CSU(4) repre-
sentations, respectively. I, I, are the isotopic spin
quantum numbers and Y, C stand for the hypercharge
and charm, respectively. We shall denote 1, I,, Y, and
C collectively by the symbol v, so that the abbreviated
notation for the state will read

o{R, u}, v). (3.2)
The transformation law for these states can then be
written as

o'qR, u},v) =21 2o (R, u}, v )DE#. (3.3)

wt ot

For given R and u, D"’ is a j-dimensional unitary
matrix which describes the corresponding irreducible
representation of SU(3). Considering product states, we
(can easily see that SU(4) Celbsch—Gordan coefficients
caG)

R, R, R,
Haby Moty Hoype¥

(8.4
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M=0. (2.6)

The mesons which belong to the 15-dimensional adjoint
representation can be written in the matrix form

K D
K e 2.7
—2m/VB+n NI F :
F -3n,/Y12
can be written as
Ry Ry R, Ry By Ry \ [y My by ,
,  (3.4)

Uy HaVlp fyeV Hi lg{tyef \ Vo V

where (51 §2157*) can be regarded as SU(3) singlet fac-

a] B
tors. S blbZL7) is an SU(3) CG given by
ul U’Z uY' — u‘ ‘J'E “"" Il o1
Vy Up ¥ LYy LY,| 1Y Crl o, ®.9

B By kg . .
where (1,r, ,1y2| 1) are the SU(2) singlet or isoscalar

factors and C{1}! ; are the usual SU(2) isospin CG’s.
Our tables give the SU(3) singlet factors (51 §2|57).

TABLE ITA. Quantum numbers of new mesons in the 15-dimen-
sional SU(4) representation.

SU(3) Label Isospin Hyper-  Charm
charge
3 1 I,
Do +1/2
{3} 1/2 0 -1
-1/2
F 0 0 ~1
+1/2
{3*} 1/2 o +1
Do -1/2
F* 0 0 1
{1} e 0 0 0 0

TABLE IIB. Quantum numbers of new baryons in the 20~
dimensional SU(4) representation.

Su(3) Label Isospin Hyper- Charm
charge
1 I,
ct 1
1 1
CE 0
{6} Ci -1 +1
st 1/2 0
1/2
§0 -1/2
ol 0 0 -1
At 1/2
. 1/2 0
{s% AP -1/2 1
c 0 0 1
X , 1/2
1/2 1
{3} X —1/2 +2
X% 0 0 0
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In computing the singlet factors, as well as fixing
the phases, it is useful to consider the various SU(2)
subgroups of SU(4). For this purpose it is convenient to
write the infinitesimal generators in terms of the non-
Hermitian matrices E;;, which satisfy the commutation
relations

[Eih Em]: SipEyy = Oy By,

for i,j,k,1=1,2,3,4 and E”T:EW. (3.6)

?

In the fundamental representation the £ matrices are
very simple. They are the so-called matrix units, ¢,
where ¢;; is the matrix in which the element belonging
to the éth row and the jth column is unity and all the
other elements are zero. We can define the raising and
lowering operators of the different subgroups as follows:

Ey,=1,, Ey=V,

Eyn=U, Eu=L, (3.7
Ey =K., Eyu=M,,

and I_:EIZT:EZI, etc.

The operators (3.7) generate, in addition to the well-
known I-spin, U-spin, and V-spin subgroups of SU(3)
C SU(4), three additional SU(2) subgroups which we have
called K, L, and M:

[Kn K= 2Ky = Egy ~ Eyy,
[L» L-] =2L,=Ey - Ey, (3.8)
(M, M_=2M;=E,, ~ Ey.

The six diagonal operators I, Uy, K, V3, L3, and M; ob-
viously cannot all be independent, They can be expressed
in terms of the physical quantum numbers such as bary-
on number, hypercharge, and charm.” Thus,

Uy=3(-L+3Y - C/2),

VSZIE(13+%Y-C/2),

K,=3(B-Y-C), 3.9
Ly=3(,+3Y + B~ 3C),

My=3(-L,+3Y +B-2C).

Phase conventions

We recall that in SU(3) the relative phases of the
matrix elements of any two out of the three sets I, U,, V,
can be chosen arbitrarily. In addition to the usual con-
vention that the matrix elements of I, be positive,
deSwart® chose to make the matrix elements of V, posi-
tive in order to fix the relative phases of the different
SU(2) multiplets contained in an irreducible represen-
tation of SU(3). Likewise, in SU(4) we can choose the
phases of three out of the six sets of shift operators.
However, as discussed by Baird and Biedenharn, ® the
most convenient and general phase convention for any
SU(n) is to define the matrix elements of E; .1, ¢
=1,...,n~1, tobe positive. For SU(4) this leads us to
choose I,, U,, and K, to have positive matrix elements.
Since this choice also affects SU(3) the resulting iso-
scalar factors to be used in conjunction with our SU(4)
tables have been provided. Our phase conventions for
SU(4) CG can then be summarized as follows:
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TABLE III. SU(3) content of representations arising in the

products 158 15 and 20 15.

Label

Young tableau

SU(3) content

Charm

4%

20

20"

20"

36*

45

45*

60*

84

140

| o
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TABLE IV. SU(3) singlet factors for 15® 15 of SU#). CG series 15® 15=84D 450 45*D 20" S 15,B 15D 1.

{27} c=o0 {10} c=0 {10%} c=0 {18} €=-1 {15*} c=1
84 46 45* 45 84 45* 84
+ - - - + - +
{8} ® {8} 1 {8} ® {8} 1 {ste{s} 1 {8}efs} | 1/¥v2 | 1/¥2 {g}®{3*}| 1/v2 V2
{stefe | ~1V2 | 1/V2 {sx}efs}| -1/v 2| 12
{8} c=0
15p 154 20" 45 45% 84
+ - + - - +
dste{s8},l v5/3 0 VB5/2V3 0 0 -1/6
{ste{shy o v3/2 0 1/2V2 | -1/2v2 0
{3}x{3} | 1B |~1/2V2 |-1/2VZ| V3/4 | -V3/4 |V5/2V6
{3}®{3*}| 16 | 1/2V2 |-1/2v2 | -V3/4 | V3/4 | V5/2V6
{8}1® {1} |- 1/3v2 0 1IVE 1/2 1/2 | V5/3/2
{1}®{s} | -1/3v2 0 1/V8 -1/2 ~1/2 |V5/3V2
{6} c=1
20" 45 |
* - {6 c=-2
a4 {3} c=-1
{8t@{a*}| 1/V2 1/V2 . r
15p 15p 45% 84
+ - - +
{3*}®{8}| -1/v2 | 1/V2 {3} ®{3} 1
{8}@{3} | 2/3 1/¥3 | -1/V8 | -1/3V3
{6x} c=-1
T
|
23 ‘ 45* {6*} C=2 {3}®{8} -2/3 1/‘/-5 ~1/V86 1/31/’5
{stefg| -1/v2 | 12 e 1 {}®{3} | 1/3¥2 | ~1/v6 | —1/V3 2/3
2497 J. Math. Phys., Vol. 16, No. 12, December 1975 Rabl, Campbell, and Wali 2497



TABLE 1V. (Continued)

{3} Cc=2 » {3x} c=1 {3*% c=-2
4_5 15, 155 45 84 45*
+ - - + -
|{3*}®{3*} 1 {8}®{3*}| -2/3 | 13 | 146 | 1/3V2 {3}@{3} 1
l

{3*}&{8}| 2/3 1/¥3 1/Ve | -1/3V2

{3xte{1}} 1/3v2 | -1/VE 1/V3 2/3

{1}e{3*}| 1/3v2 | 1/V6 | —1/V3 2/3

{1} ¢=0

1 15, 155 84

+ + - +
({s}e{8}) p| 2v2/¥15| 2/3 0 -1/3v5

{3*}®{3}| ~1/¥5 | 1/V% 1/¥2 | =V2/15

_J

{3}&{3%| 1/v5 | ~1/¥8 | 1Y% | V215

{1}&{1} | ~1/Vis| v2/3 0 |4/3/3/3
L L

TABLE V, SU@3) singlet factors for 208 15 of SU@), CG series 20® 15= 1406 60D 36> 20’ D 20, 20, 4%,

{27} ¢=0 {24} Cc=1 {158} ¢=2 {18} C=~1
140 140 60* 140 140
|
: {g}®{8} 1 {6} »{8} 1 {6}o{3*}| 1/V2 1/V2 {8t &{s} 1
{stafs} | -1v2 | 12
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TABLE V., (Continued)

{15%} ¢c=1 {10} c=0 {10} c=0 {8} c=3
36* 60* 140 20’ 140 60* 140
+ - + - + - +
{81e{s¥} |[V3/2v2 | 1/2 | V3/2V2 {stefs} | v2/3 | 1/V3 {stefe} | 1 {s}e{34}| 1
{6} ®{8} | —3/4 |V3/2v2 1/4 {6}o{3} | —1/¥3 | V2/3
{3v1a{8} | —1/4 |-V3/2v2| 3/4
{8} c=0 {6} c=1
204 20, 36* 60* 140 20, 20, 20" 60* 140
+ - + - + + - - - +
{sho{ahp| VE5/4V8| 0  |-V5/4V2| VB/4/3 | -1/4V6 {sho{3% |17/6v36 | 2v2/V39| vE/3 | 1/2V2 | V5/6
({8}2{8}) p| — 5/4V78 |2V 2/V13| ~3/4V2| -1/4V2 | V5/4V6 {6}®{8} [-5v5/12v38|4v5/3V 13- v5/3V3|-V5/4V3| 1/6v6
{sbo{i} | 1/2V38 | VI3 | 172 1/2 | V5/2/3 {6}a{1} |-7/3V38|-1/3VT3| —2/3v3 | 1¥3 |VT0/3V3
{6}&{3} |- 17/4V78| —VE/13 | -3/4V2 | 3/4/2 |V5/4V6 {3}o{3} |11/6vT3 | -2/v38 | -1/3 | -1/2 | V5/3V2
{3*}8{3} |3v3/4v 26| -v2/13 | -1/4VZ | ~3/4V2 |V15/4V2 {3¥)2{8} | -v3/a/3 0 1/V3 | =v3/4 | VB/2V%
{3} c=2
204 20, 20’ 140
+ - - +
{6}®{3*} | ~11/3vZ6 | 2v2/V3E9 | -v2/3 | 1/3V2
{6*} c=2
o6 140 {3}={8} |17/3V78 [4vZ/3vT3| -2v2/3vV3| —1/3V6
* * {6¥} c=-1
Brfsh | -3z | 12 5 {s}&{1} | 4/3V35 |- 5/3v3 | —2/3V3 | 4/3/3
(3e{s 172 | Va2 {gho {3 1 Be{*| 138 | 2v1s | 13 | 13
2499 J. Math, Phys., Vol. 16, No. 12, December 1975 Rabl, Campbell, and Wali
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TABLE V, (Continued)

{3} c=-1 {3*} c=1
36* q* 20, 20, 36% 140
+ + + - + +
{s}®{3} -1 {8}®{3%} | 2/vIs |-3/2vi3| 4/V39 | 1/2v10 | 1/2/2
{e}2{8} | -v275 |-v/13/2V6 0 |-v3/2V 20| 1/4V3
{3}&{s} 1/V5 -1/V39 | —=2/V13 | —=V3/10 1/V6
{ax}&{8} |-v2/3v5 | /278 |4V2/3V13|-11/4V 15| 1/4V3
{3v}®{1} | —-2/3v5 | 2/v39 | -1/3V13| V2/15 v2/3
{1} c=0
4% 36%
+ +
{1} ¢c=3
20’
- {8} x{8} | —2/V5 | —1/V5
{3}®{3*} | -1 {¥}&{3} | 1/v5 | -2/¥5
TABLE VI Isoscalar factors for {8} ® {8}. CG series {8} ® {8} ={27} ®{10} ®{10%} @ }8,} © {8z} @ {1}.
Y=-1 I=1/2
| T
27 8p 8p w0 |
+ + - - ‘
ﬁ 1
\} En 1/2V5 3/2V5 1/2 -1/2
1
Y5 I ye2 o1 b3y 4 ~1/2V5 | -3/2V5 1/2 -1/2
]
1_0 i7 En 3/295 | -1/2V5 1/2 1/2
r t— J
T \
=K -1 =K 1 %4 3/2¥5 | -1/2v5 | -1/2 -1/2
B [ L L
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TABLE VI. (Continued)

Y=-1 I=3/2
27 10*
+ —
Ex 1/V2 -1/V2
oK 1/V2 1/V2
Y=0 I=1
27 8p 8 10 10%
+ + - ~ -
NK 1/V5 | -V3/10| ~1/V6 | —1/V6 1/V6
=K 1/Vs | -v3/10| 1/V% 1/V6 | -1/v86
S 0 0 v2/3 | -1/¥86 1/V6
n V3710 1/V5 0 1/2 1/2
A V3/10 1/V5 0 ~1/2 -1/2
Y=1 I=1/2
27 8p 8 10*
+ + - -
Nr -1/2/5 | ~3/2V5 1/2 1/2
IK 1/2V5 | 3/2V5 1/2 1/2
Np 3/2V5s | —-1/2V5 | -1/2 1/2
—
AK 3/2v5 | - 1/2V5 1/2 -1/2
2501 J. Math. Phys., Vol. 16, No. 12, December 1975

Y=0 I=0
27 8p 8 1
+ + - +
NE |=-v3/2V5| -1/V10 1/V2 -1/2
= V3/2¥5 | 1/V10 1/v2 1/2
= -1/2V10| ~V3/5 0 V3/2v32
A 3vV3/2V10| -1/V5 0 -1/2V2
Y=0 I=2
27
+
Zr 1
Y=1 I=3/2
{
27 10
+ —_
Nr 1/V2 -1/v2
=K 1/V2 1/V2

Rabl, Campbell, and Wali
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TABLE VI, (Continued)

Y=2 I=0

10%

NK

Y=2 I=1

NK

27

TABLE VI Isoscalar factors for {8} ®{3}. CG series {8}® {3}={15}+{6%}+{3}.

I=1 Y=~1 C=~1

I=1/2 Y=0 C==1

I=0 Y=-1 C=-1

6* 15 3 6* 15 3 15
- + _ — + _ +
—
2F" 142 1/V2 xD 3/4 v3/8 1/4 ED v3/2 1/2
KD | =12 12 KF- | -Y3/8 | 1/2 V3/8 nFm | ~1/2 | V3/2
J I S
nD 1/4 ~-V3/8 3/4
I L
1=0 Y=1 C=-1 I=1 ¥Y=1 C=~1 I=3/2 Y=0 C=~1 [=1/2 ¥Y=-2 C=-1
6* 15 15 15
- + + +
_
KD 1 KD 1 7D 1 1
TABLE VIIL Isoscalar factors for {8} ® {3*}. CG series {8} @ {3*}={15*}+{6} +{3*}.
I=1/2 ¥Y=0 C=1
3% 6 15%
I=1 Y=1 C=1 - - * I=0 Y=1 C=1
] —
15* 3* 15%
& ) D 3/a | -V3/8| -1/4 b= +
| il
| B
nF* 1/¥2 1/V2 KF* V378 1/2 v3/8 KD v3/2 ~1/2
e
KD -1/V2 | 1Ve nD _1/41 V378 3/4 nF* 1/2 v3/2
L ]
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TABLE XIII. (Continued)

I=0 Y=-1 C=1

—
6

I=1 Y=-1 C=1

E—
15*
+

I=3/2 Y=0 C=1

15%

D 1

I=1/2 Y=2 C=1

15*
+

KF*

TABLE IX. Isoscalar factors for {6} ® {8}. CG series {6} ® {8} ={24} ®{15*} ¢ {6} @ {3*}

I=2 Y=1 cC=1

I=3/2 Yy=2 C=1

I=1/2 Y=2 C=1

I=1/2 Y=-2 C=1

[re——
24 24 15* 24
+ + - +
Cym 1 CiK 1 CiK 1 TK 1
I=1 Y=1 C=1
24 15* 6
N - -
1=3/2 Y=0 C=1 I=1 Y==1C=1
£ *
Zf 15 2 15 Cr | ~INTE | NG V375
s v273 ~Vi/3 SK v2/3 vi73 Cc V275 1/¥Z | -1/~T0
CK vi/3 V273 T vi/3 -vZ73 SK 22715 | —1/V6 V3710
I=1/2 Y=0 C=1
T 24 15* 6 3*
+ - - +
CK | -vII5 |-1/2v6 | 3/2v5 | va/vE
I=0yY=~1 C=1 I=0 Y=1 C=1
] ]
Sr -1/415 5/4V3 | 3/2V10 -3/4 24 6 15* 3*
+ - - +
sn v3/5 V3/4 1/2VT0 v3/4 SK ~V275 V375 Cym -1/2 v3/2
TK 1/V5 -1/2 V3710 -1/2 Tn V375 V275 SK V3/2 1/2
2503 12, December 1975
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TABLE X. Isoscalar factors for {6} @ {3}. CG series {6} {3}={10} & {8}.

Y=—2 I=0 C=0 =—11=1/2 C=0 Y=0 I=0 C=0
— e
10 10 8 8
+ + - Jr -
TF- 1 SF- V373 vi/3 1
|
D vi/3 —V273
Y=0 I=1 C=0
10 8
+ - y=1 I=1/2 C=0 Y=1 I=3/2 C=0
CF- Vi73 V373 8 10
- +
SD V273 ~V173 ¢,D 1 c,D 1
I S
TABLE XI. Isoscalar factors for {6} {3*}. CG series {6} ® {3*}={15} ¢{3}.
Y==1 I=1/2 C=2 Y=0 I=0 C=2 Y=0 1=1 C=2
15 15 3 15
+ + - +
D 1 SD -1/V2 1/V2 SD 1
o
TF* 1/V2 1/v2

Yy=1 I=1/2 C=2

15 3
N -
CiD -1/2 V3/2
SF* v3/2 1/2

Y=1 I=3/2 C=2

Y=2 J=1 C=2

Cer |
I
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TABLE XII. Isoscalar factors for {3}® {3}. CG series {3} {3} ={6} @{3*}.

I=1/2 Y=—1 C==2 I=1 Y=0 C=-2 I=0 Y=—2 C==2 J=0 Y=0 C==2
3* 6 6 6 3*

- + + + -

DF*- INZ 1VE DD 1 F-F- 1 DD 1

F-D -1/ 1/V2

TABLE XTI Isoscalar factors for {3} @ {3%. CG series {3}® {3*}={8} ¢{1}.

I=1 Y=0 C=0 I=1/2 ¥Y=1 C=0 I=1/2 Y=-1 C=0 I=0 ¥Y=0 C=0
8 8 8 1 8
+ + + - +
1 DF* 1 F-D 1 Dp V273 13

F-F* 1/V3 V273

TABLE XIV. Isoscalar factors for {3*} ® {3*}. CG series {34 ® {3%={6*} @ {3}.

I=1/2 Y=1 C=2 I=0 Y=0 C=2 I=0 Y=2 C=2 I=1 ¥=0 C=2
[
3 6* 6* 6
+ + +
DF* 1/VZ 1/VZ F*F* 1 DD 1
%__4. ]
F*D -1/VZ 1/VZ

(a) For each R, we consider the highest state (1, 1), (k3;). The only ambiguity occurs if (p,.v), is an SU(3)
i.e., the state with highest /, in the highest-dimensional  octet; to resolve it, we shall define {8,} to be a higher
4y., and we choose the coefficient representation than {85}.

R, R, R, (b} The relative phases between different SU(3) re-
presentations in a given R, are obtained by requiring

'V -
Havy bavz (Vg the matrix elements of X, to be positive.

to be positive for the highest (¢,7;) that occurs. If this The plus or minus sign underneath each R, in the
is not sufficient, we shall in addition require the highest tables denotes the phase factor 7 =+ 1 associated with
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the symmetry property of the CG:

R, R, R, =, R, R, R, ) (3.10)
My HaVp MooV HaVa HaVy Uye¥
For the SU(3) singlet factors this implies
Ry Ry |R, R, Ry|R,
=mé (3.11)
TRNTISITVY B WA TR T

where £, is the usual phase defined for the SU(3) CG by’

Ky Hg Hyo Ko By Hy»
=& . (3.12)
v, vy ¥ v, 1 v
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Lie theory and separation of variables. 8. Semisubgroup

coordinates for v, -2,v=0
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We classify and study all coordinate systems which permit R-separation of variables for the wave equation
in three space-time variables and such that at least one of the variables corresponds to a one-parameter
symmetry group of the wave equation. We discuss 33 such systems and relate them to orbits of commuting
operators in the enveloping algebra of the conformal group SO(3,2).

. INTRODUCTION

This paper is one of a series’~" devoted to uncovering
the relationships between the symmetry group of a lin-
ear second order partial differential equation and the
coordinate systems in which variables separate for that
equation, Here, we study the wave equation

(aoo"au"azg)‘l’(x)=0 (*)

in three space—time variables. The symmetry group of
this equation is locally isomorphic to the ten-parameter
group SO(3,2). In Paper 9 of this series we will derive
explicitly the possible orthogonal coordinate systems
with respect to which variables separate or R-separate
in (x). (More precisely we shall list all coordinate sys-
tems obtained from confocal cyclides and their limits. %)
We will show that each such system corresponds to a
two-dimensional (commuting) subspace of the space of
second order symmetric elements in the enveloping
algebra of so(3,2). Here, the elements of so(3,2) are
first order differential operators which are symmetries
of (+). If the commuting operators @,S form a basis for
such a subspace, then the separated solutions ¥ of ()
associated with this coordinate system are character-
ized by the eigenvalue equations @¥ =)\¥, S¥ =p¥,
where the eigenvalues A, u are the separation constants,
The group SO(3, 2) acts on the enveloping algebra of
so(3,2) via the adjoint representation and preserves the
rank of operators in the enveloping algebra. In particu-
lar the infinitesimal symmetries of (*) generate the
identity component of SO(3,2) and the symmetry I such
that ¥ (x)=¥(-x) lies in the component not connected
with the identity. Under this action the two-dimensional
commuting subspaces of symmetric second order ele-
ments are decomposed into SO(3,2)-orbits, We regard
coordinate systems attached to subspaces on the same
orbit as equivalent, i,e., one such system can be ob-
tained from any other one by an SO(3,2) transformation.

Much of this paper is an introduction to the problem
of separation of variables for (x). Most of the detailed
calculations will be presented in Paper 9 of this series
and subsequent publications. In Sec. 1 we compute the
symmetry algebra of (x) in two different bases and by
taking a Fourier transform we construct the well-known
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Hilbert space #/, of positive energy solutions of (x). On
1, the symmetry operators of so(3,2) exponentiate to
yield a ’tj_n\ii:_a_?' irreducible representation of a covering
group SO(3,2) of the identity component in SO(3,2), In
Sec. 2 we determine explicitly the action of $§0(3,2) on .
#,. Most of the results of this section appear to be new,

The remainder of the paper is devoted to separation
of variables. If a separable coordinate system corre-
sponds to a subspace where there exist operators
Q=A% S=B? with [4,B]=0 and 4,Bcso(3,2), we call
such coordinates subgroup coovdinates. In this case
one can diagonalize the first-order operators A, B,
These systems are the best-known and easiest to find.
More generally, if there exist operators @, S such that
Q=42 [A4,5]=0, and Acs0(3,2), we call these co-
ordinates semisubgroup coordinates. Here, one can
diagonalize the first order operator A. If there exists
no pair @,S such that @ is a square of some A €s50(3,2),
we call the coordinates nonsubgroup. Nonsubgroup co-
ordinates are the most intractible of all separable co-
ordinates and appear the least frequently in applications,

A given A € s0(3,2) may correspond to several (or to
no) semisubgroup systems. Indeed, if ¥ satisfies both
(*) and A¥ =i0¥, then, since 4 is a symmetry of (x),
we can use standard Lie theory and introduce new varia-
bles y,,9,,y, such that A=3, +7(y) (where f may be
zero) and ¥(y)=7r(y) exp(iry,)®,(y,,v,), Where  is a
fixed function satisfying 3y, +fr=0. Then (x) reduces
to a second order partial differential equation (t) for
®, in the two variables y,,v,. The possible semisub-
group systems A2, S thus correspond to the possible co-
ordinate systems such that the reduced equation (t)
separates. In particular S corresponds to a second
order symmetry of the reduced equation.

In Secs, 3—7 we examine the possible semisubgroup
systems. The systems are of seven types correspond-
ing to seven choices for A. Using the notation for ele-
ments of so(3,2) introduced in Sec. 1, we find that
these types are:

1]. A=T,,. Then (}) becomes the eigenvalue equation
for the Laplace operator on the sphere S,. We find two
coordinate systems,%?®

Copyright © 1975 American Institute of Physics 2507



2]. A=P, and (f) is the reduced wave equation (4, 1),
We find four coordinate systems.

3]. A=P, and (}) is the Klein—Gordon equation (4, 5),
We find 11 coordinate systems, *1°

4]. A=D and (f) is the eigenvalue equation (4.9) for
the Laplace operator on a hyperboloid, We find nine
coordinate systems,*

5]. A=P,+ P, and (}) is the free particle Schrédinger
equation (5.1). We find four coordinate systems.®

6]. A=M,, and (f) is the Euler —Poisson—Darboux
(EPD) equation (6.1). We find nine coordinate systems.

T, A=3(T,,~T,.) and (f) is Eq. (7.1). The problem
of separation of variables for coordinates of this type is
currently under study, There are at least three co-
ordimte systems.

Eliminating duplicate coordinate systems we obtain a
total of 33 distinct semisubgroup systems at this
writing, 27 of which have already been discussed in
Refs. 1-7. The systems of types 6] and 7] are related
to unitary representations of the universal covering
group of SL(2,R) which belong to the discrete series.
They will be discussed in detail in future papers.

At this writing we have determined all 4 €s50(3,2)
such that a separable coordinate system corresponds to
some commuting pair A%,S and such that S belongs to
the enveloping algebra of the symmetry algebra of the
reduced equation (f) associated with A%, However,
there are some omissions on our list, due to the fact
that diagonalization of A does not uniquely determine
the variable y, which is split off to obtain (¥). The sys-
tems we have omitted correspond to nonorthogonal co-
ordinates and are such that S is not expressible in
terms of the symmetry algebra of (f). These systems
prove rather intractible from the group theoretical
viewpoint. The proofs of the above remarks follow from
the results of Sec. 8. In Paper 9 and later publications
we will settle these questions by using other techniques
to explicitly list all systems (orthogonal or not) such
that (x) R-separates.

In only a few representative cases do we explicitly
list the coordinate systems. For 27 systems the expres-
sions are given in Refs., 1—7T and 10, In Paper 9 we will
derive explicitly all orthogonal systems allowing R-
separation in (*) and obtain the corresponding semi-
subgroup systems as special cases,

Finally, in Sec. 8 we classify the orbits in so(3, 2)
under the adjoint action of SO(3,2) to see why not every
A€ s0(3.2) corresponds to a semisubgroup system of
the form A%,S.

The special functions appearing in this paper are all
defined as in the Bateman Project.

1. SO(3,2) AND THE WAVE EQUATION

We are concerned with the wave equation

(300—311—322)11)()6):0, xz(xo,xl,xz). (1°1)

As usual® we define the symmetry algebra of (1.1) to be
the set of all linear differential operators

2508 J. Math. Phys., Vol. 16, No. 12, December 1975

L=2"a,)3, +bx)

such that Ly is a (local) solution of (1.1) whenever y is
a (local) solution,

It is well known that the possible operators L form a
ten-dimensional Lie algebra, isomorphic to so(3,2),
where the commutator is the usual Lie bracket.'? As a
convenient basis for this model of so(3,2) we choose
the momentum operators

r,=3,, a=0,1,2, (1.2)
the generators of homogeneous Lorentz transformations

Mp=%x0, =%0,, My =%s9,+x,3,,

My, =%,0,+%,0,, (1.3)
the generator of dilatations
D:—(§+x080+x181+x262), (1.4)

and the generators of special conformal transformations

Ko=—xy+ (o —2x2)0 ) — 2x,%,3 ; — 2%,0 5,

Ki=x;+ (x «x +2x2)0, + 2x,x,0, + 2x,%,0 ,, (1.5)
Ky=x,+ (x «x +2x2)3, 4+ 25,59 + 2%,%,3

where
X2y =XV = K1Yy = XpYp =XYo — X Y. (1.6)

The commutation relations follow from (1.27) and (1.28)
which will be derived later,

These symmetry operators can be exponentiated to
obtain a local Lie transformation group of symmetries
of (1,1),** % In particular, the momentum and Lorentz
operators generate the Poincaré group of symmetries,

) = YA x —a)), a=lay,a,,a,), NeSO(1,2),
(1.7

the dilatation operator generates
(exprD)y(x) = exp(- r/2)[exp(- M)x], reR,

and the K, generate the special conformal
transformations

(1.8)

exp(a K, +a,K,+ a,K,)p(x)
=[1+2x-a+(a-a)x-x)]*/?

x+alx-x)
x w(l +2x.a+ (a =a)(xox)> :

(1.9)

In addition we shall consider the inversion, space re-
flection, and time reflection operators,

Ry(x)= (1/\/—96 cx0)P(—x/x - x),
S9(x) = lxo, — %1, %),
TP(x) = (= %o, %15 %5),

(1.10)

which are not generated by the local Lie symmetries
(1.2)—(1.5).

As is well-known, '** by formally taking the Fourier
transform in the variables x, we can express a solution
P(x) of (1.1) in the form

E.G. Kalnins and W. Miller, Jr. 2508



1" .
se=gr [ [lemtalteut)
+explih «x)f (ky, k)] di(k), (1.11)

where ky=+ (k2+ k2 /2, k= (—kyyky,k,), and du(k)
= dk, diy Ry

Let H=H ,®H_ be the space of all ordered pairs of
complex-valued functions {f(k,, 2,),f(k,, k)t = F(ky, ky)
defined on R, such that

[ s+ 1D au@) < o (1.12)

(Lebesgue integral), and consider the indefinite inner
product on / given by

F,G)= [ [ (fg -7&)duk).

Then, as is well-known,'** the functions ¥, & related
to F, G by (1.11) satisfy

(1.13)

(¥, &)= (F,G)=2i [ [(U(x)3,8(x) ~ [0,9()]® (x))dx, dx,

Yost

(1.14)

independent of {, More precisely (1.14) can be derived
from (1, 13) by first considering the dense subspace of

H consisting of C* functions with compact support bound-
ed away from (0,0) and then passing to the limit. For

F </ the corresponding ¥(x) is a solution of (1,1) in the
sense of distribution theory; it may not be true that ¥ is
two times continuously differentiable in each variable,

The operators (1.2)—(1,5) acting on solutions of (1.1)
induce corresponding operators on// under which //,
and //_ are separately invariant. Indeed with repeated
integrations by parts we can establish that the action of
these operators on #, is

Py=1ik,, sz"ikjy j=1s2’ (1.15)
M, y=Fki3,, = FR33pys M01=koak1’ Moz=koak2y (1.18)
D:%+klak1+k28k2! (1.17)
Koziko(aklkl-i-akzkz), (1.18)

Ky =Ry By, = Frdp, + 228y +2,),

+2ky0, ,, T 0,).

k1R kakz

Ky=il=kydyp +Fadp

The action on /. is the same except that %, is replaced
by -k, in each of {1.15)—(1.18). Moreover, it is
straightforward to verify that these operators are skew-
Hermitian on //, and //_ separately.

The induced operators S and T on// are

SF(ku kz) = F(" ku kz) = (f(“ kla kg),f(_ kl’ kg)),

Tk, k) = (F Ry, ky), flly, o). (t.19)
Thus, //, and //_ are invariant under S, but these spaces
are interchanged by T. In view of this interchange prop-
erty of T we will henceforth limit ourselves to consid-
eration of elements in the Hilbert space //,, or what
amounts to the same thing, the positive energy solutions

2509 J. Math. Phys., Vol. 16, No. 12, December 1975

Y- = f f exp(ik - x)f(k, , k) du(K). (1.20)
The inner product on //, is

(f,0=[ [ Ay k)glley k) duntk) (1.21)
and

(¥,8)=(f, 9 =4 [ [ ¥(x)3,2 (x) dx, dx,

xg=t
=-4i [ [ ®(x)a,¥ (x) dx, dx,. (1.22)
x0=t

Furthermore, if ¥ is given by (1.20), we have

f(kl,kz)z%"f J'\Il(x)exp(--ik-x)d;\c1 dx,. (1.23)

By employing arguments analogous to those in Ref.
12, one can show that //_ is invariant under R and

Rf(k)Z;;f fc0s¢2l'kﬂl)du(l), fet,,

R®=E,

(1.24)

where E is the identity operator on//,. Clearly, R
extends to a unitary self-adjoint operator on /4 with
eigenvalues 1. It follows from the configuration-space
realization of our operators that
RK,R'=P,, j=1,2, RKR"'=-P,, RDR™=-D,
(1.25)
RM R'=M,, R=R".

At this point it is convenient to introduce another
basis for our Lie algebra of symmetry operators which
clearly displays the isomorphism between this algebra
and s0(3,2). We define so(3,2) as the ten-dimensional
Lie algebra of 5X5 matrices A such that AG +GA? =0,
where 0 is the zero matrix and

1 0

-1
0 -1

Let ¢ ;; be the 5X5 matrix with a1 in row i, column j
and zeros elsewhere. Then the matrices

rab:éab_ébaz-rba’ aib’
I‘aB:éGB+faa=I"Ba, 1Sa,b$3,
Tupg==Can+tlpa=-Tpu, 4<A,B<5,

(1.26)

form a basis for so(3,2) with commutation relations
[rab s ch] =85 aq + 8,4 3 +8,,L gy 75,1
[raB’ ch] ==8,4lcp + 8, 4n>
[F,u, ’ F45] =08,51 45— 044T'ss>
[T5,T.pl=06;,T
This I'-basis is related to our other basis via

Py=T,+Iy, P,=T,+T

ca’

(1.27)

ac 6tzchD N

25y Pa=T 3+ Ty,
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Ky=T - T4, K =T =Ty, K,=T,,—T,, 6 (1.28)
M,=T,, M, =T,, M,u=T,, D=T,.
Furthermore, we can set R=~G.
For our model of so(3,2) we have
Pj- Pi- P;=K;-K{-K;=0,

where the result for the K-operators follows from
(1.25). Furthermore, direct computations yield

2, +Ir2, +T2,=I% +1,
M3, = M3 -~ M =~D*+7,
Fis_ril—rglzrgs‘*'l

If {¥ , (x)} is an orthonormal (ON) basis for the Hil-
bert space of positive energy solution of (1.1), then (in
the sense of distributions)

E‘I’ (x)‘ll )= A(x %)

16“2 j f explik - (v’ — x)]du(k),

(1.31)

where the distribution A, defined by (1.31) has the ex~
plicit expression

(1.29)

(1.30)

27
o
2mi 1/2
A, (x)= —Uz—_m, t<—r, r=0E+2)02, (1.32)
2
(—T'z—:zrtz_)ﬁiy -y <i<y.

The computation of (1.32) is carried out in analogy with
the corresponding result for four-dimensional space-
time. ! It follows immediately that

T (x) =¥, A (x" - x),

where the integration is carried out over x’.

(1.33)

2. THE ACTION OF THE CONFORMAL GROUP

It is well known that the representation of so(3,2) on
#, induced by the operators (1.15)~(1.18) exponentiates
to a global irreducible unitary representation of a cover-
ing group $O(3,2) of the identity component of SO(3,2).*?
The maximal connected compact subgroup of $0(3,2) is
S0(3)xS50(2), where SO(3) is generated by T'j,, 'y, Ty,
and SO(2) by I' ;. We will determine the explicit action
of this subgroup on #4/, as well as the action of several
other interesting subgroups of $0(3,2).

_ The operators My, My, M,, generate a subgroup of
50(3,2) isomorphic to SO(2,1). The action of this sub-
group on /4, is determined by

(exp6M ,)AK) = f(k, cOs 0 — k, 5inb, k,; sinf + k, cos¥),
(expaM,)f(K) = f(k,(a), k,), 2.1)
k) =k, + k)2 — eok2]/2(ky + ko), feH,.
(The result for M, follows easily from that for A,,.)
The P, generate a translation subgroup of $0(3,2):
(exp 2 a, P, )fK) =explia - k)f(K). 2.2)
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Unitary operators of the form exp} a, K, are some-
what more difficult to compute explicitly. However, the
subgroup SO(2,1), (2.1), transforms the vector a under
the adjoint action and there are only three distinct cases
to consider: (1) a=(ay,0;0), a,#0, timelike; (2)
a=(0,a,,0), a,#0, spacelike; (3) a=(a,, a,,0), lightlike.

We start with the timelike case. Note that the
quantities f’l’z’

fxxzz(k)zﬁ(kx =18k, ~ L)y, =0 <1 <o,
ijlllz:_ljflllz’ i=1,2, Pofllz.‘,:iloleta’

form a basis for /4, of generalized eigenvectors of the
commuting operators P,. The orthogonality relation is

(e a0 Ssysy? = 01 = 505 = 52)l,

2.3)

Iy= @+ )2 @4
Thus, the quantities &1, :Rfli'z’
gu1,(0) = (1/27) cosVv2l - &, (2. 5)

form a basis for //, of generalized eigenvectors of the
commuting operators K,:

Kjgl112:—iljgtilz’ Ko&r,=— o811y (2. 8)
<g11¥2!gslsz> =6(1; — 5,)8{ly ~ su)l,.
(Here we are using the fact that R is unitary.)
The unitary operator expaK; takes the form
(expak)(8) = [ | Gla,1, 8y anlh), feh,  (2.7)

where
Gla, 1, 8) =(explaK)fi, fs) =(R exp(— aPy)Rf1, fo)

=(exp(~ aPy)g;,&q)

e If exp(~ iak,) cosv2l -k cosv2s - k du (k).
{2.8)

We can evaluate this integral by expanding the cosines,

cosVal-E= Y exp[in(6 - @) a2k,

li+ily =1 explip), ky+iky=Fk,exp(if),
and integrating term-~by-term. The result is
Gla,1,8) = - (i/2na) exp(i(s, + ,)/a]
xcos{(1/a)V2(syly+sidy + S |

To compute the action of expaK;, we need a basis of
generalized eigenvectors of the commuting operators

(2.9)

Mgy, and P;. The basis is
Iy, (K) = (1/V21)6(S ~ 1) exp(iXT), = <p,a<,
(2.10)
S=k,, T=In(ky+ky), du(k)=dSdT.
Indeed,
M02h).u :“hw’ Plh'xu == i“-hxu,
(2.11)

(Bgyy Byr oy = 81 — )60 = 21),
A straightforward computation, using the unitarity of

R, shows that the Rh,, are corresponding eigenfunctions
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of M,, and K, satisfying the same orthogonality rela-
tions as the h,,. Here,

My (Rhy,) =iN(Rh,,), Ky (Rhy,)=—iuRh,,,
4(u/S)* cosh(am)Kyy, (2VSu ), Su > 0,

Rip, (o) = BT

(@n)3 7221 /2 2(— 1/ S)M Ky, (2 exp(~ mi/2)V=Sp)

+Kpyn (2 exp(mi/2)0V="51)], Su <0,
(2.12)

where K, (z) is a MacDonald function. The unitary opera-
tor expaK; assumes the form

(expak,)f(e) = | | Ha,, 9)f) du(), (2.13)

where

H(a,1,8) =(exp(@K,)fy, 1) = | ] (i, exp(= K RI)

(Rh,,,fo) dpdr= f ) f exp(- ina)Rh,, (\)Rh,,(8) du dx

1 .,
= Bnlal exp[—i(s; +1,)/a]

(2.14)

><cOS/ S1(l2 +1p) = Li(s2 + So) ) ’

\a(sy +so) 72y + 1)1 /*
as follows from a tedious computation.

The computation of exp[a(K,+K;)] can most con-
veniently be carried out in Sec. 5, where we relate
this operator to the free-particle Schrddinger equation.

The dilatation operator D generates the one-param-
eter group expaD,

(expaD)f(k) = exp(a/2)f(e°k).

We can now easily exponentiate the compact genera-
tor I'ys=3(P, - K;). Indeed, the operators P, D, and K,
generate an SL(2, R) subgroup of SO(3, 2). It is easy to
verify the relation

(2.15)

exp26T; = exp(tand P;) exp(- sinf cos6 K)

xexp(— 21ncos6 D) (2.16)

on SL(2, R), and, evaluating the right-hand side of this
expression, we find

(exp26T )l = 2552

Xcos[cscoV2{Ryl, + Rl +Raly) | F) dul),
(2.17)

Similarly, the operators Py, D, and K; generate an
SL(2, R) subgroup of SO(3, 2) and one can verify the
relation

exp[—i(ky+1,) cotb]

B8 +#nm.

exp20T'y, = exp(tand P,) exp(sind cosé K,) exp(- 2 Incosd D),
2y =K+ Py,

or
exp{— ik[(sin®6 + 1)/sind coso]}
26T,)f(K) = 1
(exp26T,)f(k) anlsind|
xff exp(-il; cotf)
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Byla +10) = 1y (kg + ko)
xcos [sinle o+ k2, 4 1)t /z]f(l) dp(),

8% nm/2. (2.18)

The operators (2. 18) together with the operators
expb My5, (2.1), determine the action of the SO(3)
subgroup.

3. THE LAPLACE OPERATOR

On restriction of our irreducible representation of
§O(3, 2) to the compact subgroup SO(3) this representa-
tion decomposes into a direct sum of irreducible
representations D; of SO(3), dimD,=21+1. We will
determine a convenient basis for #/,, which exhibits this
decomposition, This is a basis of eigenvectors of the
commuting operators I'y; and I'ys:

Ty f=iMf, Tasf=imf, —ils5=3ko(- Ongey ~ Orgry +1).
(3.1)

By setting B, =k,cos0, k,=k;sind, it is easy to show
that the ON basis of eigenvectors is

FEm™ &) =0 -m)!/nl+m)! 1% (2k,)™ exp(- k)
XL,(Z_:)(zko) exp(imb),
r=l+s, 1=0,1,2,---, m=-1,-1+1,...,L

3.2)

Here, L{*(z) is a Laguerre polynomial.

From this result and the first of Eqs. (1.30) we see
that the {f*™: m=1,1-1,..., -1} for fixed I form an
ON basis for the representation D, of SO(3). Further-
more, on restriction to SO(3) our representation de-
composes as

2. @D,
1=0

From the known recurrence relations for Laguerre
polynomials we find
Ty f @™ =3VT—m+ DT +m+1)fFbm
% l(l — m)‘(l' +m)f(l-1.m)’
Ppf®™ = Wlrm+ )T +m+1)fHbmD ®.3)
+3VT=-mYT=m =) f D L VT m) T+ m = 1)

xf(l-l. m=1) _ "I{N/(Z —m+ 1)(l — M+ 2)f(l+1,m-1)-

Using (3.1), (3.3) and taking commutators, we can
compute the action of any I',; on this basis.

Note the close connection between the eigenvalue
equation I'y; f=72f and the quantum Kepler problem in
two-dimensional space:

Hg=pg, H:_axx_ayy*'e/r’ 7=(x2+y2)1/2,
ff |g[2dxdy<°°.

The two eigenvalue equations can be identified provided
we set & =xV< i, ky=yV= 1, p=-e%/42%, The eigen-
value problems are defined on Hilbert spaces with dif-
ferent inner products, but from the Virial theorem!® we
see that if the energy eigenvalue p belongs to the point
spectrum of H and g is a corresponding eigenvector,
then g also has finite norm in //*. Conversely, if fis
an eigenfunction of I'y;, then [[ f12dxdy <= and f cor-

(3.4)
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responds to an energy eigenvalue o in the point spec-
trum of H. Since the eigenvalues X of I'y; are A=+ 3,
1=0,1,2,---, it follows that the point eigenvalues of H
are p; =—e*/4(l + 3)%. Although this is a satisfying ex-
planation of the point spectrum of H, it sheds no light
on the continuous spectrum of H since I'y; has only
point spectrum.

Using (1. 20), we can compute the corresponding ON
basis of positive energy solutions »"%*™ (x) of (1. 1):

ey = 1/47 [ | explik - x)f ™ (K) dps (k)

:[(l—m)!/411(l+m)!]”2exp[im(a—11/2)] (3.5)
X f.” expl(ixg — 1)k )(2ke)"T (k) L {20 (2ky) ke,
X1=7CcoSQa, x,=7sina,

In terms of the coordinates

o= sin¥ oo 8ino cosa
" cosoc—cos¥’ "! coso-—cos¥’
sino sina
Xy = —————— (3.6)

" coso —cos¥ ’

variables R-separate in (1.1) and (3. 5) to give

™ VT =m) 1 /87 + m) ! Vcoso — cos¥
xexp[- 1% + )] exp[im(a - 1/2) P (coso)
=[(=i)™!/Val +2]Vcoso - cos¥ exp[- iU + 1) Yo, @),
(3.7

where P7 is an associated Legendre function and Y7 is
a spherical harmonic. (We can always parametrize so
that coso — cos¥> 0. ) Indeed, in our three-variable
model we find

Dys=— 3, + £ s8iny/(coso — cosy), Tyy=2,. (3.8)

Thus 3™ (x) = Vcoso - cosy exp[— i(l + 3)] explima)g(o),
and, substituting into (1.1), we see that variables R-
separate and g(0) is a linear combination of Pj*(coso)
and @7'(coso). Evaluating the integral (3. 5) for special
values of the parameters, e.g., 0=0,n, we establish
3.7).

For future use we point out that there is another
model of our irreducible representation of §O(3, 2) in
which the eigenfunctions of I'y; and I'y; take an especial-
ly simple form. The representation space is the Barg-
mann Hilbert space 7, consisting of all entire functions
h(zy, 25) such that!’

fc><c |h |2d.§(z) <o, di(z)=(exp[- (|Z1 Iz + 132 Iz)]/ﬂz)

Xdxydxa dyy dyy,
Zj:xj"'iyj’ j=12. (39)
The inner product is

(i1 = [ o SR AE().

The carrier space for our representation is not 7, but
the subspace 73 consisting of all 2 < 7, such that
h(—zy, — 29) =h(z4,2;). The functions

f(l"")(ZuZz):ZimZ;-m/ L+m) (I —m)!,
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lzofliza”'y Wl:l,l—l,...,—l,

(3.10)
form an ON basis for 7;. Setting

1"45:(2'/2)(.21821+22622+1), Ty=3(z,29 - 8,,,.),

242
@1

F23 = (i/z)(ziazl - 22822), Ty :%(azizl + azzzz - Z% - Z%)

and comparing with expressions (3. 3), we see that we
have a new model of our representation of §O(3, 2) in

which the functions f ™ (k) can be identified with the

functions (3. 10). The explicit unitary mapping U from
#* to 7; which commutes with the group action is

Uf(Z1,22):fRf Uk, 2)f(k) du (&), fe i, 5.12)
where 2
U(k,Z):XE f'(l,m)(k)f(l,m)(z)
=[exp(k, + 2, + Zz)/ﬁ] cosh[v2k,
X (a1 exp(=6/2) ~ 2, exp(i6/2))], (3.13)

ky=kycos8, Pky=k;sinb,

For convenience we will list the pairs of commuting
second order elements in the Lie algebra of §O(3, 2)
which correspond to each coordinate system we discuss.
Thus the system (3. 6), (3.7) corresponds to the
operators

1) F§5) F%3'

There is also a Lamé-type coordinate system related to
the SO(3) subgroup and determined by

2) FES’ F%2+02F%3, a#:oy

which we shall not treat here. The relationships between
1) and 2) are discussed in Refs. 4 and 9. These systems
correspond to the eigenvalue equation for the Laplace
operator on the sphere S,.

4. DIAGONALIZATION OF Py, P,, AND D

We next look for those coordinate systems permitting
separation of variables in (1. 1) such that the corre-
sponding basis functions ¥ are eigenfunctions of P;:
Py¥ =i2¥. For such systems we have ¥ (x) = exp(iax,)
x®(x(, x,), where

(841 + B9p + 2H)@ = 0. 4.1)

Thus the equation for the eigenfunctions reduces to the
Helmholtz equation (4.1). Now P, commutes with every
element in the Euclidean subalgebra £ (2) generated by
P,, P,, and M,;,. The Euclidean group in the plane E(2)
with Lie algebra £ (2) is the symmetry group of (4. 1).
It is known that this equation separates in exactly four
coordinate systems, each system corresponding to a
symmetric second- order element in the enveloping
algebra of £(2). See Refs, 1, 6, and 18 for discussion
of these matters as well as listings of the coordinates
and the related eigenfunctions. The pairs of commuting
second order symmetric operators associated with
these systems are

3) P%, P3, Cartesian,
4) P, M}, polar,
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5) P3, M,Py+P,M,;,, parabolic cylinder,
6) P3, M3, +P}, elliptic.

On //* the requirement P, f=i\f implies f(k)
=8(ky — N)g,(0), where >0, &=k cos8, ky=k,sinf. The
search for the functions g, reduces to a study of the
Hilbert space L,[0, 27] on which E(2) acts via

M, = 3. 4.2)

As is well known, these operators determine a unitary
irreducible representation of E(2) on L,[0, 27]. Once
the eigenfunctions g, ,(6) of the second operator in 3)—
6) have been determined, the corresponding separable
solutions ¥,, of (1.1) can be obtained from the relation

P =—ixcosf, P,=-ixrsind,

T

. 2r
b, , (x) = E%LZ—)‘—)C—O) f exp[— iM(x; cos6 +x, sind)]g, (0) d6.
0

4.3)

The eigenfunctions g,, and the corresponding integrals
(4. 3) have been worked out in Refs. 1 and 6. For future
reference we give the basis 4):

Py, =ixY,,, M ¥, =in¥,,, n=0,z1,£2,---,

f).n(ko, 9) = 6(kO - )\) eXP(me)/‘/ﬂ, <f)myfx’n’> = 6()\_ x,)Grm”

4. 4)
‘I/kn(x(]s ’}’, (P) = [(_ l)n/\/’s_ﬂ] exp[i()\xo +nqo)]J,,(M’),

X{=7Ccos¢, X,=7sing.

Now we search for coordinate systems allowing
separation of variables in (1. 1) such that the basis func-
tions ¥ are eigenfunctions of Py: P,¥ =-iy¥, Here we
have ¥ (x) = exp(~ iyx;)®(x,, x;), where

(30~ 241 +¥))@ =0. (4. 5)

The operator P, commutes with the pseudo-Euclidean
subalgebra £ (1,1) generated by P;, P;, and M, and,
indeed, the pseudo-Euclidean group E(1,1) is the sym-
metry group of (4. 5). This equation separates in nine
coordinate systems associated with nine symmetric
second order operators in the enveloping algebra of

£ (1,1). Details on the coordinates and basis functions
are given in Refs, 1, 3, and 10. The pairs of commut-
ing operators associated with the corresponding solu-
tions of (1.1) are

3)' P}, PPy,
7 B,
8) P}, My Py+PMy,
9) P, Mi - (P,+P,y,
10) Pi, M +(P,+ Py,

2
Mg,

11) P, My (Py= Py))+(Py~ P)My = (Py+ Py)?,
12) P}, M}, - PP,

13) P}, Mj;+ P,

14) P}, M, - P

The case 3)’ is equivalent to 3).

On //* the requirement P, f=-iyf implies f(k)
=8(k; - v)g,(£), where — = <y<w, ky=|k,l sinhi, k,
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= {ky| cosht. The search for eigenfunctions reduces to
a study of the Hilbert space L,(R) on which E(1,1) acts
via

P,=i|y|cosht, Py=—ily|sinht, My =2, (4.6)

These operators define a unitary irreducible represen-
tation of E(1,1) on L,(R). After the eigenfunctions

&, (£) of the second operator in 7)—14) have been deter-
mined, the corresponding separable solutions ¥,, of
(1.1) follow from

¥, ) = SR r) f expli | 7| Gy coshe - x, sinhg)]

Xgy, (£)d&.

The eigenfunctions g,, and the integrals (4.7) are com-
puted in Ref. 3 for cases 7)—12) and various overlaps
between these bases have been determined. Here we
give only the basis 7):

4.7

PV, =—iy¥, My¥,,=ip¥,,,
Frully, £) = 6(ky — ) exp(i£)/V2r,
Frus Fpued = 6y = ¥")0 (1 = "),

¥, , (%3, p, 6)= (1/V87%) exp(i(n6 - yx)JK;, G | v | o),
xg=pcoshf, x;=psinhé.

-0 <y, U <™,

(4.8)

Next we look for coordinate systems yielding separa-
tion of variables in (1. 1) such that the basis functions
¥ are eigenfunctions of D: D¥ =~ v¥  In this case we
have ¥ () =p""/2@(s,, sy, 5,), Where

- 2 2 2 _
Xg=PSq, P20, Sj—sj—si=¢

and €=+1,~1, or 0 depending on whether x-x>0, <0
or =0. It follows from the second of Egs. (1.30) that

M2y — M3, — M3)@(s) = (12 + §)&(s). (4.9)

Now D commutes with the subalgebra so(2, 1) generated
by My,, My, and My, and in fact SO(2,1) is the sym-
metry group of (4.9). This equation separates in nine
coordinate systems associated with nine symmetric
second order operators in the enveloping algebra of
s0(2,1). The details for the case e=+1 are worked out
in Refs. 4 and 10. The pairs of commuting operators
associated with separated solutions of (1.1) are

15) D%, M, spherical,
16) D% M2, equidistant,
7)" D%, (Mg~ My,)?, horocyclic,

17) D%, M}, +a’M:,, elliptic,

18) D?, M: - a’M3,, hyperbolic (0<a<1)

19) D%, — My,Myy -~ MM,y +aMs,, semihyperbolic

(0<a<w)

20) D%, aMjy+ Mgy + My — MypMyy ~ MyyMy,
elliptic-parabolic (0 <a)

21) D%, —aMj+ Moy + My — MypMyy = MyyMy,
hyperbolic-parabolic (0 <a)
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22) D%, MMy + My Myy — Moy My, = Myy M,
semicircular-parabolic.
[System 7)’ is equivalent to 7). ]

On /4* the requirement Df = - {vf implies f(k)
=k;?1/2p,(6), where — = <y <, k;=k,cosb, k,=k,sinb.
The eigenfunction problem thus reduces to a study of the
Hilbert space L,[0, 27} on which SO(2,1) acts via

My;=284, My ==-8in8dy— (iv+3)cosé,

My =cos60,— (iv+3)siné, (4.10)
These operators define a unitary irreducible represen-
tation of SO(2,1) which is single-valued and belongs to
the principal series: I=—- $+4|v!. Once the eigenfunc-
tions #,,(6) of the second operator in 15)—22) have been
determined, the corresponding separable solutions

¥, of (1.1) can be obtained from

o2 2r ,
U, (x) = P P(g-iv)f exp[+in(z - iv)/2]
0

|sg— 51 c086 - s, 8in60| 1'%, (0)d6,  (4.11)

where the plus sign occurs when s; - s;c086 ~ s, 5iné >0
and the minus sign occurs when this expression is <0.
We list explicitly the basis 17):

D\I’vm:_iv\l’vmv Myp¥,, =im¥,,, —*<v<o,

m=0,z1,"--,
fvm(k()’ 9) = ks‘v.‘i /2 eXp(‘inG)/Z‘ﬂ, <fvm’fv'm'> = 6(V - Vl)émm' 2
iv=l /2
47

v, (x)=2 T(-iv—m+ %) explir(3 - iv)/2] (4.12)

X P, 1 /2 (cosha) exp(img),
x,=pcosha, x =psinhacosy, x;=psinhasing.

Here, the expression for ¥,,(x) is the one valid for
x+x>0, x,>0, There is a similar result for the case
x-x>0, x, <0, but the expression for the case x-x <0
is somewhat more complicated:

v-1/2 (Q{p(— in/4 - vn/2)+ (= 1)" exp(in/4 + v 2))
VT exp (- mv) + exp(mv)
x {cosha)/2P:%, ,({tanha) explim @),

T, (x) = £

(4.13)

xy=psinha, x,;=pcoshacose,

xy =pcoshasing, a>0.

For a <0, ¥,,.(x) is equal to expression (4. 13) multi-
plied by (- 1)™ and @ replaced with - a. Finally, for
x-x=0, x,>0 we have

v, () exp in(%—iv){z Cleiv—m+d)

4n2n
X [exp[— (z +iV)a]F(—;_-(:_;;—y—)i_v_) (4.14)

+expl %+iv)a]r( )] exp(imo)

T-om+iv
x,=¢€% =x=ecosy, x,=e’sing.
5. THE SCHRODINGER EQUATION

Of special interest are the coordinate systems
permitting separation of variables in (1. 1) such that the
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basis functions ¥ are eigenfunctions of Py + Py: (P, + P)¥
=if¥. For this case we have ¥(x) = exp{isB)®{f, xy),
where 2s =x,+xy, 2{=x;-x,. The function & satisfies
the free particle Schridinger equation

(£B3, + BX222)<I>(1, X9)=0.

This equation admits as symmetries the operators
P=Py, Ko=~Py+P;, £=Py+Py, A3 =§(Moz‘M12):
D==-D=My, Ky=-1iE,+K), (5. 2)

{5.1)

which all commute with P, + P, =£. These operators
form a basis for the six-dimensional Schrdédinger
algebra of (5.1). Indeed the script notation and the com-
mutation relations for the basis agree with that found in
Ref. 5, where equation (5.1) was analyzed. The pairs
of commuting operators associated with separable sys-
tems for (5. 1) are (deleting squares as in Ref. 5):

3)" Py+ Py, Py,
23) P, +P,, P,- P, ~-3iK,-:K,, oscillator,
24) Py+ Py, Py-Pi+aMpy~aMy,,

free particle,

a#0, linear potential,

25) P,+P;, D+My, repulsive oscillator.

(The so-called free-particle coordinates 3)” are the
same as 3). ] On 4" the requirement (P, + P,)f=i8f im-
plies f(kK) =ub(u — B)lz(v), where >0, u=kj—ky, v="F,.
Thus, the search for the I; reduces to a study of the
Hilbert space L,(R) on which the Schrddinger group acts
via

6:ZB| p:—'i'l), 8:}2‘681), Dz_é_vau’

K-z:_il’z/ﬁ, KQZ‘%BBW- (5. 3)

As shown in Ref. 5, these operators determine an
irreducible unitary representation of the Schrodinger
group on Ly(R). Once the eigenfunctions /,,(v) of the
second operators in 23)—25) have been determined, the
corresponding separable solutions ¥, of (1.1) can be
computed from

g (x) = e_xp4_(§ﬁ_s) f«» exp[—i(W¥%/B+vx) g} dv. (5.4)

For reference we list the basis 23):

(Py+ PV, =if¥g, {(Py— Py - %KO - 711Kl)\l"tirz:i("“r%)\Ilfm

n=0,1,2,", fa,lu,v)= (n!uj%;")i) exp(- v*/B)H,

<))

<an,fB'n'> = 66(3" B')bnn'a

. T /2 : nj/2
_expliBs){=1) g \! (1 —it
Wen(s, 2, %5) —4(n!2"1r )2 1+t T
2 1/2
- x4 B ) )
><e""(4(1 +it))H"<x°<2(l o) )
Using the «, v coordinates we can easily compute

expla(K,+K{)]. Indeed from the expression for K, in
(5.3) and formula (3. 8) of Ref, 5 we find

{explalK, + K )f 1k, ky)

(5. 5)
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1 = (= (kg —w)
" [Bria, - k)12 f_., e"p(4ia(ko = kt))

xf(uzz-___gko_—k_l)z ,w)dw, fC—:H’,

2 - Fy) (5. 6)

6. THE EPD EQUATION

Next we look for coordinate systems yielding separa-
tion of variables for (1. 1) such that the basis functions
¥ are eigenfunctions of Myy: M,¥ =im¥, We have ¥(x)
=exp(im@)®(x,, ), where

X, =7 CcOo8¢Q, Xx,=7sing,
and $ satisfies the Euler—Poisson—Darboux equation

m2

1
(aoo-a"—;an?—)@:o (6.1)

or
(T3 - T - T4)®=(Th+H)e=-m+3)m-3)® (6.2)

from the last of expressions (1,30). The symmetry
group of (6.1) is SL(2, R) and is generated by the sym-
metry operators I'ys, I'yy, I'sy.

The coordinate systems in which (1. 1) separates via
(6. 1) are characterized by the following pairs of com-
muting operators [y, =My, T'y;=D, Ty5=2(Py-K,), Ty,
=3(P, +Ky)]:

1 T, T,
4)" T3, (Tg+ Ty,
17)' I3, Tis,
26) T3, 2T+ Tyslyg+ T'yeLys,
27) T35, 2T35+TysTys+ Tyl
28) T%, Il +a(TyTy5+TysTys), a#0,
29) T%;, I'i+al%,, a#0,
30) I, al%,+T%, a+0,
31) Ty (Tiy+Tys)Tys+ Tis(Tyg + Typ).

(6.3)

These statements will be proved and the corresponding
coordinate systems derived in another publication.

On //* the requirement M,, f=imf implies f(k)
=exp(tm8)j ,(k,) where m=0,+1,+2,--., ky=k;cos6,
ky =k, 8in6. The eigenfunction problem reduces to a
study of the Hilbert space L,[0, ©] on which SL(2, R)
acts via

i 1 m?
1"45='§k0 (— a,,oko— 73;8’!04-—’% +1>,

i 1 m?
2k° (akoko + 'I;(; Bko - ;g— +1) ,

Ty= (6. 4)

Ly5=3 +Rody.

This action is irreducible and unitary equivalent to a
single-valued representation of SL(2, R), not SO(2,1),
from the negative discrete series D7, .4 /2, as can be
seen from (6. 2) and (3. 2). Indeed, the eigenvalues of
Tys in this model are i(n+3), n=lml, Im] +1,

Iml +2,---. This model of D] has been studied by a
number of authors, e.g., Refs. 19, 20, but the connec-
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tion with separation of variables in the EPD equation
has not been pointed out before. In another publication
we will use this and other models of the discrete series
Dj to study the spectra of the operators (6. 3) and derive
special function expansions related to the EPD equation.

7. DIAGONALIZATION OF I',5-T

Finally we look for separable solutions of (1.1) such
that the basis functions x are eigenfunctions of
L =4(T,, -T',): Ly = iky. Introducing the coordinates
(3. 6) and setting x(x) =Vcoso — cos¥®, we find

1
+ = p)
sin‘c

1 .
(;i_n; 34(sinod ) ~ dyy — 1 aw><1> =0. (7.1)

Now we choose as independent coordinates o, 8, p where
B=a+¥, p=a-¥, Interms of these coordinates, the
induced action of L on @ is L =9, and the solutions of
Ly =iky are x(x)=vcoso — cos¥ exp(ikB)O, where

(sin%0d,, + coso sinod, + (5 — «) cos’o — 2ik(sin’o + 1)2p

(7. 2)

The symmetry algebra of (7. 2) is sI(2, R) with basis
A=3(Ty+Ty5), B=3(Tyy+Ty5), C=2(Tp5-Tyy)

+cos’0d,,~ 10(0,p) =0.

(7.3)
and commutation relations

[AyB]icy [C’A]=B’ [C,B]:A_ (7.4)

Moreover, it is straightforward to verify the identity
A'-B - C*=1%+1, (7.5)

In terms of the coordinates o, B, p we also have A=9, as
the action of A on the solutions of (7.2). From (3. 1),

(3. 2) we see that the spectrum of L is given by «
=3(s+3), s=0,1,2,---, and for fixed « the eigenvalues
wof —iA, AG=iu0, are u=1+5-5s/2, 1=0,1,2,+--,
In terms of (7.5), Eq. (7.2) becomes

(A’~B* - CY0 =~ (k- 3) (- k+3)O (7.6)

so that the solutions of (7. 2) form the basis space for a
model of the representation D, ,,, (negative discrete
series), of the twofold covering group of SL(2, R).

The problem of separation of variables for (7. 2) has
not been settled yet. We will investigate this problem
in a future paper to see if there are for this symmetry
algebra exactly nine separable systems corresponding
to the nine orbits of second-order operators just as
found in Secs. 4 and 6. At the moment we know definite-
ly only the subgroup systems:

1) L% A%,
32) L% B,
33) L% (A+B).

Except for 1)’ our //,-model is not very convenient for
systems of this type. Thus, in later publications we
shall employ the model (3. 11) and other models of the
discrete series, such as those found in Refs. 19 and 21,
to study this case. This conclude our list of semisub-
group coordinate systems in which variables separate
in (1.1).
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8. CONCLUDING REMARKS

In the previous sections we have classified all separa-
ble coordinate systems for the wave equation such that
the defining operators take the form A%, S where A
€50(3,2), Sis a second order symmetric element in
the enveloping algebra of so(3,2) and [4, S]=0. As ex-
plained in the Introduction, SO(3,2) acts on the pair via
the adjoint representation to generate an orbit of
SO(3, 2)—equivalent pairs of commuting second order
operators. Coordinate systems corresponding to
equivalent pairs of operators are considered as
equivalent,

By choosing appropriate examples it is easy to show
that there are elements A in so(3, 2) for which there is
no S such that the pair A, S corresponds to a separable
coordinate system. To see why this is the case, we
classify the orbits in so(3, 2) under the adjoint action of
SO(3, 2). This classification has been obtained in princi-
ple by Zassenhaus,? but we present the results here in
a much more explicit form. Indeed, we list the possible
eigenvalues of a 5x5 matrix A € so(3, 2) and for each
choice of eigenvalues we list a canonical form T’

e s0(3, 2) such that I'=TAT™! for some T € SO(3, 2),

i. e., we list an element T on each SO(3, 2) orbit in
s0(3,2). From the relation A’ =~ GAG it follows easily
that det(A - AE) =~ det(4 + AE), where x=a +if€ € and
E is the 5 x5 identity matrix. Thus, A=0 is always an
eigenvalue of A and, if A#0 is an eigenvalue, then so
are — X and A, We use the notation A(n), n=2,3,4,5, to
signify that A corresponds to a generalized eigenvector
x of rank n, i,e., n is the smallest integer m such that
(A-2EY"x=0.

Possible Eigenvalue

1. O,i)\,:t;\
A=a+iB, o, B#0

a(Tyy+ Tyg) + B(Taz — Ty5)

2. 0,za,x8 al'y + Bl
B#0

3. O,ia,iiﬁ QF14+I3F23
o, B#0

4, 0,xia,+iB alyy— BTy

o,B#0
5. 0, a(2), - «(2)
6. 0,ia(2), -ia(2)

Py + Py + oD+ M)
2aL +A +B [see (7.3)]

a#0

7. 0,0,0,i8 BTy, or AT,
B#0

8. 0(3),ia,-iv 1/V2(Ty5+ Tys) + alyy
a#0

9. O(8),xq 1/V2(Ty5+ Ty5) + alyy
a#0

10. 03),0,0 Py or Py

11. 0(5) 1/V2(Dy3+ Ty5)

+3(Tp5 =~ Tyg+ Tyg+ I'ys)
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Canonical Form T'e€so(3,2)

Suppose A =T takes the form 1. It is straightforward
to show that the operators 2B =Ty, + [y and 2L =Ty - 'y
commute with each other and that the only nontrivial
elements of so(3, 2) commuting with A are linear com-
binations of B and L. Thus the separable coordinate
system associated with a pair A%, S and of the type dis-
cussed in the last paragraphs of the Introduction is
equivalent to the system associated B® and L?, i.e.,
the system 32). Similar remarks hold for cases 29,

The operator of case 11 lies on the same orbit as the
linear potential operator 24): P, — P, +aM,, ~aM,,. This
latter operator commutes only with a linear combina-
tion of itself and P, + P,.

It is clear that we can use our //,-model to compute
the spectra corresponding to pairs A%, S and to com-
pute overlaps between basis functions corresponding to
distinet pairs, in analogy with the procedures developed
in Refs. 1—7. We will present these results in
forthcoming papers.
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The cylindrically symmetric solutions for the Einstein-Rosen metric of a scalar—tensor theory proposed

by Dunn have been obtained. A method has been given by which one can obtain, under certain conditions,
solutions of this scalar—tensor theory from known solutions of the empty space field equations of Einstein’s
theory of gravitation. It is also found that one of the solutions of the scalar—tensor theory is nonsingular
in the sense of Bonnor. Further some special solutions are obtained which reduce to the well-known
solution of Levi-Civita and a time dependent solution obtained by Misra and Radhakrishna.

1. INTRODUCTION

Motivated by the ideas of Mach, Brans and Dicke' in-
troduced an alternative theory of gravitation involving
a scalar function as well as the metric tensor. This
scalar—~tensor theory is not purely geometrical, how-
ever, as the scalar field is introduced in a rather ad hoc
manner into the Riemannian manifold.

Several attempts have been made to cast a scalar—
tensor theory of gravitation in a wider geometrical con-
text. Brans and Dicke observed in their work the formal
connection between their theory and that of Jordan®
which uses a five-dimensional manifold. Ross® has con-
structed a scalar—tensor theory of gravitation using the
Weyl formulation of Riemannian geometry, and Sen and
Dunn® have introduced a scalar—tensor theory modeled
on a modification of Riemannian geometry suggested by
Lyra.

Recently Dunn®'® has introduced a geometry which dif-
fers from the usual Riemannian geometry in that its lin-
ear connection has nonvanishing torsion defined in terms
of a scalar function. In this way both the metric tensor
and the scalar field have a well-defined geometric
meaning in the spirit of general relativity. Based on
these considerations Dunn® has formulated a scalar—
tensor theory of gravitation whose field equations are
identical in the vacuum case to those given by Dicke’ in
an alternative presentation of the Brans—Dicke theory.
Further, Dunn® has also found the static spherically
symmetric solution of these field equations and it has
been found that, with a proper choice of parameter, this
theory agrees with experimental results in the three
classical tests of red shift, light deflection, and peri-
helion advance.

In the present paper we have investigated cylindrical-
ly symmetric solutions of the field equations of the
scalar—tensor theory proposed by Dunn® for the
Einstein—Rosen metric®® and have given a method by
which one can obtain, under certain conditions, solutions
of the scalar—tensor theory from known solutions of
Einstein’s theory of gravitation. It is also found that one
of the solutions of the scalar—tensor theory is nonsin-
gular in the sense of Bonnor.!° Further, some special
solutions have also been obtained, two of which reduce
in Riemannian space—time to the well-known solution
of Levi-Civita!® and a time dependent solution obtained
by Misra and Radhakrishna.'?
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2. FIELD EQUATIONS AND THEIR SOLUTION

This section deals with the general solution to the
vacuum field equations of the scalar—tensor theory of
gravitation formulated by Dunn® in the cylindrically sym-
metric case with Einstein—~Rosen metric. In the regions
of space—time with zero charge and mass densities the
field equations of this scalar—tensor theory are

(2.1
(2.2

Ry ~3gR=(6R"/2X) (A 12 ; ~ 2812 1),
/%Y1 ;V=gg) - (A A/ Ng V=g =0,

where R;; is the Ricci tensor and R the curvature scalar
of the metric g;;, A is scalar field, and k is a constant.
If k=0 or A is a constant, the connection of the space—
time is metric-preserving and torsion-free, i.e., we
have the Riemannian geometry.

The cylindrically symmetric Einstein—Rosen metric
is

ds?=exp(n—= 8)(dt* - dr?) = r*ed¢? ~ &° dz?, (2.3)

where 6 and 77 are functions of » and £ only and 7, ¢, z,
t correspond respectively to xt, x%, x%, x* coordinates.
The cylindrical symmetry assumed obviously implies
that » ,=x ,=0, i.e., A is a function of » and # only.

With the metric (2. 3) the field equations (2.1) and
(2. 2) reduce to the following equations

11— Oy +8,/7=0, (2.4

=57 (6f + &) — 6R%r(hf + 1)), (2.5)

Ny =7(8,8y) ~ 12k% (s 1), (2.6)

Thy — Ny +32 (8 - 65) = 6£%(1f - ), 2.7

hyy ~hyy +hy/7r=0, (2.8)
where we have put

r=é, (2.9

The lower suffixes 1 and 4 after an unknown function de-
note partial differentiation with respect to » and £, re-
spectively. Equation (2.7) can be obtained from Eqs.
(2.4), (2.5), (2.6), and (2.8), and so we shall consider
the solution of these four equations only. Also the in-
tegrability condition for (2.5) and (2. 6), viz., Ty=1y
is satisfied by virtue of (2.4) and (2. 8).

Equations (2.4) and (2. 8) are Euclidean wave equa-
tions in cylindrical coordinates whose solutions can be
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obtained by well-known methods.'® Equation (2. 4) deter-
mines 6 while (2. 8) determines the scalar function ,
both representing waves. As is evident from (2. 5) and
(2.8), 71 consists of two parts one depending on & and
the other depending on #. This shows that in the scalar—
tensor theory® the space—time metric (2. 3) depends on
the tensor field g;; and the scalar field X both.

There are infinite number of possible combinations
of 6 and h that can be used to obtain a solution of the
scalar—tensor theory. However, if we restrict our-
selves to the case when 6 and 7 are functionally related
then (2.4) and (2. 8) yield

b=ah+b, (2.10)

where a and b are arbitrary constants. In view of (2.10)
Eg. (2.4) reduces to (2. 8) which determines the form
of scalar function k. The use of (2, 10) in (2.4) and (2. 5)
gives

Th = 5vK3(hf + ), (2.11)

Ny = vK*(Ihy), (2.12)
where

Ki=g? - 12k% (2.13)
Now making the substitution

h=y|K, i.e., \=exp(d|K) (2.14)
in (2.8), (2.11), and (2.12), we have

Py = Yoy T /r=0, (2.15)

=357(If + 1), (2.16)

M =r({1¥y). (2.17)

The integrability condition for (2.16) and (2.17) is
satisfied by virtue of (2. 15). Hence, whenever ¢ is
known from (2.15), & and X are determined from (2. 14),
1 from (2. 16) and (2.17), and 0 is determined from
(2.10) and (2.14), which can be written in the form

6=[a/(a® - 1265 /2] p+ b, (2.18)
Equation (2. 15) is known to have a solution of the form
[AJ (wr) + BY ((w7)] cos(wt +€),

where A, B, w, € are constants and Jy(w?) and Y(wy)
are Bessel’s functions of order zero and of the first and
second kind, respectively. Since Y (w?) ~~ > as #»~0
we take B=0 and a typical solution of (2.15) is of the
form

= AJdwr) cos{wt +€). (2.19)

The general solution of (2.15) can obviously be ob-
tained by superposing terms of the form (2. 19) and from
that the solution corresponding to any desired situation
can be obtained by a proper choice of the arbitrary
constants.

Consider now the space—time metric

ds?= exp(n- z}))(dtz —dr?) ~ e dpd - e de, (2.20)

where ¥ and 77 are functions of » and ¢ only. The empty
space field equations of Einstein’s theory corresponding
to (2. 20) reduce to (2.15), (2.16), and (2.17) only.
Hence of the five equations (2.14)—(2. 18) taken along
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with the space—time metric (2.3) which represent an
erapty space solution of the scalar—tensor theory, three
equations, viz., (2.15), (2.16), and (2.17) taken along
with the metric (2. 20) represent an empty space—time
in Einstein’s theory of gravitation. Thus, we have es-
tablished the following result:

“For every solution of (2.15), (2.16), and (2. 17) cor-
responding to the metric (2.20) which represents an
empty space—~time in Einstein’s theory of gravitation,
we have a solution given by (2.3), (2.14), and (2.18),

P and 7 remaining the same, which represents an empty
space—time in the scalar—tensor theory.®”

3. A NONSINGULAR SOLUTION OF THE SCALAR-
TENSOR THEORY

Einstein and Rosen® and Rosen® have obtained solutions
of the wave equations of the type (2.15) which lead to
particular cases of the metric (2. 20) corresponding to
progressive or stationary gravitational waves. These
solutions contain singularity along the axis of z, pre-
sumably representing the source of the waves. Later
Bonnor'? obtained a nonsingular solution of (2. 15) by
adapting the procedure applied by Synge.'* Bonnor'’ has
shown that Eqs. (2.15)—(2.17) have nonsingular solution
given by

z!):Z\/_Z_c{[u-F(uz +u2)1/2][(u2 +Ua)}1 /2’ (3_ 1)
n=~{[2c220? - v¥)]| @* + %
+ (/PRI - B~ 1B (u® + D3] + 1), (3.2)
where
u=r - B +1%, v=2lt, (3.3)

¢ and ! being arbitrary constants. Hence, corresponding
to a nonsingular solution of Einstein’s empty space field
equations given by (2.20), (3.1), (38.2), and (3.3), we
have a solution of the scalar—tensor theory given by
(2.3), (2.14), (2.18), (3.1), (3.2), and (3.3), which is
also nonsingular in the sense of Bonnor."’

4. SOME SPECIAL SOLUTIONS

In this section we shall obtain some special solutions
of the scalar—tensor theory. 5 We consider the field
equations (2.4), (2.5), (2.6), and (2.8) along with the
relation (2. 9) and the space~—time metric (2. 3) and
making certain assumptions we obtain the corresponding
exact solutions.

Case (i)

6 and h are functions of ¥ only. Then from (2.4) and
(2. 8) we have

d==-qh (4.1
and

h=1log(r|7ry), i.e., \=7|7y, (4.2)
where ¢ and 7, are constants. These give

5=~ glog(r|ry. (4.3)
The use of (4, 2) and (4. 3) in (2.5) and (2. 6) yields

n=(3q% - 6k%) log(r | 7,). (4.4)
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Thus (4.2), (4.3), and (4. 4) with metric (2. 3) consti-
tute the solution of the scalar—tensor theory. This solu-
tion is also valid for 2=0 if we restrict the possible
values of ¢ such that g # 0. In this case the geometry of
the space—time is Riemannian and the space--time met-
ric becomes

w2

0 ¥y ¥
(4. 5)
This is the well-known Levi—Civita solution'! corre-
sponding to a line mass placed along the z axis.
Case (i)

6 and s are functions of { only. In this case the solu-~
tion of the field equations is

h=kt, i.e., A=kl (4. 6)

5=kt (4.7
and

=45k - 6E2E) 12 (4.8)

where &, k{, and &, are arbitrary constants.
Case (iii)

0 is a function of ¢ only and & is a function of 7 only.
In this case the solution of the field equations is

6= - mt, (4.9

h= kg logy, (4.10)
and

n=m®2/4 - 6k*k% log, (4.11)

where m and kg are arbitrary constants.

If we take k=0, the geometry of the space—time is
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Riemannian and the corresponding space—time metric is
ds? = exp(m®r2/4 + mt)(dt* - dr®) - ¥* exp(mt) d¢*

- exp(~ mt) dz®.
This is the metric mentioned by Misra and
Radhakrishna.'? This is a nonstatic solution of Einstein’s
empty space field equations and is of type II according
to Pirani’s criterion.'®
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For any group G, which contains an index-3 subgroup G, it is shown that either (a) G is an invariant
subgroup or (b) G contains an index-2 subgroup G,, where G, is an invariant subgroup of G,. For case
(a), G and its cosets give rise to three operators which span a stable three-dimensional subspace of the
group algebra which further reduces to three one-dimensional stable subspaces. For case (b), G, and its
cosets give rise to six operators which span a six-dimensional stable subspace of the group algebra which
reduces to two one-dimensional and two two-dimensional irreducible stable subspaces of the group algebra.
The irreducible representations and the corresponding basis elements of the group algebra are given for
both cases. Landau’s second theorem pertaining to second order phase transitions is proven.

I. INTRODUCTION

In this paper we discuss some features of groups
containing a subgroup consisting of one third of the
group elements. We derive the structure of such groups
and give explicit irreducible representations which are
characteristic of them. Interest in such groups springs
from their relevance to the theory of second order
phase transitions. In their classic text on statistical
physics, Landau and Lifshitz! make the statement: “It
appears that the following theorem is also true: No
second-order phase transition can exist for transitions
involving the decrease by a factor three of the number
of symmetry elements (owing to the existence of third~
order terms in the expansion of the thermodynamic
potential).” In a recent review article, Cracknell? con-
jectured that this theorem probably could not be proven
in the general case.

Thus, we were motivated to a general study of such
groups and to a proof of Landau’s theorem. We have ob-
tained two distinet proofs, one of which is based on
group representation theory which is presented here.
The other proof will appear separately.?

H. STRUCTURE AND REPRESENTATIONS

We shall denote sets of group elements by capital
letters and members of sets by corresponding lower
case letters, e.g., he Hor h, € H,. The order of any
such set will be denoted as an absolute value, e.g., the
order of set H is denoted | H|. We shall be discussing a
group G,/G. In the second case, there exists a subgroup
with | G| =N and the distinct left cosets H=hk,G and
K=k, G. In an obvious notation G,=G +H +K.

As is shown in the Appendix there are two situations
that can occur, In one case G is an invariant.subgroup,
so that G, H, and K are the elements of the factor
group G,/G. In the second case, there exists a subgroup
of G, namely G,, where |G,| =1G|/2, which is an in-
variant subgroup of G,. For this case the factor group
G,/G, is of order six. The sets G, H, and K each
divide in half respectively into sets G,, G5, H,, Hy,
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K,, and K, which are the elements of this factor group.
The group multiplication table for this case is shown in
Table I.

For this second case, we introduce the operators
G G H H KA, a.nd K The first is defined as
!G I'IE &as w1th correspondmg definitions for the rest.
Under multiplication these operators form a group iso-
morphic to G,/G,, which has three classes, viz. GA,
(HA,K ), Gg,Hy, Ky). Regarded as elements of the
group algebra,* the six operators are bases for a six-
dimensional subspace, which reduces like the regular
representation, into two one-dimensional and two two-
dimensional irreducible subspaces.

We mtroduce the operators G G_, ﬁ , etc., in which
G G * GB , and correspondmgly for the others We ex~
press the operators that span the irreducible subspaces

r.,, T., T, and I';in terms of these operators as
follows:

r,:4 =G, +H +K,;

D.:A =G +H +K;

T, : B, =VI/6(2G, - H,-K,),

Ezzvl_;Z(fI~+—l?+);
T, B =vI/2H. -K.),

TABLE I. Multiplication table for the set operators. The table
gives the product operation of an element (set) on the left and

an element (set) at the top, e.g., K Hp=Gp.

Ga Gp Hy Hp Ky Kp
G,  Ga Cs Hy Hy K, Kz
Gp Gy G, Ky K, Hy H,
H, H, Hy K, Ky Gy Gy
Hy Hy Hy Gy G, Ky K,
Ky Ka Kp Gy Gp Hy Hy
Ky  Kg Ky, Hy H, Gy G,
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TABLE Ila, Character table for the irreducible representa-
tions of the set operator group for the case that [Gp! =0
[w=exp@ni/3)].

G, Hy KA
T, 1 1 1
r 1 w*
T* 1

w w*

TABLE IIb. Character table for the irreducible representa-
tions of the set operator group for the case that [Ggl =1G,1.
Read Cy, as the class of Hy, etc.

Ce, 2Cy, 3Cq,
T, 1 1 1
Iy 1 1 -1
T or Iy 2 ~1 0

The case in which G is an invariant subgroup corre-
sponds to the second case except that G5, Hy, and K,
are absent. In this case there are three one-dimensional
representations of the factor group. This can be thought
of as a limit of the second case in which G, =G, =G
= 5, etc. It is of interest to note that the two-dimension-
al subspace reduces into the one-dimensional subspaces:

T: B, +if,=v2/3(G, + wH, + w*K,)
and
I'*: B, —iE,=V2/3(G, +w*H, + wK,),

where w = exp(27i/3). The characters of the irreducible
representations are given in Table II.

I1l. PROOF OF LANDAU’S SECOND THEOREM

In Landaw’s theory' of second order phase transitions
the density function p is expressed as p=p,+5p, where
P, has the symmetry of the large group G,. The cover-
ing group G of the lower symmetry phase is the subgroup
of G,, which leaves 6p (and thus p) invariant. Further-
more, it was shown that §p can be expressed as a linear
combination of basis functions for a single irreducible
representation other than the identical representation of
G, (i.e., 5p=c¢, where ¢ is a basis function for an
irreducible representation of G, other than the identical
representation),

From an investigation of the transformation proper-
ties of ¢ it is a straightforward matter to see that ¢
and its partners ¢, =h¢ and ¢, =k¢ are basis functions
for an irreducible representation of the factor group
G,/G in the first case and G,/G, in the second case.
(N.B.: the projection operator for the identjcal repre-
sentation must give zero on ¢, i.e., (G, +H, +K,)¢
=C(p+ ¢, +¢,)=0, where C=1 in the first case and 2
in the other so that ¢ may have at most one independent
partner.) As shown by Landau, a continuous transition
cannot occur if one can construct a third order poly-
nomial, in terms of ¢ and its partner functions, which
is invariant under the operations of G,. Such a third or-
der invariant can always be constructed if the symmetr-
ized cube of the appropriate irreducible representation
contains the identical representation of G,.% Using the
formula®

2521 J. Math, Phys., Vol. 16, No. 12, December 1975

x3(R) = (1/6)[2x (R®) + 3x (R?)x (R) +x (R)*]

for the character of the symmetrized cube, and denoting
the symmetrized cube of representation u by [u]?, one
can show that [T[*=[T*]®=T, the identical represen-
tation of G,; and [I,]?=T,, +T, +T,, where I',, is the
identical representation of G,. We need not consider I'
since ¢ cannot be a basis function for this representa-
tion. Thus, the identical representation is contained in
the symmetrized cube of each representation for which
¢ can be a basis function, proving the theorem.

APPENDIX

We want to show that: (1) When G is not invariant, it
always contains an invariant subgroup G,, where 1G,|
=1G!/2, and (2) the factor group G/G, has the multipli-
cation table given in Table I. We give an outline of the
proof below. It is useful to consult the tehle as we
establish its properties.

When G is not invariant, the left cosets G, H=#hG,
and K =kG will not coincide with the right cosets G, H’
=Gh, and K’ = Gk. Without loss in generality we assume
H#H'. Clearly these cosets have at least one element in
common. Thus, there exists a subset of G, which we
call G,, such that kG, =G k. It is straightforward to
show that G, is a subgroup. We denote the complex con-
sisting of the remaining elements of G by G,. We ex-
amine the effect of G, on the cosets {G,H,K} and find
G G,H,K}={G,H,K}. Similarly, G,{G,H,K}={G,K,H}.
(These results follow directly from the rearrangement
theorem.) Furthermore, it can be shown that # and K
divide into complexes H,, H,, K,, and K, respectively,
such that H {H K} ={K, G}, H,{H,K}={G, K}, K,{H,K}
={G,H}, and K,{H,K} ={H,G}. This clearly exhausts all
possibilities since G plays the role of a right identity.
The multiplication properties of these complexes can be
deduced directly from the above. For example, H, K,
=G, . In this way one constructs the multiplication table
given in Table I. From the fact that G,G; =G, we con~
clude that | G| < |G| since there must be at least | G|
terms in any product involving G, from the rearrange-
ment theorem. Using G;G, =G, we similarly conclude
that |G,| <1Gzl. Thus |G,| =1G,|. By similar argu-
ments we see that there are |G, | elements in each com-
plex, each of which is clearly a coset of G,, which is
seen to be an invariant subgroup.
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The local and covariant quantizations of the linearized Einstein’s equations, in which the space-time
translations may not commute with the metric operator, are analyzed. A general characterization of
the subspace 4 of physical vectors is given in terms of the two point function, independently of the
Fock space representation of the gravitational potential h ,,. Under very general conditions all the

H are found to coincide with that of the Gupta formulation, thus showing that the physical content
is the same as in the Gupta case. The analog of the Landau gauge in quantum gravity is defined
and explicitely constructed through a Fock space representation of h uv- Spinless gravitons can occur

only in a quantization which exhibits unconventional features.

1. INTRODUCTION

A detailed analysis of the possible local and covariant
quantizations of the linearized Einstein’s equations
(LEE) was given in a previous paper,® hereafter refer-
red as I, under very general conditions. A technical
assumption underlying the above classification was that
the space—time translations were described by unitary
operators in the Fock space in which the gravitational
potential

RN = [ Ry, (0)f* (x) dix

was defined as a local and covariant operator. The mo-
tivation for the above assumption was that it allowed a
standard spectral representation® of the space—time
translations and an easy exploitation of the spectral
condition.® In the present paper we want to extend our
analysis to the case in which nonunitary representations
of space—time translations are allowed. This possibility
cannot be ruled out by general physical arguments and
in fact a careful investigation on the meaning of physical
symmetry in theories with indefinite metric (a feature
forced by locality and covariance) legitimates the use
of operators which are 7-unitary but not unitary.*

Our analysis will be performed along the lines of
Wightman quantum field theory.® In this framework, a
local and covariant quantization of the gravitational po-
tential, or a gauge for A,,(x), is specified by a Hilbert
space //, a sesquilinear form{.,-)anda distinguished
subspace /', such that {-,-)>> 0 on/’ and the linearized
Einstein’s equations hold as mean values on//’.% The
arbitrariness in the choice of the gauge is therefore
reduced to the definition of %,,(x) as an operator valued
distribution in a Hilbert space /, and to the selection
of the subspace //’, whose elements are candidates to
describe physical states. The Fock space realization
of h,,(x) is determined by the form of the two point func-
tion (¥, A, (X)h,s() ), via a generalized reconstruction
theorem. Therefore, a preliminary step in the classifi-
cation of the possible gauges is the determination of the
most general form of the two point function (Sec. 2). In

2522  Journal of Mathematical Physics, Vol. 16, No. 12, December 1975

Sec. 3 we show that under very general conditions the
subspace /7’ is uniquely determined and we give its cha-
racterization in general. A particularly interesting fea-
ture is that the subspaces 7/’ of all the possible gauges
coincide with the subspace /77 of the Gupta gauge'’” and
therefore all the theories are equivalent as long as one
sticks to#'. Asa consequence, the spin content of the
theory is the same as that of the Gupta gauge, i.e.,
only the helicities +2 occur in the physical space //°/
H". Thus, in contrast to statements appeared in the
literature, ® a local and covariant quantization of LEE
does not admit physical gravitons of zero helicity, with-
out exhibiting some pathological feature.

In Sec. 4 we give a Fock space representation of a
particular gauge which is the analog of the Landau gauge
in quantum electrodynamics.

In Sec. 5 we discuss the case of theories which de-
viate from the above characterization. They all have
some pathological feature:

(i) the vacuum is not a cyclic vector, for the ele-
ments of ///, with respect to the polynomials in the
smeared fields Ry gs();

(ii) the mean values {¢,4,,(N¥) do not vanish, in
general, for ¢, pe/’.

2. LOCAL AND COVARIANT QUANTIZATION OF
LINEARIZED EINSTEIN'S EQUATIONS.
DEFINITIONS AND BASIC ASSUMPTIONS

In this paper we will follow Wightman approach® to
quantum field theory as close as possible, even if not
all the Wightman axioms can be satisfied. A detailed
discussion and motivation of the following basic defini-
tions may be found in Ref. 1.

Definition 1: A local and covariant quantization of the
linearized Einstein’s equations or a gauge for h,,(x) is
specified by:

(a) An operator valued tempered distribution %,,(x), in
a Hilbert space 4.
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(b) A representation U of the Poincaré group inH.

(c) A nondegenerate sesquilinear form (-, ) on /{ with
respect to which the representation U is unitary.

(d) a distinguished subspace //'C# such that

(i) the restriction of the sesquilinear form (-, ) to
#' is bounded and nonnegative

{4, P =0 for peH’,

(ii) the Riemann operators Ryuoo() = [ Ruvoe(X)f(x)d%x,
fe S, defined by

Rp,upo' :%(ga ugﬁaavap +gaugﬂoau au
— Lau8800v00 = Lav8a00u an)haey (1)

leave /' invariant and the Einstein’s equations
hold as mean values in 4’

<¢1 g“aRuvpu(f)z»b) =0 (2)
for all ¢, ycH’, with ¢ in the domain of R,,,,();

(iii) the representation U leaves /' invariant; there
exists a unique vector ¢, the vacuum vector,
which is invariant under the representation U,

lies in#’, and is a cyclic vector for the operators

huw ().
{e) The Fourier transform of (Y, k,,(x)7,,(¥)¥¢ has sup-
port contained in the future light cone V..

(f) The operators %,,(x) obey local commutativity

[70(®), B()]=0 for (x-y)?<0 (3)
and transform covariantly under U
Ula, Mk, (x)U(a, A)* = A2 AR, (Ax +a). 4

{g) The physical states are elements of the quotient space

H nys=H'H" , on which the representation Ula,A)
becomes unitary.

As it is well known, the LEE in vacuum essentially
describe a free field theory. Thus, we may assume that
all the Wightman functions are determined by the two
point function. The classification of all the possible
quantizations of LEE can therefore be done in terms of
the two point function as discussed in Sec. 3.

Theovem 1: In a local covariant quantization of the
linearized Einstein’s equations in vacuum the most gen-
eral form of the two point function is the following:

Wu vao(x - y)
= <d)0: huv(x)hpo(v) Z»b()>

=~ 10(8,0800 + Zuo8uc — uv8oo) [D'(¥ — y) + alx = ¥)?]
+(8,00,90 + 800, 3,) Flx - y)

+ (84008 + 800,30 + £400y3, T £69,9,)Gi(x - )
+9,8,0,9,Gy(x - y) (5

where
; &
D (x-y) =2—(;—w)sfexp[— ik(x —y)]"l—liil

and F, G,, G, are Lorentz invariant distributions.

Proof: By covariance and spectral condition W,,,, is

2523 J. Math. Phys., Vol. 16, No. 12, December 1975

of the form®

W 0o (¥) = (8up8o6 + Bup8uo) F1 + Buupol’s
+2,10,00F3 + 8,50, 0,F,
+ (840930 * 800, 30 + 80Py + 80094 3,) s
+0,0,9,3,F¢ -

On the other hand, by condition (d, ii) one must have

@or By (0)R,(0)dp =0,
This implies

OF, =const, 8,93,0,0,(F + F,;)=0,
i.e.,

Fy=—icD"+ax*+b, F,=+icD"+a'x*+b’
(a, b, c,a’, b’ constants, ¢ >0). With the conventional
normalization of R,,,, one has ¢=1. This convention
will be adopted in the following, unless otherwise stat-
ed. By a proper redefinition of the gauge functions, the

terms a’x®+b' and b can be eliminated. Finally, weak
local commutativity implies!®

W,y 1po(¥) = W (%),
i.e.,
Fy(x) =F,(x) = F(x).
Remark 1. One can easily show that the constant a
vanishes if any of the following properties holds:
(i) the cluster property holds in#’, i.e.,
Lim(dy, h(Nh(g,) P =0,

Ao
where f,, and g,, are test functions of compact support
such that (N, EILI,, A is positive, v is any spacelike
vector and g,,=g(x — ). [Clearly, if 2(g)y,c/" , also
gy H'].

(ii) The metric operator 7 is bounded and it has a
bounded inverse.

Proof: In case (i) we choose f, gc/) and such that
o*f,,=0, d*g,,= [this implies 1, (0)=g,,(0)=0] and
- 9 J ~ v
F= zwfuu‘azgu
~ J ~

2
oy LN I}
Pl 3R,

"
o

Thus,
}im(wo, rOr(@,)de) = — tacF
Condition (i) then implies a=0, In case (ii) the proof

runs parallel to that of Ref. 5, Proposition 2.4. One
defines a linear functional

Fe F(0)=0, B0~ 2a(55- e )

and one shows that it is bounded in//. Thus, there ex-
ists a vector ¢, such that

F () =(¢, ) =(n9,, ¥).

The function £,,(k) is chosen in such a way that g,,(0)
=0 and (3g,,/9k%)(0) =0. Therefore,

Ula, D¢, =n71¢,.

k=0
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By the unigueness of the vacuum n‘l(bg: A, and by
Lorentz invariance one concludes a=0. In the following
we will consider the case a=0.

If the space—time translations commute with the
metric operator (i. e., they are not only 7-unitary but
also unitary), the Fourier transform of the invariant
distributions F, G,, G, are measures, In this case, the
Fock space representation of 4,,{(f*”) is of the form
given by Eq. 10 of Ref. 1, apart from special gauge
transformations.® In the following the Fourier transform
of F, Gy, G, are not assumed to be measure (e.g., Sec.
4) and in this respect the present analysis extends that
of Ref. 1.

3. CHARACTERIZATION OF H'
In most of the following we will be concerned with
theories where the following condition is satisfied:

(¢,0h,, (D=0, V¢, pch’, (6)

They cover all the gauges known to us and in our opi-
nion, the failing of condition (6) leads to some pathologi-
cal features, as discussed in Sec. 5.

In this section we will show that a characterization of
the maximal subspace //’ having the properties listed in
Definition 1 may be given in general, without explicitly
using the Fock space representation of k(f).

Theovem 2: The state k(f1) - - i{f™, belongs to /" iff
the test functions fi,=f), i=1---n, satisfy the follow-
ing condition: Either

(@) 2“fi,(x)=0 (7

OI‘ (8) there exists a bi(x) ¢ S(R* such that
O (fh, - 9,68~ 3,0} +g,,0°08) =0, (8)
Furthermore, if h(fl) - h{(f"¢, /1’ and at least one
of the test function f;, is of the form
fhy=103,bi + 3,0} - £,,0°0, (9
then the vector has zero norm, i.e., it belongs to//".

Proof: Tt suffices to characterize the one particle
subspace #{ </’ since by standard technique one can
get the whole #’. #/{ can be easily characterized by
using the two point function: If a vector h(N, belongs to
#1{, the following equation must hold as a consequence
of Eq. (2):

0= (P, Ruu () R(NY

= [ exp(~ ikx) d*R{5(k2)(ky) [2k, kT ry + 2u T, ]

+ F(R)k, of oL R2g,,, + 2R,k T} (10)
This implies that 2*f,, must be of the form
P =R, @+1E, (11)

where Z, t, € S (R* and ¢,(k) =0 on the mantle C, of the

future light cone. By standard argumentsu'12 one con-
cludes that /, may be written in the form
LRy =RRa,(R), @, el. (12)

On the other hand, Eq. (6) implies 00 8,2,0,8, F =0 and,
as a consequence, Eq. (10) requires g{k)=0o0nC,, i.e.,
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B(R)=k2G(R), Ges.
In conclusion Eq. (8) holds with b, =u, +4,G.

To show that A(f)¢,, with f,, of the form (9), belongs
to/” it suffices to note that by Eq. (2) and Eq. (6) the
following “supplementary” condition holds in /7’

W, [0% Ry, (x) = 33,07 ,(x) &) = 0, (13)

Vy, ¢ cH'. Furthermore, for f,, of the form (9), h,,(*")
=2(3%h,, - 53,#°,)(b"). This shows that h(H)P,cH".

It is easy to see that the subspace //’ defined by (a),
(8) does indeed have the properties listed in Definition
1 and therefore it is maximal. The characterization of
#', as given by Theorem 2 remains unchanged if the
constant @ of Eq. (5) is not zero.

The above characterization shows that the subspaces
#H7 of all the possible gauges, in which Eq. (6) holds,
are essentially identical with the subspace //’ of the
Gupta gauge. In fact, the indefinite scalar product be-
tween vectors of //’, induced by the two point function,
is the same as in the Gupta formulation for all the two
point functions characterized by Theorem 1 and indepen-
dently of the Fock space representation of 4,,(f).

Covollary 1: Let (h,,,H,{-,+),H") be a local and co-
variant gauge in which Eq. (6) holds. Then one can de-
fine a linear mapping V://’'~/¢{ (G stands for Gupta)
such that V4, ¢ /77, and Yc=V¥, ¢,= Vo,

<Z/)7 ¢> - <w05 ¢G>G .

Proof: Tt is sufficient to prove the statement for vec-
tors of the form ¥y =h(A¢;. Then, by Theorem 2, any
test function f, such that 2(NY,c/ ', may be decomposed
in the form f,, =f4, +/,,, such that 2“£f,=0and ¥,
cH”. Then if hS, denotes the Fock space representation
of %,, in the Gupta gauge,

<Iwa? wg> = <hc(fT)d)07 hc(gr)wl)>60

An easy consequence of the above Corollary is that
the physical content of the theory is the same for all the
local and covariant quantizations discussed above. For
a detailed discussion we refer to Ref. 1 where the phy-
sical content of the Gupta gauge is analyzed.

In particular we have

Corvollary 2: Any local and covariant quantization of
the linearized Einstein’s equations, in which Eq. (6)
holds, gives rise to a quotient space Hy,o =/ /4" in
which only states with helicity + 2 can occur.,

4. THE ANALOG OF THE LANDAU GAUGE

The relevance of the Landau gauge in the discussion
of physical problems in quantum electrodynamics, 13
suggests that an analogous gauge may be of interest for
quantum gravitation. One of the important features of
the Landau gauge in quantum electrodynamics is that
the corresponding propagator selects only transverse
photons since the supplementary condition 3“A, =0 is
satisfied as an operator equation. In the local and co-
variant quantizations characterized in the previous sec-
tions the supplementary condition is

(3% n,, (x) = 30,h", (x))H ,=0
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and therefore the analog of the Landau gauge is charac-

terized by the requirement that the equation
P hy,(x) = 59,0*,(x)=0 (14)

holds as an operator equation. One might hope to define
a local and covariant gauge in which each term of Eq.
(14) vanishes:

h,,(x)=0, B*, (x)=0, (15)
just as in the massive case. 't

Proposition 1: In a local and covariant gauge for
h..(f), Egs. (15) imply that the two point function of
R, ;5,5 vanishes, i.e., the theory is trivial.

Pyoof: In terms of the two point function (5), Egs.
(15) give

(gl‘vau +g,,,a,,)(cD‘ +0Gy) +g,,,,a,,(EIF_ cD)
+2,8,3,(F +0G, +2G,) =0,
g, F = 2¢D*) +9,9,(4F + 4G, +01G,) =0,

(16)
(169

respectively. It is not difficult to prove that the above
equations are inconsistent unless ¢=0. In this case the
two point function of Rz, vanishes.

Definition 2: By an analog of the Landau gauge in
quantum gravitation we mean a local and covariant
gauge in which Eq. (14) holds as an operator equation.
and the cluster property holds in /' [property (ii) of
Remark 1].

Praposition 2: For the gauges characterized in Defi-
nition 2 the two point function takes the form

Woioo %) = (80806 * 8oo8uo — Buuo) D’
= (8up%0s + 80005 + £us0u0p + 860, 3)
X@D* +ND") +M(g,,9,0, + £,q0,9,)D"
+2M3a,8,0,3,(0° D + LD") (17

where L, M, N are constants, (1 is defined as in Ref.
5, and the constant ¢ of Theorem 1 has been chosen
equal to one.

Proof: In terms of the two point function (5), Eq.
(14) implies

(8060, + 8u0d)MD" +0Gy) +3g,,00F +3,3,3,(300G, = F) = 0.
(18)

The general solution of Eq. (18) is of the following form:

F=MD"+ax* +bx% +¢,,
Gy=—0"1D" - ND* +axt + byx? + ¢y,

+ + a
G, =2MID*+ LD _ﬁxs +bxt +cpx? + ey,

The constants ¢y, ¢,, ¢, ¢5, can be chosen equal to
zero since they do not contribute to the two point func-
tion. On the other hand, the terms proportional to a, b,
by, b, must vanish by an argument similar to that of
Remark 1.

The Fock space representation of the gravitational
potential, characterized by the two point function (17),
can be easily obtained in terms of the representation of
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the potential A,, corresponding to L=M=N=0. In this
case the indefinite scalar product between the states

l/)f Eho(ﬂd’o, d)t = ho(t)d)()y (fu.v :f;“ <SS .S’ tuu = tuu, € _S) iS
given by

g ey =1 [ 0(k) 0" (RN F*¥T,, ~ s} T, 1 dk, (19)
where
Fo (k) =k}, , - 58,ua") = kb = B fr, (20)

and similarly for 7,,. According to the definition!® of
65"

2
ﬁ(ko)ﬁ”(kz)f(k) &'k Ef[ <_271?—o -a_:’_o) _2]’;‘0]:; Ixi k.
.

Equation (19) is well defined, since F,,T** -3FR T’ is
sufficiently well behaved at k=0,

The above product (19) can also be written in the form
&Er 1 -
{Prthed = (g, ) :Nf‘kfk—lx Pethe,
0 Ro

where iy denotes the multicomponent vector

F,

uv

b=lw ky(2/3Ro)F,,

21}
(and similarly for §,), N is a suitable normalization
constant, and the metric 7 is represented by the matrix

_ 1 [y Ty

KTy
Na Tz

with
M= %(gu, o8vp +gu.pgva - &u vgpu) + 4g0ugougl)og00

- (g‘OugOVgaa +g0pg00gu, v)’
e =T =— %(gu. o8ve + Bvo8uc— Eu Vgpc) - Zg()ugovgpﬂ

+ (gOug()agva +g0vg0pgua

+ 80 8oo8ve + w00 o)s

T2 = 8 o8vo  Soo8uo — BuvSpo-

The closure of the linear manifold spanned by vectors
of the form (21) [f,, € §(RY)] with respect to the scalar
product

a2k = d = 0
(l/)f, Z/)t):ﬂ C‘_k_()suz,lv (FuvTuv +k02mFuv5'E;Tuv)

is the one particle Hilbert space #/“’, The Hilbert space
#1 is obtained by the standard construction 4 = @24 ™.
The Fock space representation of the field is

RO = B + RO,
(RADS s, =V F1[ 0(k)0" (R

XF R oy ooy, (RRy -+ - k) AP,

(hg(f)lﬂ),'}l,,l R :VI;Zi[Fuv(“ ki) - %guul'ka(" k))]
i

(n=l) ey
XYL

(kl ...'l;]- "'kn)"

It is not difficult to prove that
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3, Y =53 =0,

A very simple argument shows that 7 is not degenerate,
Indeed, if ¥ is such that (ny, nY) =0, it must be of the

form
nwsn NU-V — szU»V
M,,] \rB,,
Solving for N, and M,,, one easily finds N, =k2N},,
M, “kMu.v: i.e. (Zf)y P) =
The operator 7 is obviously bounded in/%’. By a

suitable choice of the normalization constant N, the
norm of 71 can be made less than 1. As a consequence
one can extend the definition of 1 to the whole space by
putting

(TN’) ) . n@ nzp(n)’

thereby obtaining a bounded operator.

n=1,2,

Finally, the representation of %z, corresponding to non-
vanishing L, M, N, is obtained by a special gauge trans-
formation®® on K%(p),

5. GRAVITONS WITH ZERO HELICITY

In this Section we will discuss possible deviations from
the characterization given in Sec. 3, namely theories
in which Eq. (6) does not hold.

It is important to remark that if the space-—time
translations commute with the metric operator the
Fourier transform of F, G,, and G, are measures and
therefore by the Garding decomposition of Lorentz in-
variant measures'® the Fock space obtained by a gen-
eralized reconstruction theorem splits into a direct in-
tegral over the mass. Thus, quite generally, one may
restrict to the case in which F, Gl, and G, have support
contained in {¥® =0}. In that case F, G, and G, must be
proportional to 6(k%) and therefore Eq. (6) trivially
holds.

Equation (8) holds also in any local and covariant
quantization in which ORx,,,H =0 and Dy={set of vec-
tors obtained by applying polynomials in the smeared
fields Ry,,, (") to the vacuum} is dense in A/ /SH”,
This latter property is guaranteed by the requirement
that in the physical space s =/ /H" the theory can
be formulated in terms of the observable fields R,,

In conclusion the plausibility of Eq. (6) seems out of
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discussion and in any case Eq. (6) holds in all the gauges
known to us.!’

It is possible however to exhibit a local and covariant
quantization in which Eq. (6) fails. For example, a two
point function (5} with

Fx)=0, Gx)=0,

Go(x) = 232D*(x), A>0,

defines a theory of this kind.

The vectors k(f)y, belongs toH g, if either 3*f,,=0
or there exist a function a, such that &“(f,, - g,,9a,
+d,a,+3d,a,)=0. It is easy to check that all the pro-
perties listed in Definition 1 are fulfilled. Moreover,
the vectors of the form h,,(- g,,8a, + 3,4, +2,2,)¥;
have nonvanishing norm and zero helicity.

Similar unconventional gauges can be defined also for
quantum electrodynamics, and yield states of zero heli-
city in the physical space // ohys. Thus the existence of
these pathological gauges is not peculiar to quantum

gravity.
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